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Plasma Diffusion in a Magnetic Field* 


M. N. RosENBLUTH, General Atomic Division of General Dynamics, San Diego, California 


AND 


A. N. Kaurman,t University of California Radiation Laboratory, Livermore, California 
(Received September 12, 1957) 


The equations governing the diffusion of a fully ionized plasma across a magnetic field are derived. It is 
assumed that macroscopic quantities vary slowly across an ion radius of gyration, and that the interparticle 
collision frequency is much less than the gyration frequency. The relevant transport coefficients—electrical 
resistivity, thermal conductivity, and thermoelectric coefficient—are derived. Some similarity solutions of 


the equations are found. 





I. INTRODUCTION 


FULLY ionized plasma, confined by a magnetic 

field, diffuses across the field by means of inter- 
particle collisions,!.? when a transverse density gradient 
exists. In a recent paper,’ Longmire and Rosenbluth 
investigated the effects of like-particle and unlike- 
particle collisions. They found that the effects of the 
latter predominate if the relative change in density over 
an ion radius of gyration is small. 

In this paper the theory of diffusion is extended to 
include the effects of a transverse temperature gradient, 
in the same direction as the density gradient. A closed 
set of equations is derived, by an expansion in two 
small parameters: a~a!Vn|/n, the ratio of the radius 
of gyration, a, to a characteristic macroscopic distance ; 
and y~(wr)~!, the ratio of the collision frequency 
7 to the gyration frequency w=eB/mc.' 

It is found that to second order in a, the ions and 
electrons diffuse at the same velocity uz; to higher 


* A preliminary report on this same subject had been issued as 
University of California Radiation Laboratory Report UCRL- 
4835 (unpublished). 

¢ Work by this author was supported by the U. S. Atomic 
Energy Commission. 

1L. Spitzer, Physics of Fully Ionized Gases (Interscience 
Publishers, Inc., New York, 1956). 

2 Reference 1, "Sec. 3.2b. 

§C. Longmire and M. Rosenbluth, Ph ~ Rev. 103, 507 (1956). 
See also A. Simon, Phys. Rev. 100, 1557 1955). 

4 Because each component of the plasma has different values of 
a, w, — r, we shall require that all the appropriate a and y 
are small. 
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order in a, the diffusion velocities are different,’ and 
charge separation may occur. Such effects will not be 
considered in this paper. Hence, for our purposes, the 
densities of ions (assumed to be singly-charged, and all 
of the same mass) and electrons are equal. A considera- 
tion of relaxation times® shows that both components 
arrive at local Maxwell velocity distributions in a time 
short compared to the time for the plasma to diffuse 
across a distance equal to an ion radius of gyration; 
and that the two components come to the same tem- 
perature in a time roughly equal to the latter. Thus, to 
zero order in a, we shall take the ions and electrons 
as being locally Maxwellian, with equal densities and 
temperature. 

The velocity distribution function f(r,v,/) for each 
component is expanded as a power series in a:° 





, f=fotfitfrt--:, (1) 
where 
nf mi. \3 
a | ) expl — my, 0° /kT ]. (2) 
2\2ekT 
The moments of f that we shall use are 
juaem fa vf", (3) 


5 Reference 1, Sec. 5.3. 

6 Similar expansions have been used by S. Chapman and T. G. 
Cowling, The Mathematical Theory of Nonuniform Gases (Cam- 
bridge University Press, New York, 1953); L. Spitzer, Astrophys. 
J. 116, 299 (1952); Chew, Goldberger, and Low, Proc. Roy. Soc. 


Copyright © 1958 by the American Physical Society 














2 M. N. ROSENBLUTH AND A. N. 
u= (mu‘+m.u‘), (4) 
m:+m. 
j=}ne(u'—u’), (5) 


Q=¥ | arim(v—uw—w)f (6) 


The first-order correction f; contributes to these 
moments. It will be found that for no collisions (y=0), 
there are component flows’ 


BXV(p/2 
ithe te wat (7) 
e B 


where # is the total zero-order pressure: 
p=nkT. (8) 


From Eqs. (5) and (7), we obtain the first-order 
equation of equilibrium: 


(1/c)jXB=Vp. (9) 


To first order in y, we shall find equal flows in the 
direction of the gradients: 








me 3 men ExB 
ug= ——Vp+- —V(kT)+c—,_ _ (10) 
B? 4 B B 
where® 
m== (8/3) (x/2)tem (kT) Ind. (11) 


The first two terms in (10) arise from momentum 
transfer between the electrons and ions, whose flows 
(7) oppose each other. In a magnetic field, gain of 
momentum. produces guiding-center drift, as shown by 
Alfvén.® The appearance of the second term is a conse- 
quence of the fact that for Coulomb interactions, the 
collision frequency is velocity-dependent. The third 
term is the well-known EXB drift; the electric field 
E arises by induction from the motion of the dia- 
magnetic plasma. 
If E is measured in the frame moving with velocity 
Ug: 
E’=E+ (1/c)ugXB, (12) 
Equation (10) can be written in such a way as to 
resemble Ohm’s law, with a thermoelectric coefficient \: 


j=nrE’—AV (kT) XB, (13) 
\=3(nc/B*). (14) 


(London) 236, 112 (1956); R. Landshoff, Phys. Rev. 76, 904 
(1949). 

7 Reference 1, Sec. 2.4. 

8 See reference 1, p. 73. 

°H. Alfvén, Cosmical Electrodynamics (Oxford University 
Press, New York, 1950), Sec. 2.2. 
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Equation (9) remains valid to all orders in y, but 
Eq. (10) would be modified by higher-order corrections. 
This paper will restrict itself to the lowest-order effects. 

To first order in a and ¥, the heat flow in the direction 
of the gradients, and relative to the frame uy will be 
found to be 





Q=—KV(kT)+\kTE’ XB, (15). 
where 
1 /2m;\' n?2kT 
x=-( ) eee | if m>>mM.. (16) 
4\ m, B 


The dominant contribution to the thermal conduc- 
tivity K is from ion-ion collisions, which do not con- 
tribute at all to the diffusion velocity uz. Theappearance 
of the large numerical factor in K causes heat flow to be 
relatively much faster than mass flow [compare Eq. 
(10) ]. Thus, the diffusion process will tend to occur 
at uniform temperature, in which case the thermo- 
electric effect becomes unimportant. Note that the 
same \ appears in (15) as in (13); this is required by 
the Onsager reciprocity relations.'® 

To second order in a, we shall find the moment 
equations expressing conservation of mass and energy: 


dn/dt= —V- (nua), (17) 
0p/dt+ua- Vp= — (5/3)pV-ua 
+ (2/3)(E’-j-V-Q). (18) 


In the equation of state (18), the three terms on the 
right represent, respectively, adiabatic heating (for a 
Maxwell gas), ohmic heating, and heating by heat 
conduction. The factor 3 appears because the thermal 
energy density is } the pressure. 

The equations above are completed by the Maxwell 
equations 


(19) 
(20) 


VXB= (41/c)j, 
VX E=— (1/c)dB/at. 


We have thus obtained a closed set of equations: 
(8), (9), (11)-(20). Each equation is valid to lowest 
order in the quantities that appear in it. 

If an electric field exists along the magnetic field, the 
only change that need be made is in Eq. (13), which 
then becomes 

j=o-E’—)AV(kT) XB, (21) 

where 
o=n, *(1—nn)+7,"‘nn, (22) 
and n is the unit vector along B. The calculation" of 
nu is independent of the presence of B. The two resis- 


tivities are related”: 
(23) 


See, for example, S. R. DeGroot, Thermodynamics of Irre- 
versible Processes (Interscience Publishers, Inc., New York, 1951), 
Sec. 61. 

UL, Spitzer and R. Harm, Phys. Rev. 89, 977 (1953). 

12 Reference 1, Sec. 5.4. 


m= 1.9801). 
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The next section contains the derivation of the 
equations above. In the last section some solutions are 
discussed. 


II. DERIVATION OF EQUATIONS 
The Boltzmann equation for ions is 


0 € 1 
[—+v-7+“(B+-vxB)-¥,| 
at ; eC 


m; 


x fi(rv,)=C%+C*, (24) 


where C* and C** represent the contributions of ion-ion 
and ion-electron collisions to (0/dt)f‘. An analogous 
equation applies to the electron function f*. 

We shall use the Boltzmann collision integral for the 
C’s; for example, 


C*(r,v,t) = — f are f an 


XCfi(t,v,t) f¢(r,u,t) — fi(r,v’,A) fe(r,u’,t) J, (25) 
where 
w=v—u, (26) 
o'*= ety. *w~ csc*(40), (27) 
hie =m +m". (28) 


The integration over angle will be cut off at small angles 
in the usual way.® Alternatively, one may use the 
Fokker-Planck formalism, and the same results are 
obtained. 

To zero order in a, we take only the term in B on the 
left side of (24): 


(vX@,;) V.fo'(r,v,t) oa Co*+Co%, (29) 
where fo' and fo* are used in Co, and 
@;, e=+eB/m, .c. (30) 


Let the z axis be in the local direction of B. Then, with 
0,=0 Cosd, 
Vz= Cosé cos®¢, 

(31) 


the left side of (29) becomes —w;(0/0¢) fo’. Equations 
(29) for ions and electrons are satisfied by the local 
Maxwell distributions (2), where and T are functions 
of position and time. (An arbitrary mass motion 
along B is set equal to zero.) 

In order not to complicate the problem unduly, we 
assume that Vu and VT are in the same direction 
(transverse to B), which we take for the x axis, and that 
the induced field E is in the y direction. The first-order 
(in aw) Boltzmann equation is 


Vy= cosé sing, 


e 0 
v-Vfol-t+—E: V,fo'—w—fi'=Ci*+Cy*. (32) 
m; dg 
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(We treat V as first-order in a; @ posteriori it is found 
that 0/dt should be treated as second-order in a, and E 
as first-order in @ and in y.) 

Multiply (32) by m.v and integrate over velocity 
space. We find 


1 
iVp—Ine( E-+-uxB) =Ps\ (33) 
c 


where P,’* is the rate of momentum transfer (to order a) 
from electrons to ions. The analogous electron equation 
is 


1 
1Vp-+ine( E+-uxB ) =P,*, (34) 
c 


Because momentum is conserved in_ collisions, 
Pi*+-P*‘=0. Thus the sum of (33) and (34) is Eq. (9). 
Acceleration terms are higher order in a, and so do not 
appear in (9). 

From the y-components of (33) and (34), we see that, 
to order a, the flows in the x direction are equal: 


(35) 


Thus j,=0, as required by Eq. (9); there is no charge 
separation. 

To solve the integral equation (32) for fi, we utilize 
the expansion in ‘+: 


u,'=u,*=Uyg. 


fi=fiotfiut:::. (36) 
The zero-order (in y) equation is 
v- Vfo'—w; (0/09) fro'=0. (37) 
Its solution is easily found to be 
 oflon 3 oT mv" 
fui=|--— —(1- =) bs (38) 
win dx 2T dx 3kT 
The vy moment of (38) yields Eq. (7). 
_To order y, Eq. (32) becomes 
—E-V,fo'—w—fir'=C 10" +Cro, (39) 
Mm; 0g 
where, with the substitution 
fio *= fo *d**, (40) 
the collision integral Co** (for example) becomes 
— 40) f @uofor(w) f dd 
[é(v)+4*(u)—(v’)—e(u’)]. (41) 


The quantities @ are given by Eq. (38), and its analog 
for electrons. The solution is again easily found to be 


mv Ey Vz 
—f 4.4. 
ot 

B 





fu'= 


5 (Fat bit Fs) foi, (42) 


® 
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& 
where 


fe) 
P= — me] — infat J- f enya fa 
Xo*A(my—mn), 
i —i bil 1 ‘ e 
F;* =4m; | )} feuof (w) fan 


Xo*A(mirv— mewn), 


AA=A-A’, 


(43) 
(44) 


and 


the change in a quantity A in a collision. F,* is 
analogous to F2**, with mu replaced by —mu; Fy‘ 
vanishes from momentum conservation. 

Although fi is a complicated function of », its 
moments are simple. They are most easily evaluated 
by transforming the variables u, v to the center-of-mass 
and relative velocities. The evaluation of the double 
integrals is then lengthy, but quite -straightforward, 
and one obtains (10) and (15). 

To second order in a, the Boltzmann equation 
(for ions) is ; 


0 e 0 
—fo't+v-Vfii+—E: Vof1'—wi—fe'=C2"*+Cr®. (45) 
ot m; dg 


Its zeroth moment yields the continuity equation (17), 
Its second moment involves energy transfer between 
electrons and ions. To eliminate this, we add the ion 
and electron energy moment equations, and, after a 
little manipulation, obtain the equation of state (18). 


III. SOLUTIONS 


We shall consider solutions of the diffusion equations 
for the case that B is everywhere in the z direction, and 
the gradients are everywhere in the x-direction. 

Our first solution is for a plasma of finite extent in 
the x direction, and whose pressure is small compared 
to the field pressure B’/8x. In such a case, we may 
neglect the induced electric field E (but not E’), and 














| 
°o 4 





BE 
ps 
& 


l | 
& 8 1 
¢p.7$ 


.. 


Fic. 1. Solution of the diffusion equations for a 
semi-infinite uniform plasma. 


treat the quantity B’, wherever it appears, as a constant 
Our equations are then 


p=nkT, (8) 
c Op 
j= =? (9) 
B dx 
mc /a ORT 
“= —-— ~—n—), (10’) 
B* \dx Ox 
1 
E’=—-uaB, (12’) 
c 
ORT 
Qa= —K——+)kTE’B, (15) 
Ox 
On 
—=——(nua), (17) 
ot 
Op Op 5- Ota 2 ‘ 004 
= tue~=—-p—+-( Bj-—). (18) 
al Ox 6.2.3 Ox 
By the use of Eqs. (9), (12), and (15), Eq. (18) 
becomes 
Op 79a 20a ORT 
= = —(pus)+-—(K—). (46) 
al 6 Ox 30x Ox 


We search for similarity solutions of the set (8), (10’), 
(17), (46), where 
m=no(T/To)-, 


and K is given by (16). We assume solutions of the form 


(47) 


n(x,t) = (t/to)-™ nog (#), (48) 
p(x,t) = (t/to)-™* pol g(#) ™, (49) 
ss/txy™ 
7 ° 0 
g(1)=0, (51) 
g(0)=1, (52) 
po=nokT . (53) 


Conservation of particles requires that m= m4. Substi- 
tution of Eqs. (48)-(53) into Eqs. (8), (10’), (17), and 
(46) yields the solution: 
Mm, =M2=mMs= 3, 
m3>= 1-— (m-/2m;,)', 
(2) = (1— Hemant, 
noc? 3 /1+21(m,/2m,)} 
( ) 69 


unl 
AO PON 14.6(n./2m,)* 
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where, except in the last expression, we have expanded 
the solution in powers of (m,/m,)'. 
We see that the plasma is nearly isothermal : 


T=T (1 — &)-imel2mart (55) 


Only for # nearly equal to 1, does the temperature 
differ appreciably from 7». The distributions of density 
and pressure are nearly parabolic, but as #—1, their 
gradients become infinite, as does the temperature. 
(Of course, in the neighborhood of #=1, the basic 
assumption of small a is not valid). As (m,/m,)—0, the 
solution becomes the isothermal parabolic solution 
found by Holladay.” 

. Another problem of interest is defined at ‘=0 by*a 
surface of discontinuity at «=0 to the left of which 
there exists a vacuum with uniform B, and to the right 
of which we have a plasma at uniform density, tem- 
perature and magnetic field in the z direction. The 
magnetic field at x=—© is independent of time. In 
this case the appropriate similarity variable is X/+/t, 


where X is the mass coordinate, i.e., the initial position © 


43 J. Holladay, Los Alamos Scientific Laboratory Report 
LA-1962 (unpublished). 
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of the plasma element. The resulting nonlinear equa- 
tions were integrated on the IBM 650 at General 
Atomic by Miss Gwendolyn Roy. (The results are 
shown on Fig. 1.) 

Here @ is the ratio of material pressure to the vacuum 
magnetic pressure, and {p is the initial value of 8. The 
similarity variable £ is defined as 


P= 4arX"/mol, (56) 


mo is the initial resistivity. Two cases are shown: 
Bo=1, i.e., no field initially in the plasma, and #o<1. 

It can be seen that the time for the front to diffuse 
a given distance is very nearly inversely proportional 
to Bo. This is reasonable since the diffusion proceeds by 
binary collisions. Because of the high thermal conduc- 
tivity the wave is again almost isothermal, though 
with a very narrow spike at £=0. Thus at the point 
B/Bo=0.5 the temperature in both cases is only 3% 
higher than the initial temperature. 
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Conductivity of Plasmas to Microwaves* 


Henry MARGENAU 
Yale University, New Haven, Connecticut 


(Received September 9, 1957) 


A relation [Eq. (13)] between the current-induced part of the distribution function (f;) and the iso- 
tropic part (fo), which was previously derived with limiting restrictions, is here shown to be valid at moderate 
electric fields for any form of fo, e.g., for the case where an agency other than the passing microwaves deter- 
mines it. The complex conductivity is then computed for a variety of functions fo (8 function, step function, 
Maxwellian distribution) and for different assumptions as to the dependence of the collision frequency on 
electron speed. The integrals encountered in this work are shown to be computable with good accuracy by 


means of a saddle-point procedure which is described. 





HE present study concerns a situation in which 
microwaves pass through a neutral plasma con- 
taining electrons in quasi-equilibrium with their sur- 
roundings; i.e., their distribution in space and in 
velocity does not change in time over an interval long 
compared with the period of the microwave. The 
velocity distribution, however, need not correspond to 
the temperature of the ambient molecules and ions, 
nor must it be Maxwellian. Under these conditions the 
conductivity depends on four things: (1) the number 
density of electrons, m, (2) the frequency w of the 
microwave, (3) the distribution-in-velocity of the elec- 
trons, and (4) the functional dependence of the collision 
cross section g, or, in another version, the collision fre- 
quency v, upon electron velocities. In the following we 
give attention to all of these factors, selecting for 
treatment in connection with item 3 as special cases a 
6 function, a step function, and a Maxwell distribution 
for any temperature. Under 4, we assume a linear de- 
pendence of » on electron speed v, or of g on 1/v. The 
special cases of constant v and of constant mean free 
path A are singled out for special attention. 

In earlier publications! the full range of variability 
among all parameters has not been surveyed. Special 
favor seems to have been conferred upon the case of 
constant v which, as will be seen again in this study, is 
in a sense a trivial one since it always leads to the 
Lorentz formula. Reference 1 dealt with the conduc- 
tivity of a gas of free electrons colliding with molecules, 
on the assumption that the electrons obtain all their 
energy from an alternating electric field. This implies a 
special distribution function, calculated in that paper. 
Here we suppose the presence of another agency, per- 
haps of the nature of a dc field generating a discharge, 
perhaps an intense photon field or, indeed, a shock wave, 
which generates electrons and impresses a characteristic 


* Work supported by the Office of Naval Research and the 
Yale Laboratory of Marine Physics. 

1H. Margenau, Phys. Rev. 69, 508 (1946). 

2H. Margenau, Phys. Rev. 73, 309 (1948). 

3L. M. Hartman, Phys. Rev. 73, 316 (1948). 

*A. D. MacDonald and S. C. Brown, Phys. Rev. 75, 411 
(1949) ; 76, 1634 (1949). 

5 W. P. Allis, and S. C. Brown, Phys. Rev. 87, 419 (1952). 

®W. P. Allis, Handbuch der Physik (Springer-Verlag, Berlin, 
1956), Vol. 21, p. 383. 


prior velocity distribution upon them, a distribution 
which is but slightly modified by the passing microwave. 
We shall use the method and the notation of reference 1. 


GENERAL CONSIDERATIONS 


If Ecoswt is the electric field strength (directed 
along x) of the microwaves, the Boltzmann transfer 
equation may be written in the form 


af of Df 
¥ coswl—+-— = —, 
dv, Ot Dt 


where y=eE/m, f=distribution function, and Df/Dt 
is the rate of change of f resulting from collisions and all 
other present agencies, including the “prior” one. In 
the notation of reference 1, 


flv) =fol)+-edl fulv) coscot+gi(s) sinwt], (1) 
and in place of Eq. (7) of reference 1 we now write 
Dfo/Dt= P(fo), (2) 


P being some (usually a differential) operator. If the 
electrons make elastic collisions with molecules of mass 
M having a Maxwell distribution at temperature T,’ 


P( aa “( +ere (3) 
saan) 


but this is a very special case. 

The calculation of Df/Dt is composed additively of 
two contributions, one to be denoted by D.f/Dt and 
coming from collisions with atoms, ions, and molecules; 
and another, called D,f/Dt, made by other agencies. 
As to the first, it is noted that D.fo/Dt, D.(vzf1)/Dt, 
and D,(v2g1)/Dt are all expected to be finite. The same 
is true for Dafo/Dt because the other agencies have an 
important effect upon the isotropic part of the dis- 
tribution function. But Da(v.f:)/Dt and Da(vzg1)/Dt 
are zero if these agencies are indifferent to the slight 
asymmetries in v-space which are set up by the micro- 


7S. Chapman and T. G. Cowling, The Mathematical Theory of 
Nonuniform Gases (Cambridge University Press, Cambridge, 
1939). 
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waves, that is, if they do not tend to destroy them (as 
collisions very effectively do). This latter condition will 
be assumed to be true. 

Let us then compute first D.f/Dt.? Suppose that in a 
collision of type r an electron of initial speed v’ loses an 
amount of energy e,. The cross section for this process 
is g,(v’), the mean free path A,= (mq,)! and the fre- 
quency of r-collisions for one electron »,’=v'ngq,(v’). If 
the final velocity of the electron of initial velocity v’ 
after an r-collision is v, the rate of increase of electrons 
at v by this type of encounter is 


v'ng,(v’) f(v’)dv’, 
and the rate of loss at v, 
vng,(v) f(v)dv. 


Hence the net increase at v as a result of r-collisions is 





D. 
( ~) dv=n[0,'q,(v,’) f(v,’)dv,’—09,(v)f(v)dv]. (4) 


This formula can in principle be used for the evaluation 
of (D.fo/Dt), and then, by summing over all r, D.fo/Dt 
could be computed. When furthermore D,fo/Dt, avail- 
able only when the agencies producing the electrons are 
specified, is added to D.fo/Dt, the operator P(fo) de- 
fined in Eq. (2) is obtained. But we shali not need 
P(fo) and dispense with this difficult calculation. 
In place of it, we use (4) to calculate 


Cr 


= n[v,'gr(Vr')¥zr fi (v,)dv,’— 0g+( v)vzf1(v)dv ], 





and sum this expression over r. At this point it will be 
assumed that g,(v)=q,() is isotropic, so that for every 
r there occur pairs of equally likely collisions with posi- 
tive and negative v,,’. The sum over the first term on 
the right is then zero, and the equation reads 


D(vf1)/Dt= —nvq(v)v.fi(v) = —zfi, (5) 
because )>.g,=q. In the same way we find 
D(02g1)/Dt= — vv2g. _ (6) 


The procedure employed in reference 1 leads to the 
following equations: 


shaw | v?P(fo)do, (7) 
w 
gi=—fi, (8) 
1 Ofo 
cj —vfi—wf. (9) 
v Ov 


In the absence of E, we see from the Boltzmann equa- 
tion and from (2) that P(fo)=0. Indeed if P(fo) has 
the special form (3), fo is Maxwellian. Let us write 


P(fe°)=0. (10) 

The electric field adds to fo° a small perturbation fo’ so 
that 

fo= fot fi. (11) 


The function f; can now be computed from Eqs. (7)—(9) 
in two ways. According to (7), 


6 v 


But from (8) and (9), with the legitimate neglect of 
fo’ against fo°, 


(12) 


(13) 


Equation (12), which is not useful here because P is 
unknown, relates f; to fo’, which is likewise unknown. 
For present purposes, Eq. (13) is the important one. 
It has the same form as in reference 1; but we have 
now shown that its validity is wider than was previously 
demonstrated, and that it links f;, the function deter- 
mining the conductivity of the electron gas, to any 
prior distribution function f¢° which satisfies the condi- 
tions here explicitly stated. 
The current density is 


1 =ned,= ner f v2(h coswt+ g1 sinwt)dv 








ney pv Coswt+w sinwt dfo° 
=——— f —dv (14) 
3 P+ dv 
ney £9 /v coswt+w sinwt 
aie f —( ote, (15) 
3 J dv +o" 
provided 
f 4a f('dv= 1. 


From the last result it is seen at once that the Lorentz 
formula holds for arbitrary f,°, provided only » is con- 
stant with respect to 0; for then 





ra coswl-+-w sinwé). (16) 


For the sake of completeness we mention here that 
Lorentz derived this formula as a solution of the 
differential equation 


md’x/d?+-F = eE coswt, 


choosing for the frictional force on the electron F = yma. 
When this is solved for ned,, Eq. (16) results. 











SPECIAL DISTRIBUTIONS 
A. All Electrons Have a Single Energy 


If all electrons have the same speed v’, fo°= (4arv’)— 
X46(v,v’), in terms of the Dirac 6 function. In view of 


Eq. (15), for any fo°, 
I=ney(J; coswi+J¢ sinwf), 


hee fit 7) 


4dr 0 v 
I= a f se—(— as 
3 00\e"+r 


When the 6 function is introduced one finds 


v /dv\'! w—v” 
Ji= Cae La -(~) | 
3\da07 o+v” 


newety|i-we() /err] 


Primed quantities are evaluated at v’. Henceforth in 
this section we drop the primes but retain this 
understanding. 

J, and J, take simple forms for special cases of 
interest. When dv/dv=0 we are led back to (16), but 
for the case of constant mean free path, where v 
=constant X02, 


(17) 


(18) 








I(A=const) = 
(w+) 


X[($e?+3r*)v coswt+ (w?+4*)w sinwt }. 


If the microwave frequency is low, or the pressure high, 
or the electrons are very fast (v?=v*/d*>>w*), the current 
remains in phase with the microwave field and is given 
essentially by a dc formula 


2 neyr 
I=-—- coswt, 
D 


(19) 


differing from (16) by the factor ¥. Under the reverse 
condition (slow electrons), the limiting form is identical 
with that of (16): 
I= (ney/w) sinwt. (20) 
B. Electrons are Uniformly Distributed 
in Energy 


If fo&°=3C/4e when 2;<v<v2 and is zero outside 
this range, with C=(v,’—»,°), the integrals (18) 


become 
vi \ | 
Ji=C Ns I= Ca 


wr 
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The natural assumption is to take »;=0, in which case 


v2 
Jy= 


w+ pe V2 


i= (21) 








We are thus led back once more to the Lorentz formula 
(16); the collision frequency appearing in it must, 
however, be taken to be that of the fastest electrons. 
Worth noting also is the fact that this is quite inde- 
pendent of the manner in which » depends on ». 


C. Electron Distribution is Maxwellian 
The assumption of a Maxwellian distribution 
fo°=(m/2nkT)! exp(—mv*/2kT), 


with an arbitrary temperature 7 fits many physical 
conditions. Under it the J integrals have the form 





as wus 

tose i exp(—W!)— du, (20 
8 P us 

carwae | ba a (23) 


They do not depend on T except through », which is a 

function of ». The variable u is defined as u=v/v9 with 

vo= (2kT/m)!, so that v= v(u,vo). A good approximation 

to J; and J? is furnished by the saddle-point method. 
Let 


v 1 
——=g:(u), ——-=4,(). 
a” en 
We wish to compute 
x= [ e/“du, with f(u)=0—4 Inu—Ing. 
0 


The maximum of f occurs at “9 which is determined by 


_ (24) 





(1) If the logarithmic derivative of g is small, then in 
first approximation #=v2. In the next approximation, 
which suffices here, we find 


Ug? = Aree Abe (25) 
g(v2) 
We shall also need the second derivative: 
4 g” g’ 2 
f"(u)=24— — —+( =), (26) 
Pay wy 
g’ g” 
fw) — — (27) 
a 
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in the same approximation, and the g-symbols in the 
last line are evaluated for u= v2. 
On writing 


S(u)= f (uo) +3” (140) (u—u0)*, 


the integral becomes 


K=et0w) f expl—4/” (tuo) (w— 1a) du 


2x 7 
Jf" (to) 


(28) 
2r\! g 
-(=) exp(-2- 2 ) ag +2¥¢) 
f" g 


9 
= (2x)! exp( -2-1*) (22-+-v2¢+48" ) 
g 





because of (25) and (27). 








Moreover, 
go vor gy ov wr 
ee ed 5 ner nee mee, 
go vot+y gi vow'+Pr 
ga’ — Dy ga” — 2p” 
—a S —-= =ty, 
g2 wr go ott 


if higher powers of v’/y than the first are neglected. In 
the following, the s and ¢ functions here defined are 
understood to be evaluated at u= 1p, i.e., v, »’, and v’’ 
are given their values at 


v=V209= 2(kT/m)!. 
Returning now to (22) and (23), we find 


J “(244 42 in) ( Pesca 
=— —§ . Pea 2 . 
ae ee VI) +r 


8 9 Se ® 
Ju=-( 244-s+ 2s) exp(-2-=) ‘ 
3 4 V2/ w+ 


The error in the use of the saddle-point method may be 
judged from the fact that for constant v the numerical 
coefficient of J; and Jz, which should be 1.000, is 
actually 1.020. 








(2) When the mean free path, A, is constant the 
ratio g’/g is not small at the saddle-point, Eq. (26) 
must be computed without approximation, and the 
result (29) is not correct. To be sure, this case has been 
treated exactly by Altshuler and Molmud, for it leads 
to known functions. 

One finds 


Cc 
Ji=$(x)!-[1—C’—C* exp(C*) Ei(—C*)], 
pS (30) 
sae Flin folic exp(C*)[1—#(C) J}, 
where Ei(x) and (x) are the exponential integral and 


error integral, respectively. Our saddle-point method 
leads to 





<2 *C u;' exp(—u,’) 
aoe | 


J; =— 
fi’ (um) w C+ur 


3 
Here %, is a function of C: 
9\ i 
2u;= (c+ic-+-) —C*+3, 


20 3C—u;? 
folluihn tale fhm ee 
uy  (C?+,")? 





Finally, 
inally iSupentoud 


8 2 
i= ’ 
3 fe!’ (t#2) (3) C+u? 
2us?= (C4 6C?+1)t-C+H1, 


200 C—3uz 
fal" (un) = 4d—14-4-—+-2-—_—. 
us? (C?+,7)* 


Expressions (31) and (32) agree with (30) within 2% 
over the entire ranges of the parameters. This is being 
recorded here, not because of the utility of the saddle- 
point method in this particular problem, but because it 
will be employed for other more complicated relation- 
ships between v and v which are now under study. 





(32) 


where 


8S. Altshuler and P. Molmud (unpublished). This work came 
to the author’s attention after the present calculation had been 
completed. 

9 E. Jahnke and F. Emde, Tables of Functions (Dover Publica- 
tions, New York, 1953). 
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The small oscillations of a fully ionized plasma, in which collisions are negligible, in a constant external 
magnetic field, is treated by the Laplace transform method. The full set of Maxwell equations is employed 
and the ion dynamics are included. Various limiting cases are considered. It is shown that self-excitation 
of waves around thermal equilibrium is impossible. It is also demonstrated that for longitudinal electron 
oscillations propagating perpendicular to the constant magnetic field, there are gaps in the spectrum of 
allowed frequencies at multiples of the electron gyration frequency, but zero Landau damping. These 
particular waves are also associated with a nonuniformity of convergence in the limit of vanishing magnetic 
field which phenomenon, however, is of no physical consequence. When the ion dynamics are included, 
two classes of low frequency oscillations are found, the existence of both of which has been predicted by 
the simple hydrodynamic theory, namely longitudinal ion waves, and transverse hydromagnetic waves. 
The well known results for the propagation of electromagnetic waves in an ionized atmosphere are also 
recovered, as well as the effects on such waves in various limiting cases of the magnetic field and particle 
motion. These calculations indicate that in many cases the transport equations are capable of yielding 
correct results, apart from such things as Landau damping, for a wide class of waves in a collision-free 








plasma. 





1. INTRODUCTION 


‘HIS work treats the small amplitude oscillations 
of a fully ionized, quasi-neutral plasma in a 
uniform, externally produced magnetic field. The ion 
and electron distribution functions are assumed to 
depart only slightly from the appropriate zeroth order 
distribution, which here is taken to be the Maxwell 
distribution, though the general method is not con- 
tingent on this latter assumption. It is further assumed 
that collisions are negligible. The technique employed 
is the Laplace transformation first introduced in this 
context by Landau.' This avoids the mathematical dif- 
ficulties inherent in a simple substitution analysis which 
assumes exponential time dependence. 

The problem of the longitudinal electron oscillations 
has been treated by Gordeyev.’ He purported to find 
self-excitation of waves around thermal equilibrium for 
a certain regime of plasma parameters. It is shown in 
Sec. 5a, directly from his dispersion relation, that this 
is not possible. In Appendix I, it is demonstrated in a 
proof due to William Newcomb, that within the confines 
of a collision-free theory, the absence of a mechanism 
for the degradation of energy implies that the entropy 
of the system is a constant of the motion, which in turn 
implies that, in general, there can be no solutions of the 
linearized equations of motion around thermal equilib- 
rium which increase exponentially in time. Gordeyev’s 
errors are pointed out. 

The problem of electron oscillations propagating per- 
pendicular to the uniform external magnetic field has 
been treated by Gross,’ and by Sen.‘ The former of 
these authors purported to find Landau damping of 
waves whose wavelength is less than the Debye length. 


1L. D. Landau, J. Phys. U.S.S.R. 10, 25 (1946). 

2G. V. Gordeyev, J. Exptl. Theoret. Phys. U.S.S.R. 6, 660 
(1952). 

3E. P. Gross, Phys. Rev. 82, 232 (1951). 

4H. K. Sen, Phys. Rev. 88, 816 (1952). 


10 


It is shown that this conclusion is in error; such waves 
are undamped. The error, furthermore, vitiates the 
various limiting results Gross reports. This case is 
properly treated, and Gross’ error indicated, in Sec. 
Sb. 

These perpendicular waves exhibit a curious non- 
uniform behavior in the limit of vanishing magnetic 
field. That is, if one first lets the magnetic field go to 
zero, and then passes to the case of perpendicular 
propagation, one recovers the results of Landau, which 
indicate damping. If, however, one first considers per- 
pendicular propagation, and then passes to the limit 
of vanishing magnetic field, the spectrum of frequencies 
is undamped, and composed of all the harmonics of 
the electron gyration frequency. This apparent difficulty 
is immediately resolved when one observes that the 
anomalous waves, as one lets the field pass to zero, are 
confined to an angular region around the direction of 
perpendicular propagation which itself goes to zero with 
the magnetic field. That is, mathematically, they form 
in the limit a set of measure zero. Physically they are 
effectively nonexistent in the limit. 

The development of this work is as follows: Section 2 
presents the general formulation of the linearized 
problem, including arbitrary electromagnetic fields and 
the ion dynamics. Section 3 discusses the inversion of 
the Laplace transform. In Sec. 4 the limits of vanishing 
external magnetic field, and infinite light velocity are 
treated. Section 5 considers the problem of longitudinal 
electron oscillations. Section 6 treats the problem of 
longitudinal oscillations including the ion dynamics, 
and derives the ion waves. Section 7 considers the 
general problem, and derives results in the limit of 
weak magnetic field, and low temperatures. Hydro- 
magnetic waves are also obtained in the appropriate 
limit. Appendix I presents the general argument of 
Newcomb which disproves the existence around thermal 
equilibrium of time increasing solutions. Appendix IT 








WAVES IN PLASMA 
evaluates an integral which is characteristic of the 
theory. 

2. LINEARIZED PROBLEM 


Let f(r,v,/) be the distribution function for a given 
kind of particle, ion or electron. The number of particles 
whose positions lie between r and r+dr, and whose 
velocities are in the range between v and v+dv is then 
fé@r d*v. The distribution function satisfies the Boltz- 


mann equation® 
of 
—=(—) ay 
Ot F colt 


of Of Ze 
—+y—4—( 
at or ™m 
In Eq. (1) e= |e| represents the electronic charge, Z the 
charge number, m the particle mass, @ the electric field 
intensity, and 8 the magnetic field intensity. The 
upper sign is to be taken for positively charged particles, 
the lower for electrons. The term (0/0) oi represents 
the rate of change of the distribution function arising 
from collisions, that is, interparticle interactions 
whose range is short compared with the distance over 
which f changes. In what follows it will be assumed 
negligible, though its effect via a simple relaxation term 
could be included readily. 
Consider systems which depart only slightly from 
thermal equilibrium in a uniform external magnetic field 
Bo. Then one can write 


f(t,v,t) = fo(v) + filr,v,t), 
B (r,!)=Bot+Bi(r,t), 
&(r,/)=0+G, (r,t), 


where fo is the Maxwell distribution 


m \3 mv" 
fols)=W"( ) exp| -—] (2) 
2nKT 2KT 


N the particle density, K Boltzmann’s constant, and the 
subscript 1 refers to a small perturbation of the asso- 
ciated quantity. Then to first order Eq. (1) reads 


Of, Of; Ze Ofo Ze Of 
—+v-—+--6,-—F—Bo-vX—=0. (3) 
at or m ov mc ov 





It is convenient to make a Fourier analysis in space,® 
and take Laplace transforms in time,’ that is, write 


filt,v,t) = fev ek-"F*(k,v,!), (4) 


Fkvs= dt e~*'F*(k,v,0), (5) 


5S. Chapman and T. G. Cowling, The Mathematical Theory of 
ere Gases (Cambridge University Press, Cambridge, 
1939). 

6S. Bochner, Fourierishe Integrale (Chelsea Publishing Com- 
pany, New York, 1948). 

7G. Doetsch, Laplace Transformation (Dover Publications, 
New York, 1943). 
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with similar expressions for the perturbation electric 
and magnetic fields. In terms of the Fourier-Laplace 
transforms, Eq. (3) reads 


Ze OF Ze_ dfo 
(s+ik- v)F--—®o: vX—= +F—E-—+F*(k,v,0). (6) 
mc Ov m ov 
Choose in velocity space a rectangular coordinate 
system such that the 3-direction is parallel to Bo and 
the wave vector k lies in the 1-3 plane, making an angle 
6 with the 1-axis. Introducing cylindrical coordinates 
w, d, u, one can write 


V=e,w cosp+ew sind+e3u, 


k=e,k sind+es3k cosé. (7) 


Define the gyration frequency 2 by 
Q=ZeBo/mc > 0. (8) 
Then Eq. (6) can be written 





OF s+ik(w sin9 cos¢+u ven * 
a Q 
1 Ze_ Ofo 
=| Fr(ky)=—E-—| 
Q m ov 
Equation (9) must be solved subject to the require- 
ment that F be single valued, that is, periodic in ¢, 


with period 27. In order to effect this it is convenient 
to introduce a vector 


v’=e,w cosd’+e.w sing’+exu, (10) 
and a function, essentially an integrating factor, 
¢ s+ik-v 
G ~exp| f io 
¢’ Q 
s+iku cos 
-ex| ——(¢-¢’ (11) 


tkw sin0 





(sino— sing’) 


Then, noting that as defined in Eq. (5) Re s>0, one 
can write the solution of Eq. (9) as 


1 @ 
F(k,v,s)=+- [| ae" 
(k,v,s) “J. 


Gl Fr, v 0) s): | (12) 


which can be verified by direct substitution. The 
periodicity is apparent if one introduces in the integrand 
of Eq. (12) the new variable ¢” =¢@—¢’. The limits of 
integration are then independent of ¢, which occurs in 
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the integrand only in the arguments of periodic 
functions. 

In order to proceed it is necessary to write relations 
between the electric and magnetic fields and the charge 
and current densities, which latter are given in terms 
of the particle distribution functions. These are the 
Maxwell equations 


V-G=4np, cVXE=—0B/dt, 
V-B=0, cVXB=4rj+0G/dt, 


where the charge density p and current density j are 
given by 


p=X(+Ze) f dof, j=L (+20) f dv vf. (14) 


(13) 


The summations are extended over all the species of 
charged particles present. 
The Fourier-Laplace transforms of the Maxwell 


equations read 


ik- B(k,s) =0, (15) 
ick XE (k,s) = —sB(k,s)-+B*(k,0) (16) 
ick B(k,s)=¥ (+44Ze) f dovF (k,v,3) 

+sE(k,s)—E*(k,0), (17) 

ik-E(k,s)=(4+4xZe) f dh (k,v,s). (18) 


Equation (15) states that B is transverse to k. Thus 
if one forms the cross product of equation (17) with 
ick, there results 


CRB=ickX lz (44nz0) f #ovP (ks) 
+s8(k9)-E*0)| (19) 


Equation (19) serves to determine B once E and F 
are known. If one forms the cross product of Eq. (16) 
with ick and employs Eq. (12) for F, there results 





(t+k)E—Ckk-E+E-Q=a, (20) 
where the dyadic Q is given by 
4n Ze? * G dfdl(v') 
Q=s>> +——_ ferf do’— v, (21) 
m - oO 


and the vector a by 


a=sE*(k,0)+ickX B*(k,0)+>. 4xZes 


¢ 
x f day : dp’ (G/9)F*(k,v'0). (22) 


It can readily be shown by taking the scalar product of 
Eq. (20) with k, that Eq. (20) implies Eq. (18). Thus 
the problem has been reduced to solving Eq. (20). In 
order to do so, we introduce a matrix R such that in 
terms of the elements of Q 


Rij= (S+CR)5;;—Chikj+Qis. (23) 
The solution of Eq. (20), which can be written® 
RE=a, (24) 
is 
=R4a/|R|. (25) 


The elements of the matrix R4 are the cofactors of 
their counterparts in the matrix R, and |R| represents 
the determinant of R. 


3. INVERSION OF TRANSFORMS 


In order to go from Eq. (25) to the frequencies of the 
electric field in the plasma, one employs the inversion 
theorem for Laplace transforms,’ which reads 


1 sgtio 
E*(k)=— f dsE(ks)e". (26) 


The contour of integration above is a straight line 
parallel to the imaginary s-axis, and to the right of all 
singularities of E(k,s). The integral is most conveniently 
evaluated in terms of the poles of the integrand, assum- 
ing there are no complications such as branch points. It 
will be shown that the elements of R and hence of R4 
are analytic over the whole finite s-plane. Thus any 
poles which arise from the numerator of Eq. (25) must 
come from the vector a which represents the initial 
conditions, and thus require for their determination a 
knowledge of the initial distribution function /;(r,v,0). 
For a large class of initial distributions, however, for 
instance all those Maxwellian in the velocity, a is an 
analytic function over the whole finite s-plane. Let us 
consider only such initial distributions.’ The method can 
be readily extended to more complicated situations. 
The denominator |R(s)| of Eq. (25) contributes a 
pole whenever it vanishes. Denote by s, a root of the 
equation 
| R(s)| =0. (27) 
Deform the contour of Eq. (26) to the left in the 
complex s-plane. The integral can then be written as a 
sum of terms E,*(k,/) each of which is an integral 
extended along a circle enclosing the associated pole. 
These loop integrals can be evaluated by the residue 
theorem. For example, if the pole is simple, one can 


®C. C. Macduffee, Vectors and eg (The Mathematical 
Association of America, Ithaca, 1943), p. 

* The inclusion in the theory of pint ‘initial distributions is 
discussed in a foaee by Bernstein, Greene, and Kruskal [Phys. 
Rev. (to be published lished) 7 
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write 
1 R4 ze i o 6's 
E,,*(k, we Gf tse a cel 
2nt (s—s,)|R(s)|’+--- 
_ R4(sn)a(sn) 
|R(sa)|’ 





en', (28) 


where a prime indicates the derivative with respect to s. 
The extension to higher order poles is immediate. In 
any case the time dependence will be essentially ex- 
ponential in nature. 

The contribution of a term such as that of Eq. (28) 
to the electric field is obtained by inverting the Fourier 
transform, namely 


&,(r,!)= (2m) f PRE. (kde 


Clearly is, is to be interpreted as an oscillation fre- 
quency. Thus Eq. (27) whose roots relate is, to k is 
termed the dispersion relation. If any of the s, has a 
positive real part, the electric field will grow in time, 
and hence, from Eq. (12), so will the first order dis- 
tribution function. It is shown in Appendix I that this 
is not possible around thermal equilibrium. 
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4. LIMITS OF VANISHING MAGNETIC 
FIELD AND cx 


In order to show that in the limit of vanishing mag- 
netic field one obtains the results of Landau, it is con- 
venient to break up Eq. (20) into longitudinal and 
transverse parts, namely 


(2+Ck)kXE+E-QXk=kXa, 
vk-E+E-Q-k=k-a. 


If then one applies the asymptotic relation, which 
follows from Eq. (11), 


(30) 








6 G 
f #20 
Sia 
¢ ‘) @aG 
‘aa f de! ge) 9G 
+o meen 
8) iS. g(¢’) 
nel 2 farce 7 
ae v’ Og’ s+ik-v’ ; 








6) < £(¢) bead 
” $4ik-v stik-v dgist+ik-v} s+ik-y 
ay 1 78 
kL 
a6|s+ik- vlad s-+ik-v 


and passes to the limit 2-0, Eqs. (30) reduce, after 
some integration with respect to v and employment of 
Poisson’s equation, to 





skX E*(k,0) —ickB*(h,0)+ Et AnZes f dvb vF*(k,v,0)/(s+ik- v) 





kXE= 


(32) 


F+cr+s > (4aNZ2e/m) { dv falv)/ (s+ik- v) 


D +(44Ze/ik) f @vF*(k,v,0)/(s-+ik- v) 


k-E= 





+E (daZre/ibim) { dfk-fe(v)/av/(s+ik-v) 


In the limit of zero temperature Eq. (32) yields the 
well known result for the propagation of electromag- 
netic waves in an ionized atmosphere”; namely on 
setting the denominator of Eq. (32) equal to zero, 
—s=22+> (4eNZ*e/m). Equation (33), apart from 
notation, is just the result of Landau, if the ion motion 
is neglected. 

Proceeding to the next limit note that at moderate 
densities and magnetic fields the frequencies of the 
plasma divide into two classes, one set of order of mag- 
nitude ck, and the other set of order [w+ ]i<ck, 


10 J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1940), pp. 327 et. seq. 


(33) 





where the electron plasma frequency w=[44Ne?/m}}. 
The coupling between longitudinal and transverse oscil- 
lations is once more small and Eqs. (30) reduce to 


(2+) kXE=kXa, 
*k-E+k-Ek-Q-k/#=k-a. 


This can be viewed mathematically as the result of 
passing to the limit c>. 


(34) 


5. LONGITUDINAL ELECTRON OSCILLATIONS 


One expects that even in the limit c+ the possible 
longitudinal oscillations separate into two classes, one 
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of relatively high frequency electron oscillations, and 
another of relatively low frequency ion oscillations. In 
order to investigate the former class we consider the 
positive ions to be effectively at rest, serving only to 
provide a uniform background of positive charge. The 
dispersion relation then reads, from the second of Eqs. 
(34), 

P?+k-Q-k=0, 


Su” ¢ Ofo G 
kes? — feof d¢'k- vk-—— —=0. 
N -~ dv’ 2 


When fo is the Maxwell distribution, Eq. (36) can be 
shown, by performing in succession three of the indi- 
cated integrations, as outlined in Appendix 2, to reduce 
to 


s 7 sy 
1+He=— f dy exp| ——n(1 cosy) Bu] (37) 
Q Ho Q 


(35) 
or 


(36) 


where as before 2=eBo/mc, the electron gyration fre- 
quency. The Debye length a is given by a? =KT/4rNe’, 
the electron gyration radius p by p?>=KT/m’; @ is the 
angle between k and Bo, \= k’p? sin*#, and y= k’p? cos’6. 

Equation (37), apart from notation, is the result of 
Gordeyev.’ The integral in Eq. (37) defines an analytic 
function of s over the whole s-plane as long as u>0. 
For the case 1.=0 (k-8o=0), that treated by Gross, the 
integral in Eq. (37) converges only for Re s>0. In order 
to effect its analytic continuation, one writes Eq. (37) 
in the form 


Ss a 2x (n+1) sy _ 
1+Fe?=- > ay ex| - (=) -ra-cos 
Q n=0 Qrn Q 


5 @ — ZHns af 
=-> exp( yf dy’ 
Q n=0 2 0 
sy’ 
xexp{ - (=) -rc—cosy) 


f dy exp| — (~)-ra-cos)| 


= ‘ (38) 


—2xs 
(S) 
2 


The numerator of Eq. (38) is defined for all values of s. 
The denominator vanishes when s/Q=0, +1, +2, ---, 
where the function has simple poles. Thus Eq. (38) 
represents the desired continuation. Apart from nota- 
tion, it is the result of Gross.’ 











(a) Absence of Solutions Which 
Increase in Time 


It is possible to show directly from Eq. (37) that 
there are no roots of the dispersion relation for which 


Re s>0, and hence no waves which grow in time. To 
demonstrate this we note that 


oow= 5 ,(r)eim 


n= 


(39) 


where J,(y)=J_.(y) is the Bessel function of the first 
kind of imaginary argument. The terms in m and —n 
are to be considered as taken together in any sum. 
Insertion of Eq. (39) in Eq. (37) yields, one writing 
y=, 


1+'a?=se> > 1.0) f dt 
n=O 0 
Xexp[—422ul— (s+inQ)t]. (40) 


In order to transform Eq. (40) into a more useful 
form, one defines 
o(u) = (m/2xKT)! exp(—mu?/2KT cos*0). (41) 


Note that 


J “meat, 


—o 


and that as 6-7/2, ¢(u)—5(u). If Re s>0 


f dug(u)/(s+iku) 
-{ dwo(u) [ dt exp[ — (st+iku)t] 
= f : dt exp[—st—3(KT/m)k? cos*0]. (42) 
0 


Thus, defining s=i8+~7, y>0O and employing Eq. (42) 
to transform Eq. (40), one can write on splitting into 


a(a,d) 
0s 


0.1 


0.4 





Fic. 1. The function a(q,\) vs g for \=0.1. 
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Fic. 2. The function a(g,d) vs g for A= 1.0. 























real and imaginary parts 


1+Bet= 5 eF, (0) f ” dep(e) 


n=O 





. (nQ+- ku) abate 
y+ (6+n2+ ku)? 
nQ-+ ku 


y+ (8+n0+ku)? 
(44) 





0=y7 > e160) f dud(u) 


Multiply Eq. (44) by 8/y and add it to Eq. (43). There 
results 


@ 


1+Fa?= > 1.0) f dug(u) 


n=O 





E (nQ+ ku)? 
y+ (nQ+kut+p)? 


a 


=1- > 1.0) f du (u) 





(nQ+ ku)? 
x , (45) 
¥+ (n2+ ku+B)? 
, where we have employed Eq. (39) with y=0. Clearly 


Eq. (45) has no solution since the left-hand side is 
always greater than the right. Thus there can be no 
roots with Re s>0, and hence no time increasing solu- 
tions. This is in contradiction with the result of 
Gordeyev,? who purported to show that self-excitation 
of oscillations is possible. Gordeyev’s error lies in 
making approximations on the equivalent of Eq. (42) 
the results of which are incompatible with the assump- 
tions motivating them. A separate demonstration of the 
absence of time increasing solutions, essentially on the 
basis of an entropy argument, due to William New- 
comb, is given in Appendix I. 





(b) Case k-B,=0 


For the case of waves propagating perpendicular to 
the zeroth order magnetic field the dispersion relation 
can be solved completely. Since in this case 0=2/2, Eq. 
(40) yields for Re s>0 


1+Bat=se> ¥ 14(d)/(s+ind) 


- 27, 
-210)42 5 re ww 
n=1 (s/0)?+n? 


The series in Eq. (46), however, apart from simple poles 
at s/Q=0, +1, --- converges for all values of s. The 
right-hand side of Eq. (46) is an even function of s. Thus 
the general impossibility of a root with Re s>0 implies 
in this case that there can be no root with Re s<0. 
Hence the roots are pure imaginary. This is in contra- 
diction with the conclusion of Gross, who purported to 
find damping of waves for which k’a>>1. Gross’s error 
lies in his saddle-point integral, in particular, in his 
statement in Appendix II of his paper that the integral 
along J; and J, gives —e?***/*«(7,+J2), when in fact it 
gives ¢?*#/we(J,*+4],*). This error also vitiates the 
low-temperature results he reports. Upon making the 
correction, the same results are obtained as in this work. 
In order to solve Eq. (46), let s/Q=ig, and define 


© 1 1 
a(g,A)=e*Jo(A) +9 > 140)|—+—|-1 (47) 
n=l q—n gqtn 


Then the dispersion relation can be written 
a= ka’. (48) 


The function a(q,\) is plotted versus g for various values 
of \ in Figs. 1, 2, and 3. The roots of the dispersion rela- 
tion are the intersections of an a vs g curves with the 
horizontal line a=F’a?. As |q|— the curve a ws g 
approaches a function which is zero in the interval 
n<q<n+1 and lies very close to the vertical line 
g=n when g~n. Note that the roots depend in con- 





a(q,d) we 


) aa 
ede Wee fo 

toot ees 
: \ 


Fic. 3. The function a(g,d) vs g for A=5. 
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tinuous fashion on the parameters k’p’, k*a’, etc. If one 
fixes 2, and \= k’p? sin*@= k’p*, but permits k’a? to vary, 
then there are gaps in the spectrum of possible fre- 
quencies," namely those values of s=—iQg which 
make a<0. The width of these’ gaps, which correspond 
to frequencies which cannot propagate, can readily be 
computed in the limit \=k’p*<<1, the case of gyration 
radius small compared with wavelength. Namely one 
can employ in Eq. (47) the leading significant terms in 
the series expansion for the Bessel functions,” 





os Xr nt+2m 1 
140)= 5 (-) —_———.. (49) 
m= \2 m'\(n+-m)! 
This yields 
Vs ee ny +E7(° we (50) 
we g—-1 g—4 san! ) g—n? 


where as before the electron plasma frequency w is given 
by w*=4rNe*/m. For the root in the interval 1<q<2 
it is sufficient to keep the first two terms on the right. 
The result is 


# 1 w w\? = ‘| 
-~--|5+—-|(3-<) +9] . 
¢ 21 @& oe oe] | 
For 2?>>w’, Eq. (51) yields 
— = +a? — (w?/2?) (KT /m)k’. (52) 
For 0*<w*, there results 
—s*=4—3(KT/m)k’. (53) 


The gap for the interval 0?<|s*| <4? corresponds to 
the range in qg for which the sum of the first two terms 
in Eq. (50) are negative. Its width in frequency is 
3k°KT/mQ. Clearly similar results can be obtained for 
the other branches of the curve a vs g. The gap width is 
always proportional to KT in the limit A<1. 

An interesting feature of this dispersion relation for 
waves propagating perpendicular to the zero-order 
magnetic field is that it corresponds to a nonuniformity 
in the limit 2-0. That is, as one tends to this limit, 
the dispersion relation [Eq. (48) ] obtained from the 
general dispersion relation [Eq. (37) ] by first setting 
6=2/2 and then letting 2-0 still yields frequencies 
spaced roughly at multiples of the gyration frequency, 
while one expects that the frequencies obtained be 
those derived by Landau, which corresponds in the 
general dispersion relation to first setting 2=0, and then 
choosing 6=2/2. The resolution of this apparent dif- 
ficulty is that the anomalous waves are a set of measure 
zero. That is to say, as 2-0, those waves which depart 
in character from those found by Landau are confined 
to a sector of width 5@ about 0=2/2, but 66-0 with Q. 

11 Gaps of this kind were first noted by Gross, reference 3, for 
the case of a delta function equilibrium distribution. 


12G. N. Watson, Theory of Bessel Functions (Cambridge Uni- 
versity Press, New York, 1948). 


$ 


(c) Arbitrary Direction of Propagation 


Let us return to the case of arbitrary direction of 
propagation. Consider the situation of low temperature 
and weak magnetic field. If one defines -=KTk?/m 
and y=, the dispersion relation (37) reads 


y C 

1+—=sf dt exp| —st—4yr? cos’? 

w 0 
1 
— sin tet . || 

24 

“3 1 
ae f aue-n| 140+ | — 0? sin’ 

6 24 


e- 
AGP sin*8-+304 
Ph y 





= en (54) 


Equation (54) is an asymptotic expansion valid for 
(Im s)*>0, »?, |Res|?. It yields, to first order in the 
small quantities,” 

—S=w'+ sin*6+ 37>’. (55) 
If one wishes to compute Re s, it is necessary to write 
$=tw—v in the second line of Eq. (54) and to evaluate 
asymptotically the imaginary part of the integral. The 


result is 
T\ + w4 w sin’6 w*(? 
(SoZ) 
8/7 2v 24 «8 


Equations (55) and (56) are the same results as have 
been obtained by Gordeyev. Note that they reduce to 
Landau’s results in the limit 2-0. 

Consider now the case where k’*p*<k’a’<<1, the case 
of large magnetic field and low temperature. One 
anticipates a root of the dispersion relation s~iw cos6@. 
Then, in the dispersion relation in the form 


(56) 


1+Hatms f dt exp{ —st—4rf cos’é 
0 


— 2k*p? sin’@ sin?(24)}, (57) 
the term sin*(29) can be replaced by its average value 
of 4, whence on asymptotic expansion of the resultant 
integral, as treated in the preceding case, there results® 





—s?=? cos’6[1+3ka?—p?/a"], (58) 
(:) w* cos ( w ) (59) 
y=(- exp{ —— }. 
8 y 2¥ 


: 18 The results reported in Eqs. (55) and (58) have been obtained 
independently by William Newcomb by a different method which 
will be published in the near future. 
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Equation (58) indicates that the plasma behaves as 
though the electrons were free to move only along the 
lines of force. To lowest order the frequency is just 
that of a plasma wave whose wave vector is k projected 
onto the zeroth order magnetic field Bo. Note that the 
exponentially small Landau damping falls off to zero as 
6-1/2. 

In order to investigate the case of large Landau 
damping which occurs in the zero magnetic field case 
for k°a?=v?/w*>>1, one can consider first the case of 
small magnetic field, and write Eq. (54) in the form 


1+ka?= sexp(— y s)f ivexp| (14+) | 


X [1+ (1/24)? sin?9+---]. (60) 
One anticipates a root for which —Re s>|Ims}, in 
which case the lower limit in the integral in Eq. (60) 
can be taken to be — ~, while in the power series in 
the integrand it is sufficient to drop all terms past the 
one in /‘, in which term one can set ‘= —s/v’. The result 
is 
1+-ka?= (2) §(s/v)[1+ (1/24) 0?s* sin*6/r*] 
Xexp[4s?/r*]. 


When 2=0, Eq. (61) is just Landau’s result. As long 
as the term in {¥ in the above expression is small 
compared with unity, which of course is the assumption, 
the magnetic field has only a logarithmic effect on the 
determination of s. The damping is then given to good 
approximation by Landau’s result, which can be 
readily obtained by taking the logarithm of Eq. (61), 
namely 


s=—v[4 Inka—I|n2x }!— irl 4 Inka—In2x |}. 


(61) 


(62) 


If ka?>>1, but © is large, one can as before employ 
Eq. (57) with sin*?(2Q/)=4, whence 


s «2 
1+ka?=s exp( yf dt 
2v* cos’O/ vy 


1 5 
xexp| — 9 cox H+ )| (63) 
2 v* cos’é 


Equation (63) can be treated exactly like Eq. (60). The 
result is 








s=—v cos6[4 Inka—|n2r }} 


—mil_4 Inka—|In2z }}y cos@. (64) 


Note that the damping decreases as @ increases from 
zero. This is in agreement with the exact result of no 
damping of waves propagating perpendicular to Bp. 
Consider the waves for which 6~x/2 (k-By~0, 
whence w<1). If one employs in Eq. (40) the variable 
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qg=—is/Q, there results after appropriate integration 
by parts 


Bh Sp? 
1+ Bee 10)| 1+ + “ | 
g ¢ 











_ WOMAO)| ulin" 
n=l g—n g—n 
3y2(g?-+10n2q?-+ Sn 
Sue ¢ a | (65) 
(fn) 


If also ka?>>1, we expect from our previous results 
for »=0 that the roots in g lie near the integers. Thus 
for the root g~m>>1, one can in Eq. (65) neglect all 
terms with nm, and all powers of u greater than the 
first. There results 


2m? eT m (A) » ka? 
Rrra 
ka? a €Tm(A) 


Equation (66) is valid so long as 2e~*J,, (A) /ka?1, and 
(u/m?)(Ra?/e*T mn (A) PK. 

If AK1 (low temperature and/or large magnetic 
field) we can expand the Bessel functions in powers of 
\ via Eq. (49). For the root in the interval 1<|g| <2, 
it is sufficient to write 


9 


g=m 

















PN m 3X? 
1-+-¥e = 14+-——+-—+ 
g-1 ¢ (¢-1)(¢—-4) 
wr(—g'+4g?—1) 3? 
+ +—. (67) 
¢(¢—1) q 

If one drops terms quadratic in A and y, there results 
g=— (32/2) 


= }${1+ (w*/r*) —[(1—w*/r*)?+-4e? sin’8/r*}!}. (68) 


6. LONGITUDINAL OSCILLATIONS INCLUDING 
THE ION DYNAMICS 


Consider as before the limit c—, but assume that 
there is present one kind of positive ion. The second of 
Eqs. (34) then yields the dispersion relation 


9 fos(v’) 


(5) fof ans ( ee 
(3) for ae 


where w4?=4rNe?/ms, 24 = |eBo/msc|, fox is given by 
Eq. (2) with the mass and temperature chosen appro- 
priately, and G, by Eq. (11), Equation (69) yields, on 
performing three of the indicated integrations in the 








(69) 
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manner of Appendix II, 
1+(7,/T_)+Ra? 


«© 


=$§ f dt exp{ —st—2k’p,? sin’@ sin?(2Q,2) 
0 
—}v,? cos*6F} +s(04/7-) f dt 
0 


Xexp{ — st— 2k p_? sin’6 sin?(22_) 


—}v_? cos}, (70) 
where a2=KT7_/4xNe’, px?=KTs/m4042, and v4? 
=KT,k?/m,.. 

If one considers the case T,=T_, it can readily be 
shown that when $o=0 the inclusion of the ion dy- 
namics makes corrections to the frequencies calculated 
in Sec. V of order (m_/m,)*<1. If, however, T_>>T, 
there appear frequencies characteristic of so-called ion os- 
cillations. In order to see this, consider for simplicity the 
case of large magnetic field, so large that 1>>k’p,?>>k’p_?. 
Then k’p,? in Eq. (70) can be replaced by zero, and 
if one then expands the first integral in descending and 
the second in ascending powers of s, there results 


Ts vx? cos’? 3y,4 cos’? 
1+—+#a 2=1- + 
T. S 3 





2 


Ti. Fy Tv 4 P 
+—| (*) " +] (71) 
T_lv_ cos6\ 2 v_? cos’é 


On the right in Eq. (71) it is sufficient to keep only the 
terms in s®, s~*, and s'. If k°a_*>>T,/T_, the result is! 


s=+i1(KT_k*/m,)} cos6[+i— (m_/m,)*(x/8)*]. (72) 


Note that because m_/m,<T,/T_<1, it follows that 
|Im s|>>|Res|, and there will be many oscillations 
before damping occurs. The same results for Im s is 
derived by Spitzer;!* for the case of zero magnetic field, 
from the hydrodynamic equations. He, however, derives 
no damping. This is because the stress tensor is not 
isotropic, as is conventionally assumed in hydro- 
dynamic treatments, but rather obeys a complicated 
equation of state. The case of zero magnetic field is 
effectively realized in Eq. (72) by setting @=0. Note 
that the result of Eq. (72) can be interpreted by saying 
that in a strong magnetic field the charged particles are 
tied to the lines of force. 








7. GENERAL ELECTRON OSCILLATIONS 
(a) Weak Magnetic Field 
Consider the case of a weak magnetic field and 
neglect the motion of the positive ions. One can then 


4 The observation that Eq. (72) follows from Eq. (71) is due 
to John M. Greene. 

%©L. Spitzer, Jr., Physics of Fully Ionized Gases (Interscience 
Publishers, Inc., London, 1956), Chap. 4. 


employ Eq. (31) to expand the dyadic Q of Eq. (21) 
to the second order in 2”. The result is readily shown to be 


Q= (nn, +nen2)sJ+ngng_(s*/r*) — (8/4) J] 
+Qs{ (nyn;—nNene) cosé 0J/s+ (mgn2—Mnen;) 
X} sin6(d/ds)[J+ (s*/v*) — (s*/4) J} 
+ s{ — (myn) + 3mgno+mngn;) (1/24) r sin’*@d* /ds* 
+nozn2} (cos’6/v*) (0?/ ds?) (°—s*J) 
+30°J/ds*L(myni+men2) cos’*é+ngn; sin’? 


+ (nyn;+n3n; sind cosd]}, (73) 


where v= KTk?/m, n; is a unit vector in the direction 
of k, nz is a unit vector in the direction of kX®Bo, 
Ni =N2Xnz, and 


s=f dt exp[ —st—37°?] 
0 


x. Pest +(: 4 (st/201 
tosh) emerentit 1 
(74) 


In Eq. (74) the asymptotic representation indicated by 
= is useful when |Im s|>>| Re s|, which corresponds to 
VP<Kw*=4rNe*/m. In this latter case the dispersion 
relation (27) reads, if one neglects exponentially small 
terms which yield the here-negligible Landau damping, 
|R| =O where the elements of the matrix R are 

Ry =8+Ck— (w?/s*) (v-+2 cos"), 

R2=w0 cos6/s, 

Ry, = —w* sind cos6/s?, 

Ry».= —w’Q cos6/s, 

Re=3+Ck + — (w*/s*) (+0), 

R32.= —w*0 cos6/s, 

Ri3= —w* sin cos0/s?, 

Ry3=w'2 sin6/s, \ 

R33= 8?+w* (w?/s?) (3r?-+0? sin’). 


(75) 


In the determinant, which is a function of s*, 2? and » 
are to be considered as of comparable smallness, say of 
order ¢. Equation (75) is then of the form f(s*,e)=0. 
The roots of f(s?,0)=0 are s=s.?=— (w?+Ck’) cor- 
responding to the electromagnetic waves, and s;?= —w* 
corresponding to longitudinal electron oscillations. In 
order to solve the determinantal equation, it is con- 
venient to expand /(s*,e) in a joint Taylor series about 
s#=s? (i=1, 2, 3), and about e=0. In computing a root, 
it is necessary to retain only the lowest order non- 
vanishing terms separately in « and s’—s,*. For the 
root near $;’, it is sufficient to keep only first derivatives. 
The result is 


—S=o'+37+ sin6+w? sin*6/c*k’, (76) 
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Note that in the limit c+ Eq. (76) goes over into 
Eq. (55). For the double root s;*=5,’, it is necessary to 
go to second order in both parameters of smallness. The 
result is 

—s=CR+w'+wl cosd/(w*+c7k?)!. (77) 


(b) Arbitrary Parameters 


Consider the case of a plasma composed of an equal 
number of electrons and protons. It is convenient to 
revert to the representation of Eq. (7) and introduce 
the unitary matrix 


jl -1 0 
=F 
P=—l|1 i Ol, (78) 
v2 
0 0 wW 


where the scalar factor i/V2 is understood to multiply 
each element of the matrix. If one defines R’= PRP-', 
since |R|=|P“R’P|=|R’|, the dispersion relation 
(27) can be written | R’| =0. The transformation essen- 
tially represents E in terms of circularly polarized waves. 

The matrix Q’= PQP™= which enters R’, where Q is 
given by Eq. (21), can be expressed in terms of variables 
a=4}(¢’+¢) and B= +4(¢’—¢@), where the upper sign 
is to be taken for positive particles, and the lower for 
negative. Namely, 


o--2()() fmf 


«o B+2r 
xf dg}j~ daGT, 
0 B 


(79) 


where the summation is extended over all the particles 
present, and where the elements of the matrix T are 
T= 07? wd fo/ dw, 
T= e “wd fo/dw, 
T31= Vlei udfo/ dw, 
T12=€* *wdfo/dw, 
T22= e** wd fo/dw, 
T3255 V2e~ *(2F ud fo/ dw, 
Ti3= V2e~ (4+) 40 fo/ Ou, 
T23= V2e'(*+) 40 fo/ du, 
T33= 2ud fo/ Ou. 


(80) 


The first index on 7;; indicates the row, the second the 
column. 

Three of the four integrations indicated in Eq. (79), 
effectively those over w, u, and a, can be performed (see 
Appendix II). The result is, in terms of the elements 
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of R’, 
Ruy =8+42R(1+c0s*) +> w'M =, 
Ry =—43CR sine+> w*L, 
R3;' = —2-12k sind cosé+ >. w* N=, 
Ryo’ = —$CR? sin’9+ > w*L, 
Roo! = 8*-+-37R*(1+c0s) +> w'M 4, 
Roo! = — 2-42? sind cosd+> w* Ni, 
Ry; = — 2-42? sind cosd+L, w* N=, 
Roy’ = — 2-42? sind cosd+> w*N 4, 
R33’ = 2+CF sin’9+)> w’W, 


(81) 


where again the upper sign refers to positive particles, 
and where 


L=na/ar)| (s/2) J i dy 


Xexp[— (s/2)y—A(1—cosy) — 3uy*] , 


Ma=[14X(0/0)}] (s/a) fay 


Xexpl—(s/2Fi)y—d(1—cosy)— uy], 
: (82) 
Na=—(du)¥(s/0) f dy sinky 


‘ 


Xexp[ — (s/Q})y—A(1—cosy)—huy*], 
W=(1+2u(0/40)]] 0/0) fay 
Xexp[— (s/2)y—A(1—cosy) — }uy*] 


As usual \= KTR? sin?6/m, n= KTR cos*6/m, Q= ZeBo/ 
mc, and w*=4rNze?/m. 

Consider first the situation T=0. This corresponds 
to the case where the organized velocity is very much 
greater than the random velocity. Then L=0, 
M,=s/(s¥i2), Nz=0, and W=1. If 6=0, the dis- 
persion relation | R’| =0 reads, for a plasma composed 
of an equal number of electrons and protons, 


[8+2R+>> w*s/(si2) | 
X[8+2R+E w/ (si) [+d wJ=0. (83) 
One solution of Eq. (83) is s*= —>> w*, which corre- 
sponds to an electron plasma oscillation along Bo, since 
w>>w,’. The other solutions of (83) are of two kinds. 
First there are high-frequency solutions s~ick for 
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which the proton motion can be neglected. These can 
be obtained by writing s°+ck*+w_’s/s(stiQ_)=0, a 
result which corresponds to Eq. (4-13) of Spitzer.’ 

The second class corresponds to hydromagnetic 
waves for which |s*|<«ck, 2,%. In this case one can 
write for the first factor in Eq. (83) (similar results are 
obtained from the second), 


0=84+2R+D. w's/ (sFi0) 
=S+Ch + (sw,?/i2,)[1+ (s/i2,)+-- +] 
— (seo_2/iQ_)[1—(s/i_)+--+]. (84) 


But w42/2,=w_?/Q_=4rNec/Bo. Thus, if we neglect 
small terms, Eq. (84) reads 


0=C+s*w4?/2,?, (85) 


whence 


—s?/=Be/4aNm,. (86) 


The expression on the right above is the well-known 
expression for the square of the phase velocity of a 
hydromagnetic wave. 

The case 0=2/2 yields the dispersion relation 


O= {[8+32R+D w*s/ (sti) ] 
X[8+42R+>S w*s/ (sid) | 
—IAk\ [P+ CR+Y oA], 
where again the upper sign refers to the ions. Consider 


first the high-frequency solutions, for which the ion 
motion can be neglected. These are 


—8=CR +02, o2+}(224+2R) 
+[(22—C#)2440 % *}}, 


(87) 


a result already found by Gross. The low-frequency 
solutions which correspond to hydromagnetic waves are, 
as before, given by —s*/k’= By?/4aNmz,, after neglect- 
ing small quantities. Thus for these limiting cases the 
results are just those which hydromagnetic theory 
predicts.* 
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APPENDIX I. DIRECT THERMODYNAMIC PROOF 
OF THE ABSENCE OF TIME ; 
INCREASING SOLUTIONS 


It is possible to show directly, without having to 
explicitly solve the linearized equations, that the most 
general small motions about thermal equilibrium of a 


* Note added in proof.—The results of T. Pradhan [Phys. Rev. 
107, 1222 (1957) ] for the propagation of electromagnetic waves 
Re Bo can be obtained by setting 6=0 in Eq. (81) and writing 

R’| =0. 


fully ionized plasma in the absence of collisions cannot 
exhibit a monotonic increase in time. The proof is due 
to William Newcomb, and relies on the fact that in the 
absence of mechanisms for the degradation of energy 
(e.g., collisions) the entropy of the system must be a 
constant of the motion. 

In order to effect the proof, note that if fo denotes 
the space- and time-independent Maxwell distribution 
of Eq. (2), which characterizes each kind of particle in 
thermal equilibrium, then the entropy S can be written 


S=—-K z fer @vfilnf—folnfo]. (A-1) 


The summation is extended over all the classes of 
particle present. The expression above is so normalized 
that S=0 for thermal equilibrium. If the departure 
from thermal equilibrium is of bounded extent at any 
finite time, Eq. (A-1) is well defined when one extends 
the integration in d*r over all space. If one wishes to 
consider disturbances which vary spatially like e**-*, 
the space integration can be considered as extending 
over a cube each edge of which is one wavelength 2x/k 
in length, and one face of which is perpendicular to k. 
The time rate of change of S is given by 


aia x fa af inj} (A-2) 
dt ot at 


The term in 0//dt alone vanishes in virtue of conser- 
vation of the total number of particles. The term in 
(0 f/dt) Inf can be transformed by employing the Boltz- 
mann equation (1) with (0//0t)..1.=0 to yield, if g is 
the algebraic charge, and we revert to Latin letters for 
the electric and magnetic fields, 


dS 
—— E faraoing 
t 


+S. [2 (E+-¥x B))| . (A-3) 


If one integrates by parts so as to shift the differential 
operators on to Inf, since al! surface terms vanish, Eq. 
(A-3) results in 


dS af q 1 af 
—=-K xfer oo] v—44(B+-vxB)-—| 
dt or ™m Cc Ov 


(A-4) 


0 
5, Lvs 





=0. 


Thus S is a constant of the motion. 

It is also easily demonstrated from Eq. (1), and 
Maxwell’s equations (13), and (14), that the total 
energy W, if By denotes the constant external magnetic 
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field, is given by 
i 
-— f dr E+ Be B,?] 
m 
+E fara vlf—fa, (AS) 


is also a constant of the motion. Note that W has been 
normalized to zero for equilibrium. 

If one expands each distribution function f, essen- 
tially in powers of the small initial departure from 
thermal! equilibrium 


f=fotfithfrt-::, (A-6) 
and writes correspondingly 
E=0+E,+E,+---, 
+E, + E2+ (A-7) 


B=B,+B,+B,+:--, 


then correct to second order in the parameter of 
smallness 


S=—-KE feral p(1+4-7—) 


ta(ira—™ FI (A-8) 


The constant A = 3 In[ N'm/2xKT]. The terms above in _ 


(1+A) vanish in virtue of particle conservation. The 
terms in mv*/2KT can be transformed by employing 
Eq. (A-5) expressed correct to second order. 


The result is 
) f dr[Ey?-+B,"] 


al 
we +4 f ora} (A-9) 





Note that the quantity in brackets above is the sum 
of essentially positive terms, while S=const by Eq. 
(A-4). Thus there can be no solutions for which any of 
the quantities E,, B;, or /; increase monotonically and 
hence in particular exponentially in time, since the 
others could not compensate so as to keep S constant. 
Clearly, however, an exponential decrease in time is 
admissible, since then compensation can occur. 


APPENDIX II. EVALUATION OF 
CHARACTERISTIC INTEGRALS 


Consider a typical integral occurring in Q’, namely 
[see Eqs. (2), (7), (10), (11), and (76) ] 


IN MAGNETIC FIELD ; 21 


Qu'=Ews/a) f duno f du fas 


B+2e 
x da(2mu?/KT)(m/2xKT)! 
r) 


Xexp{ —m(u?+-w*)/2KT — 2iBku cosd/2 
— 2i cosa sinBkw sind/Q—28s/Q} 


-Eesa) f duno f inf ap 
x f 5 do(2mut/KT)(m/2eKT)3 


Xexp{ — (m/2KT)[u+2igk cosOKT/mQ? 
—28°k*KT cos’0/mO?— 28s/Q 
— 2i cosa sinBkw sin6/Q}. (A-10) 


The integral over u is elementary. ‘The integral over a 
can be effected by noting that” 


2 Jo(s)= f dam, (A-11) 
0 


The result is 


On'=E(w's/0) f asf dww(2m/KT)(1—4y8*) 


X Jol 2(Am/KT)*w sing} 
Xexp{ — (mw*/2KT) — 2up?—28s/Q}, 


where \= KTR? sin’*9/m, and u.= KTR’ cos*6/m. One can 
next carry out the integration over w by employing the 
formula” 


(A-12) 


f dww”*'J,(aw) exp(—wp*) 


=a’(2p*)~ exp(—a*/4p*). (A-13) 
The result is, if one sets 28=y, 
Ow’ =E(wts/) f dylt—ny"] 
0 
Xexp{— 2A sin?2y— }uy*— (s/2)y} 
0 @ 
=X (ws/0)| 1+20—| f dy 
Ous~o 
Xexp{— (s/2)y—A(1—cosy)—fuy?}. (A-14) 
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In this paper the concept of statistical equilibrium of an isolated 
mechanical system chosen from a Gibbsian ensemble of such sys- 
tems is modified to mean a state in which the observable local 
macroscopic properties such as the local density of particles, mean 
energy, temperature, entropy, etc., have attained their equi- 
librium values, i.e., the values which would be obtained from the 
density in phase space which corresponds to the appropriate 
stationary solution of Liouville’s equation. The approach to equi- 
librium in time in this sense (i.e., for the local properties which are 
suitable averages over the action variables of the system) of a 
wide class of multiply periodic systems, etc., is demonstrated 
under the condition that a local property exist initially. Certain 
characteristics of such a weak convergence as monotonicity of 


approach after a sufficiently long time has passed and the asymp- 
totic magnitudes of the local properties are investigated. The 
question of extension of this ergodic result to less restricted 
mechanical systems has been discussed and the relationship to 
ergodic theory and coarse graining indicated. 

On the basis of the above result the general transport theory 
and the approach to spatial uniformity of a sufficiently ideal gas 
is investigated, by using as a model a gas of elastic hard-sphere 
molecules with vanishing diameter. In particular it is shown that 
under suitable conditions the diffusion in density satisfies Fick’s 
laws and the conduction of heat satisfies Fourier’s law, albeit 
with time-dependent transport coefficients. 





1. INTRODUCTION 


HE fundamental desideratum of statistical me- 

chanics asserts that in general a statistical en- 
semble of isolated mechanical systems approaches in 
time statistical equilibrium unless at the outset this 
state has already been attained.’ The precise sense in 
which this desideratum is to be understood as well as 
the specification of necessary and sufficient conditions 
under which it may be demonstrated has been the sub- 
ject of considerable interest (and incidentally con- 
troversy) for the past fifty years or more.?* In par- 
ticular, for systems of material particles under the 
influence of forces which depend only on the Spatial 
coordinates, the Poincaré cycle theorem‘ precludes the 
possibility that (in the usual sense of function theory) 
the ensemble density of the systems converges to the 
stationary ensemble density as the time >= © starting 
from an arbitrarily given initial ensemble density. Such 
a strong mode of convergence, though, is in general not 
necessary to explain the observed approach to equi- 
librium of actual physical systems. This approach is 
observed rather in the study of any of the local macro- 
scopic properties of the physical systems satisfying a 
suitable phenomenological transport equation such as 
a local density, mean velocity, temperature, mean 
energy, pressure, entropy, etc. These quantities ap- 
proach in time the same value. they would have in a 
state of statistical equilibrium. These local macro- 
scopic properties can in general be exhibited as incom- 
plete phase averages over the ensemble density of a 


1J. W. Gibbs, Elementary Principles in Statistical Mechanics 
(Yale University Press, New Haven, 1914), Chap. XII in 
particular. 

2 For general reviews see P. and T. Ehrenfest, Encykl. math. 
Wiss. 4, No. 32 (1911); S. Chandrasekhar, Revs. Modern Phys. 
15, 1 (1943); D. ter Haar, Revs. Modern Phys. 27, 289 (1955). 

3A. J. F. Siegert, Phys. Rev. 76, 1708 (1949). 

4H. Poincaré, Acta Math. 13, 67 (1890). 


sufficiently “smooth” function of some or all of the 
canonical coordinates of the system.* 

The purpose of the present investigation will be the 
demonstration and study of certain characteristics of 
such a weak convergence to equilibrium (i.e., in the 
local properties) for certain mechanical systems, in- 
cluding a wide class of multiply or conditionally periodic 
Hamilton-Jacobi systems. This complements a previous 
investigation on multiply periodic Hamilton-Jacobi 
systems which led to estimates of the Poincaré recur- 
rence time and the asymptotic fraction of the time 
spent by a system in a recurrence.® It will turn out 
that the appropriate incomplete phase averages which 
exhibit the desired convergence will be with respect to 
a suitable set of action variables. The simplest example 
of the class of physical systems we shall be concerned 
with is afforded by a gas composed of hard-sphere 
molecules of vanishingly small diameter, i.e., one satis- 
fying the equilibrium equation of state p=nkT where 
p is the pressure, m the number density, T the tempera- 
ture, and k Boltzmann’s constant. Since this example 
already illustrates the general features of the mode of 
convergence of the wider class of mechanical systems 
we are interested in, we shall deal with it first. Without 
undue restriction in generality for our purposes, we 
need consider only the case where the gas is one-dimen- 
sional and is restricted to move along the circumference 
of a circle of unit radius. 

What we hope to accomplish in this paper is the 
following: First, we wish to point out that a plausible, 
though perhaps not always totally satisfactory, defini- 
tion of an equilibrium state of an ensemble of systems 
need be associated only with the weak convergence with 
increasing time of the sequence of ensemble densities 
in phase space. Each member of this sequence corre- 

* Hirschfelder, Curtiss, and Bird, Molecular Theory of Gdses and 
Liquids (John Wiley and Sons, Inc., New York, 1954); see also 
H. S. Green, The Molecular Theory of Fluids (Interscience Pub- 


lishers, Inc., New York, 1952), pp. 130 ff. 
*H. L. Frisch, Phys. Rev. 104, 1 (1956). 
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sponds to some arbitrary choice of the initial com- 
plexions of the systems in the ensemble. In the specific 
examples discussed below, we show that this process 
corresponds to a special kind of coarse graining. Next 
we consider three categories of systems: (1) systems in 
which the interaction between the degrees of freedom 
of the system can somehow be shown to imply the 
existence of macroscopic dissipative effects over reason- 
able times of observation ; (2) systems with interactions 
about which nothing can be said as to whether they 
exhibit macroscopic dissipative effects or not, and 
finally (3) systems in which the interaction can be 
transformed away. We consider only very special 
classes of mechanical systems belonging to the second 
and third categories and show that these exhibit an 
approach to equilibrium which has features formally 
resembling certain of the main features of the particular 
approach to equilibrium exhibited by a class of systems 
belonging to category one which have been investigated. 
Besides exhibiting explicitly by this the existence of 
another mode of approach to equilibrium which is inde- 
pendent of any dissipative mechanism, we wish to 
argue the plausibility that at least certain arbitrary 
‘systems other than those considered below may still 
approach equilibrium in our sense even though the more 
usual approach to equilibrium, depending on the dissi- 
pative mechanisms of the system, fails to function or is 
incapable of being shown to function. Whether any- 
thing is gained by this description depends on whether 
or not the features of this approach to equilibrium 
possess only a superficial resemblance to the desired 
features of a physically acceptable approach to equi- 
librium. We bias the remainder of the discussion to- 
wards the second eventuality. 

Needless to say, this does not dispose of the first 
eventuality, in which case the calculations of Secs. 2, 
3, and 4 of this paper merely demonstrate the fact that 
the models introduced with the kind of interactions 
exhibited below are ‘“‘bad” models. They are “bad”’ 
models in the sense that they lead to only a pseudo- 
equilibrium state and an approach to this pseudo- 
equilibrium whose properties are physically unrealistic 
even in limit cases of real systems. If one adopts this 
point of view, then much of the discussion of Secs. 3 
and 5 becomes irrelevant. 


2. ONE-DIMENSIONAL GAS 


Consider N identical molecules (point particles), 
each of mass m, distributed on a unit circle. Let the 
angular position and velocity of the ith particle be 4; 
and w;. Since the collisions between the molecules are 
elastic and the particles indistinguishable, we can allow 
the colliding molecules to move as if they passed 
through one another without collision.* The solution 
of the Hamilton canonical equations can then im- 
mediately be written down: 


wWi=w/, 


(1) 
0;=0,9+-w,t(mod2m), 


i=1,-+-,N 
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where 6,° and w,° are the values of the angular position 
and velocity of the ith particle at time ‘=0. The 
density in phase space of a Gibbsian ensemble of such 
systems, u=u(61,---,0n;@1,°-*ww;!), which satisfies 
Liouville’s equation du/di=0, is thus given by 


(2) 


where y°(6,,- - -,Ov°; «1°,---,ww°), the initial density, is 
a symmetric function in the sets of variables @;°, - - -, x° 
and w)", --+,wx°. We choose to normalize » over the 
whole phase space to the total number density n= N/2z. 

In what follows, we can assume without undue re- 
striction that u° can be written as a convergent infinite 
sum of N-fold products of jointly normalizable func- 
tions f.°(,°; w;°), viz., 


w=pu(Oi1—wil, -- +, Ovn—wnt; wi, ww), 


2 2a 
f f SO(O2; wP)d02dw = constant =y(e)<o. 
—~o* 0 


Hence 


w= Za] f200,-ws5), (3) 


with a, suitable constants and /.°(0;—wit; w;) periodic 
in 6;—w,t with period 2x [see (1) ] and uniformly con- 
tinuous in its arguments. Later we shall need, in order 
to discuss adequately the transport theory of this fluid, 
the existence of third-order moments of y° as well as 
continuous derivatives of the first two. The relevant 
local macroscopic properties of our gas can be expressed 
as averages over an angular velocity of the one-molecule 
distribution function (O.M.D.F.) f(0,w; 2), 


£00; t) 
o 22 
—2 0 


N N 
W1We2,"** wy) II d0; II du;= f?(0—wt ; w) 
i=2 i=2 


=r asy"—1(e)f.°(0—wt sw), (4) 


by virtue of (3), where f° is periodic with period 27 in 
6—wt. If we assume furthermore that the initial 
O.M.D.F. is representable by a Fourier series in 0 
which is uniformly continuous in @ and w, we have for 
all time’ 


f(0,w; t) = f° (0—wt ; w) 
=n{yo(w) +E (le) coslk(0—wt)] 
+Ji(w) sinlk@—wt)}1. (5) 


7™The conclusion that /(0,w;?)=/°(@—wt;w) fellows directly 
from (2); we have introduced (4) only to set up a correspondence 
with the more general case; see Eq. (25). 
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The Fourier coefficients satisfy 
J voierdo=t, f nwdda<e, f hewdo<e, (6 


and 


f "0,0; t)deo >0. (7) 


Since f is as usual normalized to m in the kinetic theory 
of gases, we have 


f ° f “nn t)d0dw=n, (8) 


—~" 0 


and the initial local density of molecules is 
mO= f 7°0;a)da>0. 


In view of (3) and (5), we can immediately conclude 
that neither uw nor f approach in the usual sense a sta- 
tionary distribution characteristic of statistical equi- 
librium: i.e., 4 a solution of the time-independent 
Liouville equation and f the time-independent (one- 
particle) molecular velocity distribution mpfo(w). Unless 
the velocities w; are rationally dependent, y is a multiply 
periodic function whose value, although never becoming 
equal to 4(/=0), approaches it to any desired degree of 
approximation infinitely often with probability one, 
ie., Poincaré recurrences occur.* Even more explicitly, 
we can see from (5) that /(0w; 7?) is a periodic function 
taking on its initial value /°(0;w) whenever ¢=2zn/w 
(n=0, +1, +2, ---). Thus, in the usual sense neither 
u nor f approach an equilibrium distribution in time. 

Let us now consider the local macroscopic properties 
of our fluid in terms of which we can formulate its 
phenomenological transport theory. The relevant prop- 
erties are the density of the fluid at any point, p(6; 4); 
its mean velocity, wo(0; ¢) (this is related to the peculiar 
velocity of the kinetic theory Q2=w—wo); the mean 
energy E(6;¢); the pressure p(0; ¢)*; the temperature 
T (6; t); etc. These are defined, if they exist, by 


(0; 1)= f $040; t)deo= 7 f°(0—wt;.0)deo, (9) 


w00(0; 1)p(0; 1) = f wf(0—wt; w)dw, (10) 
E(@;1)p=4m f wf(0—t;w)de, (11) 


—2 


p(o;)=m f w(w—wo) f°(0—wt ; w)dw, (12) 


mM «eo 
kT (0; t) --f (w—wo)?f°(0—wt ; w)dw, etc., (13) 
p-—w 


8 For this fluid the pressure tensor reduces to the scalar pressure. 


respectively. Now (9)-(13) show that the relevant 
uniformly continuous local properties A(6;¢) are all 
averages over f with respect to w (an action variable) 
of a smooth-function (i.e., continuous) 4(w; 0) which is 
periodic in @; i.e., 


A(6;i)= [reiare—as ; w)dw 


= A2(0) +E {Lox (0; t)—54(0; £)] cosko 
+[b.(0; 1)+4,(0; t)] sinkd}, (14) 
where 


Aa(0)=n J Hesorvtedde, 
a(0; 1) =n f “k(w;8)¥u() coskuides, 
4, (0;1)=n f “p(w;6)Pa(w) coskutdes, (15) 
bs(0;0)=n f "h(w;6)vu(w) sinkulde, 


b..(6; dan f Hwa) sinkwldw. 


Now if the local property can be defined for the initial 
O.M.D.F., i.e., 


a, (0; 0), a, (0; 0) ~ oe, 


then the Riemann-Lebesgue theorem’ assures us that 
ay, Gy, by, by +0 as to and! 


A(6;t) + A,,(0) ast— ~. (16) 


This is our fundamental result. It shows the weak con- 
vergence of f to its equilibrium value mfo(w) in the 
sense given by (16). In particular, if / is a function of w 
only, h=h(w), then (16) shows that A(6; 7?) becomes 
uniform in space with time; see (9)—(11). 

The question that immediately arises is what char- 
acterizes the mode of this approach to equilibrium? 
The answer to this question depends strongly on the 
nature of our initial distribution. This is easily illus- 
trated by considering a simple initial O.M.D.F. of the 


form 
f (0,0; t) = mfo(w)[1+ go cos(6—wt) ], (17) 


where go is a constant, —1<g <1. Let us consider 
the local densities corresponding to various choices of 
the form of the O.M.D.F. in statistical equilibrium, 


9 E. C. Titchmarsh, /ntroduction to the Theory of Fourier Inte- 
grals (Clarendon Press, Oxford, 1937), p. 11. 

10 Since A(6,t) is uniformly continuous in @ and ¢ and periodic 
in 6 the Fourier series converges uniformly. 
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npo(w). If Yo(w) is Maxwellian, i.e., 


¥o(w) = (8/1)! exp(—Bu*), 
we find that 


p(0; t)=n(1+ go exp(—F/48) cosé], 


ie., the approach to uniformity in space is monotonic 
in time and incidentally very rapid. On the other hand, 
if Yo(w) is chosen to be a step function 


(18) 


(19) 


0 for —x<w<—-2 
Yow) =442" for —Q<w<0 (20) 
mel for Q2<w<om, 
we find that 
(0; t)=n{1+ gol sin(Q—0)+sin(Qt+6)/201}. (21) 


In this case the approach to uniformity in the density, 
etc., is not monotonic but oscillatory. This immediately 
raises the question of how to characterize the class of 
initial O.M.D.F.’s whose local properties, e.g., the 
density, approach their equilibrium values mono- 
tonically as ‘+ ©. A completely general answer to 
this question is very difficult to find." Indeed, physi- 
cally it would suffice to find conditions so that repre- 
sentative local properties after an initial transient 
oscillation approach monotonically their equilibrium 
values after a sufficiently long time. If we rewrite (5) 
as a complex Fourier series, 


f°(0—ct 0) =nLvolw)+ So ke(wle* "OJ, (22) 


k=—@ 

k #0 
this will certainly be the case if the &%(w) can be ex- 
pressed as Gram-Charlier series in w, i.e., if 


£<(w) =E GaGa), 


where the C,,“*) are constants and G,,(w)=(—2x!)™ 
Xexp(—1w?)H»(2r!w), with H, the Hermite poly- 
nomial of order m. 

Another way of characterizing the approach to equi- 
librium is by the asymptotic behavior of the local 
properties, e.g., the density. Two results” on the 
asymptotic behavior of Fourier transforms can be 
applied immediately. The first (see reference 12, p. 44) 
assures us that the reduced density p—n is O(e*) as 
t— © and O(et#*) as t—> —, A, u>0, in a, B>0, 
—a<Im/<@; as long as the coefficients & in (22) are 
integrable (— ©, ©) and are analytic within the strip 
—yu<Imw<A, and as long as within the strip &(w) 
=O(e*%*) asw—> +; &(w)=O(er*’) as wo — &, 
Similar results can be obtained for the other loca 


" By comparison with the theory of distribution functions, 
some results may be derived involving criteria such as the positive 
definiteness of certain functionals of the y’s. Since this hardly 
yields usable testing procedures, we shal] not enlarge on this point. 

12 A. Erdélyi, Asymptotic Expansions (Dover Publications, New 
York, 1956). 
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properties. The second estimate depends on the number 
of continuous derivatives possessed by & (see refer- 
ence 12, pp. 46 ff.). For the reduced density it can be 
stated as follows: If each & is N times continuously 
differentiable in —2 <w<o, if &)(w) is integrable 
(—«,), and if for each m=0,1,---,N—1 the 
quantity §™ (w) > 0 as |w| — ©, then 


p—n=o0(t-’) ast ~. 


For analytic &(w) other asymptotic expansions for, 
say, the reduced density can be obtained by the method 
of steepest descents. These results should be sufficient 
to characterize the asymptotic behavior in time of the 
local properties in most situations of physical interest. 

Let us return to the simple example of the approach 
to equilibrium, i.e., (17)-(19). We note immediately 
that p—n irrespective of whether we allow t— + 
or {—+ — ©. This model exhibits no true irreversibility 
in the sense that the system evolves (in the limit) in a 
unique sense in time; there is no “time’s arrow” re- 
vealed to us. This is to be expected in view of the 
time-reversal symmetry of the underlying Newtonian 
dynamics. Still we can speak of a quasi-irreversibility 
in this sense: Given any initial spatially nonuniform 
state, in say the density, the system evolves as t—> 
to a uniform state; if the system is initially uniform it 
remains so. 

As (19) shows, the rate of attainment of the uniform 
equilibrium density is essentially governed by the 
spread of the initial velocity distribution Yo(w). This 
spread is conveniently measured by the variance 6; 
the larger 8~', the more rapid is the approach. In this 
is revealed an important aspect of the physical sig- 
nificance of the weak convergence to equilibrium. The 
modulation in time of the value of a local property is 
due to the successive reintroduction in the averaging 
process of the uncertainty in the specification of the 
initial velocities of our molecules. If, say in (19), the 
velocity distribution is completely sharp, i.e., 


B 4 
Yo(w) =5(w—wo) = lim (-) exp[ —8(w—wo)*], 
B'-O0\ 7 


we find that the conditions for the application of the 
Riemann-Lebesgue theorem fail’* and no convergence, 
weak or otherwise, can be exhibited. Thus, in this case 
the density satisfies the relation 


(0; t)=n[1+ go cos(6@—wot) J; 


ie., we find sound waves." 
Before proceeding to a discussion of the transport 
properties of our fluid, we consider the generalization 


18 Since Yo(w) and h(w; 0)~o(w) are not in L{(— ©, «) [see (15), 
16 


4 The dependence of the “effective” relaxation time on #}, 
which is proportional to the reciprocal of the asymptotic rms 
velocity (and is a parameter of the initial distribution), is clearly 
unrealistic, 
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of our fundamental result to other systems. This will 
reveal more fully that the results obtained for the one- 
dimensional gas are not due to the weakness of the 
interaction (if one prefers, the absence of “real” colli- 
sions) between the molecules. 


3. MULTIPLY PERIODIC SYSTEMS, ETC. 


Consider a multiply periodic system whose canonical 
coordinates are g; and p;,i=1, 2, ---, VN. We can always 
introduce a unique set of canonical action and angle 
variables J; and 6;, respectively (i=1, ---,N), which 
possess the properties: (A) the configuration of the 
system is periodic in the 6,;’s with period 27, (B) the 
Hamiltonian function H transforms into a function of 
Js only, H=E(J;,---,Jn~), and (C) the generator of 
the transformation from the variables q;, p; to the 
variables J;, 6; (i=1, ---,N)is a periodic function of the 
6,’s with the period 27.'* The fundamental frequencies of 
our system, v;, are found to be 


v;=0E/dJ = vi(Ji,° . - JN). 


Henceforth we will denote by J the set of J;’s, by 0 
the set of 6,;’s, and by v the set of v,’s. The solution of 
Hamilton’s equations in terms of these variables is 
[compare with (1) ] 
J;=J¢é, 


(23) 
6;=0$+y,(J)t. 


The density in phase space (J,6) of a Gibbsian ensemble 
of systems can be written 


u(61,-*-,0n; Ji,°+ +n; b) 
=p(0i—1(J)t, «+, On—vw(J)t; Ji,-- +, Jw) 
=(@—v(J)t; J), 
where the initial density »°(0,°,---,@v°; Ji°,---,J n°) is 
periodic with period 27 in the 6°. If the initial density 


u°(6°; J°) is representable by a convergent Fourier 
series in 6°, then so is u in @—v(J)é, viz., 


2(0; J; 1)=n°(0—v(J)t; J)=0(J) 
+ DL! Wia,---ew(J) exp{—ik-[6—v(J)é}}, (25) 


(24) 


where the sum is to be taken over all values of the 
integers k except ki=---=ky=0. 

In what follows we restrict ourselves to the set of all 
those multiply periodic systems for which the v span 
the space Ey(v) defined by — © <y;< © (i=1, ---,N) 
as the J span Ey(J) defined by —~<J;<@ (i=1, 
-++,N). This excludes certain trivial cases, for example 
coupled harmonic oscillators for which the v are inde- 
pendent of J. Since the system is assumed to be non- 
degenerate [see (23) ], the Jacobian dv/dJ0 ‘every- 
where. In complete analogy with the case of the 


18M. Born, The Mechanics of the Atom (G. Bell and Sons, Ltd., 
London, 1927), pp. 86 ff, 


one-dimensional gas, « does not converge in time to the 
solution of the stationary Liouville equation; again we 
find Poincaré recurrences. Yet if we examine any 
uniformly continuous local macroscopic property A (6; ¢) 
which can be formulated as an average of a smooth 
function /(v; 6) over u with respect to the action vari- 
ables J, we find that these do converge to the value 
they have at statistical equilibrium. To see this, we 
note that 


A(O;)= f h(v; 0)u(0,v; 2)dJ 
Ey(J) 


aJ 
a f h(v; 0)u%(0—vt; J(v))—dv 
Ev) dv 
=A,(0)+ DL’ ak,---,kv(0; 2) exp(—ik-6), (26) 
ki,---,kN 


by virtue of (25), where 


A= 


aj 
ana (05= f h(v; 6)— 
Ev(v) 


Ov 


aj 
h(v; aaa, 
) v 


XPir,---kw(J(v)) exp (tk: vi)dv. 


If the property exists initially, i.e., A(@;0)<, then 
the Riemann-Lebesgue theorem!® assures us that it 
exists and is bounded for all time and 


A(@;t) + A,,(6) ast +o. (27) 


Again we find the same type of weak convergence to 
equilibrium, without the true irreversibility that we 
had found before. 

Even if the multiply periodic system is (N—s)-fold 
degenerate, the preceding theorem goes through if we 
restrict our integrations to the space of the s incom- 
mensurable v’s, E,(v), the other 6’s being identically 
zero.!® A further important property of these systems is 
the fact that the distribution in J space is stationary, 


vizZ., ’ 
(J)= J i , u°(0—vt; J)d6, 


by virtue of (25). The previous considerations concern- 
ing the long-time monotonic character of the approach 
to equilibrium and the asymptotic order of the Fourier 
coefficients appearing in (26) derived in connection 
with the one-dimensional gas, can be made to apply 
here also with only trivial modification. 

Finally, our result can also be extended to systems 
which can be separated into an independent multiply 


16H. S. Bochner and K. Chandrasekharan, Fourier Transforms 
(Princeton University Press, Princeton, 1949), p. 57, 
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periodic part and a nonperiodic part. An example of 
such a system is the Kepler problem, i.e., a sun sur- 
rounded by several small planets, which separates into 
a perturbed periodic central motion about the center of 
mass and a nonperiodic motion of the center of mass. 
We denote the generalized coordinates of the multiply 
periodic part by J;, 0; (i=1, ---,s) and the coordinates 
of the nonperiodic part by q;, p; (j=s+1, ---,N). In 
terms of these variables the Hamiltonian H = H(J,0;q,p) 
separates into a periodic and a nonperiodic part, 
H=H,(J,6)+H,(q; p). The density in phase space, 
u(J,6;q,p; /), can be written as a product of densities, 


u=np(J,0; t)nn (4p; 2). 


If », remains bounded for all ¢, then those local prop- 
erties A(6; p,q; /) obtained by averaging some smooth 
function A(v,0; p,q) with respect to uw over all J;’s 
satisfy (27), as long as the frequencies v satisfy the 
previously discussed conditions. 

The question of whether these results have any 
bearing on the behavior of real physical systems needs 
to be considered. Certainly the preceding results apply 
to classical gases"’ in the limit of sufficiently high tem- 
perature or low pressure where they may be considered 
to be perfect Knudsen gases. Similarly the preceding 
theory applies also to the classical limiting case of 
almost perfect solids insofar as these can be considered 
to consist of coupled oscillators which are so weakly 
anharmonic that V normal frequencies still exist albeit 
being weak functions of the amplitudes (i.e., insofar 
as they are described by the equivalent linear system 
in the sense of Krylov and Bogoliubov). But other 
than these two classes of limiting cases, most real 
physical systems are probably distinguished by the fact 
that they possess very much fewer than N analytic 
time-independent integrals of the motion. Such systems 
can at best be represented only locally (in phase space) 
as multiply-periodic systems. In view of this, our model 
is at best suggestive of the behavior of the far more 
complex systems with which we deal in practice. Under 
certain conditions real systems can be approximated 
sufficiently by a secular perturbation of a multiply 
periodic system which is constructed so as to destroy 
most of the NV time-independent integrals of the motion 
(the J). Brout and Prigogine'* have developed a formal 
classical theory for a particular choice of the perturbing 
potential suggested by the quantum transport theory 
of Van Hove." 

We proceed now to give an outline of the transport 
theory of a typical system for which (27) applies, the 
one-dimensional (perfect) gas. 


17 The extension of this theory for quantum-mechanical systems 
is straightforward. 

18 R. Brout and I. Prigogine, Physica 22, 621 (1956). 

19. Van Hove, Physica 21, 517 (1955). 
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4. TRANSPORT THEORY 


We note first that (12) and (13) imply the equation 


of state of our gas, 
P(0; t)=pkT (0; t). (28) 


The hydrodynamic transport equations follow from the 
continuity equation satisfied by f= /°(@—wt; w),” 


af af d 
Mg ne (29) 
at 00 dl 


On multiplying (29) by 1, mw, and }mw* respectively, 
and integrating over all values of w, we find after some 
manipulations the equations of continuity, motion, and 
energy balance®: 


Op Oa 
—+—(wop) =0, (30) 
ot 00 
day Op 
———}— a8, (31) 
dit 00 
dE @ 
p—+—(q+wop) =0, (32) 
dt 00 


respectively by virtue of (9)—(13), with the heat flux ¢ 
given by 


q=3m a (w—wo)* fdw 


inf 


Equations (30)-(32) together with (28) completely 
determine the macroscopic behavior of the gas.”! 

Our previous considerations would lead us to expect 
that beside these orthodox transport equations, prop- 
erties such as the density, etc., would under suitable 
conditions satisfy equations which are generally thought 
of as being characteristic of a truly irreversible trans- 
port theory, e.g., in the case of the density, Fick’s laws. 
We shall show that in at least two fairly general cir- 
cumstances the density p does satisfy a simple diffusion 
equation, albeit with a time-dependent diffusion co- 
efficient. In what follows, we shall assume for simplicity 
that initially there is no mass motion of the fluid as a 
whole, i.e., wo(#,0)=0. This implies in general that 

% Equation (29) for the O.M.D.F. f is identical in this case 
with the Boltzmann equation. For, making the usual Stosszahl- 
ansatz, we find 


Bam (ds |eo—e| (S005 1) (0,B15 0 —f(Oy05 1) 0p}, 


where @ and a are the velocities of the molecules before collision. 
Noting that for elastic collisions between molecules of the same 
mass, ®@=w; and @1=w, we regain (29). 

21The mean internal energy U(6;?) relates E and T; viz, 
U (0; t) = EO; t)—dmag = FpkT, 


(w— wo) (w’— 2wwo) fdw. 


oO 


(33) 
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f°(6—wt; w) = f°(6—wt; —w), ie., that the Fourier co- 
efficients in (5) are even functions of w.” 

The first set of circumstances in which we expect that 
the density satisfies a diffusion equation is when we are 
initially not far removed from spatial uniformity in 
the density, i.e., the infinite sum in (5) reduces to a 
single term, e.g., 


f° (0—wt; w) =n{Yo(w)+y1(w) cos(O6—wt)} ; 


(34) 
¥o(w)=Yo(—w), ¥i(w)=41(—w). 
Let 
6,t;m)= | w™f?(0—wt; w)du, 
£0.15 m) f f*(0— at; ) - 
m=0,1,2,--:; 
then by virtue of (34), if ¢(0,0; m) exists, 
(0,t; m)=£..(0; m)+Bm(t) cosé; m even (36) 


(0,1; m)=+B,,(t) sind; m odd 
where 


to(0m)=n J woo odes, 


—2 


Bom (t)=n f w"Y;(w) coswldw=2n f ww"; (w) coswldw, 


—0 0 


Boms1(t) =n f orm thy s (w) sinwldw 


=2n f wy (w) sinwldw. 
0 


From (36), it follows that ¢ satisfies the diffusion 
equation, 
0¢(m)/dt=Dm(t) 3°§(m)/d, (37) 


where 


Dom (t)=[—d InBom(t)/dt}"= Bam(t)/Bomyr(t); 
Domy1(t)=[—d InBoms1(t)/dt}? = Bams1(t)/Boms2(t). 


Particularly interesting are the even ¢ since ¢(6; t;0)=p, 
¢(0,t; 2)= Ep, etc. 

The approach to equilibrium of a gas is believed to 
occur under suitable circumstances by a fairly rapid 
relaxation to a Maxwellian velocity distribution fol- 
lowed by a much slower approach to spatial uniformity. 
Since the relaxation to a Maxwellian distribution occurs 
presumably through the action of the integral term on 
the right-hand side of Boltzmann’s equation, our model 
of the gas cannot account for it. Still, we can study in 
our model the subsequent approach to spatial uni- 
formity. We shall find that in this case the density will 
again satisfy a diffusion equation. Thus, for an arbi- 
trary initial spatial distribution of the molecules, we 


# This implies in turn that when “equilibrium” in our sense is 
attained, the fluid exhibits no mass flow. 
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can rewrite (5) as 
B\} 
j(0—atsa)=n(=) exp(—6u) 


x{ 145 (a, coslk(O—wt) ]+&; sin[k(@—w#) }} ; 


az, & constants. (38) 
This leads to the density 
p(6; N=n{1+r exp(—*/48) 
1 
X [ax cosk0+&;, sinkb]}, (39) 
which satisfies 
dp/dt= D(t)0"p/d6, (40) 
with 
D(t)=1/28. (41) 


The unrealistic form of this diffusion coefficient again 
warns us that our analogy with conventional transport 
theory may be more superficial than real. The dis- 
turbing feature is not so much the fact that D is a 
function of the time but rather that the time-dependent 
term, instead of decreasing in importance with increas- 
ing |¢|, actually grows. 

Whenever the density satisfies (40), we can identify 
wo with the drift velocity by virtue of (30). Thus, we find 


wo= —D(1)d Inp/08, (42) 


as expected from diffusion theory. Introducing (41), we 
can rewrite wo formally as a gradient of a “chemical 
potential” 4=y°+ 8" Inp: 


wo= — 7 (t)0u/08, 


with a mobility y(#)=t/2. For t>0, we are in formal 
agreement with the thermodynamics of irreversible 
processes in that y(/)>0, etc. 

Finally, to illustrate the importance of 8 in (38) on 
the approach to spatial uniformity, we compute the 
values of the local properties and fluxes. It suffices to 
take a,=Po, — 1<@)<1 : &,=0; Qk, &,=0 for k>2. We 
find by virtue of (9)-(13) and (33) that 


p(0; t)=n[1+4, exp(—#/48) cosd}n as [> ~ , 
ot exp(—?/48) sind 








wo(0; t) = —0 as Lo, 
26[1+¢y exp(—F/48) cos0] (43) 
md\inp ma? ™ 
T(0;)=— —- —-——- - — — ast etc., 
2Bk k Op k 28k 


in agreement with (16). The final temperature attained, 
T.., is identical with the translational temperature of 
the initial Maxwellian velocity distribution; i.e., 


B=m/(2kT..). 


The heat flux g separates as expected into two terms, 
one describing heat convection (of the temperature 


(44) 
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T..), the other heat conduction (see Appendix) : 


q= —wo(nm/B)+Jeond, (45) 
where Qeona is given by Fourier’s law, 
eona= — 3D (t)kpdT/00, (46) 


with a thermal conductivity \=A(¢) satisfying 
A=}D(i)kp, 


in complete analogy (except for the time dependence) 
with the results of kinetic theory. By virtue of (43), 
q—O0ast— , 


5. DISCUSSION 


The weakening of the usual notion of equilibrium of 
isolated systems presented in this paper allows us to 
conclude that a certain very restricted class of mechanical 
systems approaches in time, in a weak sense, statistical 
equilibrium. If nothing else, these considerations sug- 
gest the plausibility that a much wider class of systems 
satisfy an ergodic theorem reminiscent of (16) and 
(27). Such a theorem, implying more than the results 
of the theory of weak or strong mixing, most probably 
would use much more direct mathematical tools than 
those employed by us.* The averaging over the action 
variables in obtaining the local macroscopic properties 
can of course be interpreted as a kind of coarse graining. 
Seen in this light, our model comes very close to the 
original discussion of these questions by Gibbs,’ who 
used the example of the stirring of two fluids, one black 
and one white,” i.e., [(N—1)-fold degenerate multiply 
periodic system ]. 

Our considerations for a finite number of particles 
(1) refer to averages of observations made on repeated 
experiments rather than averages of repeated observa- 
tions on the same system. The distinction between the 
two interpretations is important. In order to exhibit 
approach to equilibrium by means of observations on a 
single system, we must allow N to approach » to 
prevent Poincaré recurrences. Furthermore, to observe 
the desired behavior, we require the limits to be taken 
in the order VN — ©, first and t—> ©, second.!*.3 This 
observation was already made by Gibbs.! Many of 
these statistical considerations play a role in the 
formulation of a classical uncertainty relation, as has 
been shown by Born*® and by Born and Hooton.” 

Rather than proceeding with a further discussion of 
the general points just raised, we wish to focus atten- 
tion on another physically important element which is 
lacking in our model. We are able to describe circum- 

% H. Grad (private communication). Professor Grad in a forth- 
coming publication has also treated the gas model much more 
directly by means of measure theory. 

™P.S. Epstein’s article, “Critical Appreciation of Gibbs’ Sta- 
tistical Mi ics,” in Commentary on the Scientific Writings of 
J. W. Gibbs, edited by A. Haas (Yale University Press, New 
Haven, 1936) 


BP. 509 ff. 
26 M. Born, Physik. Bl. 11, 49, 314 (1955). 
%6 M. Born and D. J. Hooton, Z. Physik 142, 201 (1955). 
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stances under which systems tend monotonically (or 
at least monotonically after an initial short transient 
response) to approach “equilibrium.” These circum- 
stances, however, depend on the selection of a suitable 
class of initial states from which this “generalized re- 
laxation” may commence. In a large class of physical 
systems, on the other hand, this relaxation appears as 
a result of certain properties of the dynamical structure 
of the systems themselves and not of their initial states. 
An example of such a property is provided by the work 
of Van Hove." Certainly there also exist exceptions to 
this behavior; nonetheless, any realistic theory of the 
approach to equilibrium must be able to account for 
this behavior and this appears to fequire more than the 
modification of the equilibrium definition and the idea 
of weak convergence. 

One local property which we have not discussed is 
the local entropy ; e.g., for our gas, S=5(0; ¢) is given by 


=-#f sinfi 


This property is considerably harder to deal with be- 
cause of its nonlinear dependence on /. If f is positive, 
integrable (over w in [— ©, © ]), bounded from above, 
and dp/dt—> 0 as t— ©, we can at least conclude from 
the first theorem of the mean that 0S/di— 0ast— o. 
Much less restrictive theorems can be found.” 
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APPENDIX 


By virtue of (13) and (33), 


q=}m f Gi-edtamealh frie 


0 


(47) 
=}31(0; t)—4wokT p. 
To find J (@; 4), consider 


- “| fo warp - - ~CTp) 


vs) 


-{ moto(") exp —Aut(a—w? sin (0—wt)dw J, 


—o TT 
by virtue of (43). Integrating by parts and collecting 


terms, we find pa okt 
t 0 
1105) =—( ~) jreme-neumaacll 
2 00 2 B 


Substitution of (48) into (47) leads directly to (45) 
and (46). 


Wonm 
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The one-electron Schridinger equation is discussed for a periodic lattice. A variational procedure is ap- 
plied to a set of trial functions consisting mainly of plane waves of low wave number. Rapid convergence is 
obtained by use of one or more auxiliary functions whose Fourier coefficients for high wave numbers approxi- 
mate those of the correct eigenfunctions. The orthogonalized plane wave (OPW) method is a special case of 
this general method and the equivalence is shown. When applied to lithium the method gives a band struc- 
ture in substantial agreement with that of cellular methods. 





1. INTRODUCTION 


STANDARD treatment of electron energy levels 

in pure crystals depends on the solution of a one- 
electron Schrédinger equation in which the potential 
has the periodicity of the crystal lattice. A large number 
of methods have been applied to this problem. Broadly 
speaking, they fall into two major categories.’ In the 
first are the cellular methods, in which the Schrédinger 
equation is applied within a unit cell of the crystal. 
The condition on the wave function that it be of the 
Bloch form (a product of a plane wave and a cell 
periodic function) takes the form of a boundary condi- 
tion.? In the second category are those methods which 
apply a variational principle to an expansion in terms 
of functions which are already in the Bloch form. The 
procedure leads to a discrete matrix eigenvalue equation 
which may be solved by setting the secular determinant 
equal to zero. These methods differ essentially in the 
choice of basis functions. For calculational simplicity 
one obviously would like to choose these in such a way 
as to get rapid convergence to the states of interest. 
At the same time it is desirable to deal with functions 
which are analytically simple such as plane waves. 
These, unfortunately, are unsatisfactory from the 
standpoint of convergence. The poor convergence is 
well known to be due to the need for many waves of 
high wave number in order to give an adequate repre- 
sentation to the rapidly varying part of the true wave 
function near the nuclei.’ On the other hand, cellular 
functions probably give the best fit in this region and 
are weakest near the cell boundaries. As this discussion 
suggests, one should benefit by supplementing a plane 
wave expansion with terms made up of cellular orbitals. 
This suggestion has already been made for the purpose 
of speeding up the slow convergence to certain states 
in connection with the method of orthogonalized plane 


* Now at Physics Department, Rensselaer Polytechnic Insti- 
tute, Troy, New York. 

t Now at Research Laboratories, National Carbon Company, 
Division of Union Carbide Corporation, Cleveland, Ohio. 

1 For a survey of one-electron methods in periodic lattices, see 
the article by J. R. Reitz, in Solid State Physics, edited by F. Seitz 
and D. Turnbull (Academic Press, Inc., New York, 1955), Vol. 1. 

2A variational method which is particularly appropriate to 
this problem has been developed by W. Kohn, Piss. Rev. 87, 
472 (1952). 

3 See reference 1, Sec. 26. 
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waves (OPW).** These suggestions, however, do not 
make full use of the inherent possibilities in the use of 
such auxiliary functions. In Sec. 2 we describe a way 
in which such functions may be utilized conveniently. 
The procedure makes use of a set of orthogonal func- 
tions, thereby resulting in a matrix equation in which 
the energy eigenvalues appear only on the main di- 
agonal. This feature makes numerical computations 
simple and may enable one to handle more terms in the 
expansion than would otherwise be the case. It proves 
instructive to compare our method with that of OPW 
since there are many features in common; by choosing 
our auxiliary functions as lower band states of similar 
symmetry to the eigenfunction of interest, the methods 
are mathematically equivalent. The comparison of 
methods is made in Sec. 3. In Sec. 5 our method is 
applied to some conduction band states for metallic 
lithium. 


2. DISCUSSION OF METHOD 
General Remarks 


For purpose of discussion we envision a solid as made 
up of individual atoms placed on a lattice structure of 
variable lattice constant. When the atoms are far apart, 
the one-electron wave functions of the valence states 
may be represented by Bloch sums of atomic orbitals. 
As the lattice shrinks, the orbitals begin to overlap 
and the wave functions as well as the energy eigenvalue 
are altered. If we think of the wave function in any 
unit cell as made up of an expansion of products of 
radial functions and spherical harmonics, we can see 
that the wave functions will be altered least in the 
atomic cores near the nuclei. This follows because (1) in 
the region of large potential energy the form of the 
radial function is insensitive to the energy eigenvalue, 
and (2) the introduction of higher spherical harmonics 
by the perturbation of the lattice potential has the 
least effect here because of the centrifugal repulsive 
term /(/+-1)/r? which appears in the radial Schrédinger 
equation. 

The insensitivity of the rapidly varying core part of 

‘C. Herring, Phys. Rev. 57, 1169 (1940). 

5F. Herman, Ph.D. thesis, Columbia University, 1953 (un- 


published). 
® J. Callaway, Phys. Rev. 97, 933 (1955). 
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the function to lattice parameter will be reflected in a 
similar insensitivity of the Fourier coefficients of high 
wave number.’ From this follows the basic premise of 
our method: only the lower Fourier coefficients need be 
subject to free variation. The relative amplitude of the 
remaining coefficients is frozen so that one depends on 
getting a good fit to these from the transform of a 
function made up of linear combinations of approximate 
atomic or cellular orbitals. 


Details of Method 


The one-electron eigenfunctions in a periodic lattice 
have the Bloch form, 


Vu (r) =u, (re*, (2.1) 


where u(r) has the periodicity of the lattice and may 
be expanded in a Fourier series 


uy(r)=>> Ay xe™"', (2.2) 
K 


where we sum over all principal vectors of the reciprocal 
lattice.® It is thus possible to expand yx (r) in a discrete 
series of plane waves with the general form 


v%(r)=>- Ay, xet(Et®)*, (2.3) 
K 


We suppose now that we have at our disposal a 
specific approximate eigenfunction ¢x(r) which is in 
the Bloch form and has the expansion 


ox(r) => By, xeiEt®'*, (2.4) 
K 


Such a function might be obtained from a simplified 
cellular calculation. 


Following our premise of dividing Fourier coefficients 
into two types, consider a spherical region about the 
origin in reciprocal space of arbitrary radius. We denote 
the reciprocal lattice vectors inside this sphere by K; 
and those of the outer region by K,. We can then write 


ox (4) =ox'(r)+¢x°(4), (2.5) 

oxi(r) =D Be xyei(Kith-r, (2.6) 
Ki 

(2.7) 


ox°(r) =>. Bu.K,etKotk)-r, 
Ke 


Let the number of vectors K; be NV and to each one of 
these associate a plane wave e‘“*i+®)-", Then the V+1 
functions consisting of the V plane waves and ¢,°(r) 
obviously constitute an orthogonal set. If $,°(r) is 
normalized to average value unity, the set of functions 





7 Actually the insensitivity referred to is in the asymptotic 
behavior of the Fourier-integral-transform of the function whose 
domain is a unit cell. The Fourier coefficients may be obtained by 
sampling this transform at the reciprocal lattice points. 

8 We have chosen reciprocal lattice vectors which are a factor 
of 2x larger than those defined in the usual way. 


can be conveniently used as a basis for a computational 
procedure. 

We have investigated both iterative and variational 
methods, but in the present discussion we shall employ 
Kohn’s? variational principle since it yields a particu- 
larly well-defined recipe for using the basis functions. 
This variational principle states that the solutions of the 
Schrédinger equation satisfying the periodic boundary 
condition make the functional J=Re(J+G) an ex- 
tremum, where 





I= fr(—4 V—E)fdr, (2.8) 
2 
c= fren exp(ik-¢,)do. (2.9) 


The integrals are over the cell volume and cell boundary 
respectively, r and r’ being points on the cell boundary 
separated by the primitive translation *,, i.e., r’=r++;. 

We now expand y in terms of the V plane waves and 
the (single) auxiliary function ¢,°(r) with the expansion 
coefficients C;, C2, ---Cy and Cy4, respectively. The 
calculations are shown in Appendix I. The result is an 
eigenvalue problem in the coefficients. 


N+1 


> AimCn=EC;,, 1=1,2,---N+1, (2.10) 
m=] . 
where 


Hin= [ ¥itHadr l, m~N+1, 
Q 
Bua Hawest= fessor, IAN+1, (2.11) 
a 
Brasxes= f buas*BVrede+ [ones Waar nde. 


The evaluation of the matrix elements reduces (Appen- 
dix I) to the calculation of a number of Fourier co- 
efficients and several finite sums. In particular, it is not 
necessary to have an explicit expression for the k-space 
asymptotic function ¢,°(r), since relevant integrals can 
be obtained from ¢,(r) and its lower-order Fourier 
coefficients Bx; Moreover, we have found that a 
further good approximation is to consider $,°e~‘*"', the 
periodic part of ¢x°, to be independent of k. In this case 
the matrix elements for arbitrary k can be evaluated 
by computing the integrals once and for all at k=0. 
The energy eigenvalues of (2.10) may be found by 
solving the secular equation 


det{H1,m— Ed:,m} =0. (2.12) 


The energy of interest usually corresponds to a 
valence or conduction state and is usually not the lowest 
eigenvalue of (2.10) as it isin OPW. The selection of the 
proper eigenvalue presents no special difficulties and is 
discussed in the next section. 
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3. COMPARISON WITH OPW METHOD 


The method as outlined in the preceding section 
bears a strong resemblance to that of OPW. It is inter- 
esting to display the similarities and differences of the 
two methods with a one-dimensional illustration. A 
single plane wave may be specified by its amplitude 
(which we assume, for convenience, to be real) and its 
wave number. Thus, if we choose a space with wave 
number as abscissa and amplitude as ordinate, a plane 
wave is represented by a point. (We use a vertical bar 
in the diagrams for the sake of clarity.) A Bloch func- 
tion will then be represented by a set of points whose 
abscissas are separated by reciprocal lattice vectors. 
Figure 1(a) shows the function ¢x(r) represented on 
such a reciprocal-space plot. The function ¢,°(r) is 
shown in Fig. 1(b); it lacks plane waves of low wave 
number. The effect of the variational treatment is to 
reintroduce into the central region a modified-amplitude 
set which makes the functional J stationary. 

The OPW procedure requires a slightly more complex 
description. We assume, for simplicity, that there is one 
band of lower energy than the band of interest. We 
assume also that an eigenfunction from this band has 
been obtained rather accurately, say, by a tight-binding 
approximation. In Fig. 2(a) we represent in & space 
(for a one-dimensiona! case) such a function. In Fig. 
2(b) is shown a single plane wave and in Fig. 2(c) is 
shown a linear combination of the two which is or- 
thogonal to that of Fig. 2(a). The function illustrated 
in Fig. 2(c) is then an orthogonalized plane wave 
corresponding to the plane wave of Fig. 2(b). The OPW 
procedure is then to form a finite set of such functions, 
each corresponding to a particular plane wave, and use 
them to extremize the Hamiltonian. Since each of these 
orthogonalized plane waves has the same asymptotic 
form as that of Fig. 2(a), any linear combination of 
them will have the identical form. The variational pro- 
cedure is similar to the previous one in that the free 
variation of the wave function takes place in the central 
domain of k space while the outer form is fixed.® 

It is now clear that while a variety of choices of 
¢x(r) are possible, the specific choice of a lower-band 
state function makes the present method identical to 
the OPW method. Any linear combination of N or- 
thogonalized plane waves can be expressed as a linear 
combination of the V+1 basis functions. In other 
words, the NV orthogonalized plane waves form a sub- 


Fic. 1. Schematic representa- 
tion of auxiliary function by an 
expansion in plane waves. The 
diagram depicts the function be- 





ve 





(b) | fore (a) and after (b) orthogonali- 

—- i | zation to the plane waves whose 
VK | wave vectors lie between the 
1 \ 


dotted lines. 


* This statement must be modified if there are several lower 
energy states. The outer form is then a linear combination of those 
of the lower states. 


(a) mir 
K-> 


(b) | 


Fic. 2. Representation of a 
single basis function used in OPW. 
(a) represents a Bloch sum of core 
orbitals, (b) is a single plane wave, 
and (c) is a linear combination of 
these which is orthogonal to (a). 
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space of our (N+1)-dimensional function space. The 
extra degree of freedom in the larger space is due to the 
fact that the V+1 functions can also represent the 
function to which the plane waves of OPW have been 
orthogonalized. Moreover, since this function is pre- 
sumably an exact solution of the Schrodinger equation it 
will satisfy (2.10). Thus, the lowest eigenvalue of (2.10) 
will correspond to a core state. By a well-known prop- 
erty of Hermitian matrices, the remaining eigenfunc- 
tions will be orthogonal to this state and thus span the 
same subspace as do the orthogonalized plane waves. 
These remaining eigenfunctions will then be exactly 
those which are obtained in OPW since they satisfy 
the same variational problem. 

The merit of our method is its greater flexibility as 
compared to OPW. In the first place, even an approxi- 
mate function ¢,(r) obtained from a cellular calculation 
can be expected to be as good or better a starting func- 
tion for the valence state as the somewhat artificially 
constructed orthogonal plane wave. Moreover, two 
particular situations which cause trouble in the OPW 
method are not critical here: first, if the required sym- 
metry type does not appear in the core functions,® 
OPW convergence ‘is slow—the present method takes 
care of this easily; second, if core functions are not 
accurate, the OPW valence energy can be quite in- 
accurate—the corresponding question here is whether 
the major part of an approximate (cellular) function is 
a better representation of the valence state than a 
minor part of an approximate core function. This latter 
question can be critically tested only with specific 
calculation, but in many cases it seems to us that the 
choice of a cellular approximation would lead to less 
labor. A less serious drawback of OPW is the lack of 
orthogonality of the basis functions, leading to a secular 
determinant nondiagonal in energy. Finally, mention 
was made of the identification of eigenvalues. In actual 
modern computation it is quite practical to calculate 
all the eigenvalues for reasonable numbers of plane 
waves. One of these is very close in energy to the 
approximate energy corresponding to ¢x(r). In the test 
calculation discussed in Sec. 5, the identification was 


‘perfectly straightforward. 


4. EXTENSION OF METHOD 


The previous discussion has been based on the use 
of a single auxiliary function. The method is easily 
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extended to incorporate any number. The basic pro- 
gram is to subtract from each of these functions the 
first N terms of its Fourier expansion, resulting in 
functions which are orthogonal to each of the corre- 
sponding plane waves. In order to have a completely 
orthogonal set these functions must be orthogonalized 
to one another by means of the Schmidt process. The 
necessary mathematical steps are shown in Appendix IT. 
The resulting functions are then used as a basis for a 
variational procedure. If the method is applied to points 
of high symmetry in the Brillouin zone, group theory 
may be applied to reduce the order of the matrix equa- 
tions in the same manner as is used in OPW. 


5. APPLICATION TO LITHIUM 


As the one-electron Schrédinger equation which is 
our starting point is the result of extensive approxima- 
tions, it proves difficult to test the accuracy of a solu- 
tion by a comparison with experiment. We have there- 
fore chosen a crystal potential for which calculations 
have already been made with which to compare our 
method. Lithium was chosen for convenience. The 
potential was that originally used by Seitz!® and modi- 
fied by Kohn and Rostoker." 

The auxiliary function was obtained by numerical 
‘integration of the Schrédinger equation for the 2s func- 
tion corresponding to an energy of —-0.6832 ry which is 
the energy calculated from the spherical approximation. 
Fifty-five plane waves were used. However, because of 
symmetry the size of the matrix equation was effectively 
reduced to 6 by 6 at k=0, 16 by 16 along the [111] 
direction and 15 by 15 along [100]. These were solved 
by an iteration procedure developed by one of us to 
handle large matrices of this type.” 

The procedure was used to obtain energy eigenvalues 
and eigenfunctions at several points in the [100] and 
[111] directions of the Brillouin zone. The results are 


TABLE I. Comparison of energy eigenvalues at several 
points in the Brillouin zone. 











Wave vector 


Figenvalues 
r 





units of Kohn and y 
2n/a Rostoker spherical approx.> Present 

0, 0,0 — 0.6832 — 0.6832 —0.6827 
0.2, 0,0 —0.6542 —0.6542 —0.6525 
0.5, 0,0 —0.4979 —0.5033 —0.4948 
0.2, 0.2, 0.2 —0.5962 —0.5964 —0.5896 
0.4, 0.4, 0.4 —0.3322 —0.3409 —0.3358 
0.5, 0.5, 0.58 —0.1314 —0.1543 —0.1754 


’ , 








* The accuracy of the present method at the — corner is questionable 


because of the n 


for a different auxiliary funct 
+R. A. Silverman and W. Kohn, Phys. Rev. 80, "912 (1950), 


0 F, Seitz, Phys. Rev. 47, 400 (1935). 
11 W. Kohn and N. Rostoker, Phys. Rev. 94, 1111 (1954). 


12E. Brown, Ph.D. thesis, Cornell University, 1954 (un- 


published), 


TABLE II. Fourier coefficients of wave functions. 








Along [111] direction* 











Ki k=0 k =0.2,0.2,0.2 k=0.4, 0.4, 0.4 
0, 0,0 0.9455 0.9432 0.9071 
1110 —0.0624 —0.0266 —0.0113 
1, -—1,0 —0.0624 —0.0511 —0.0055 
—1, —1,0 —0.0624 —0.1166 —0.2246 
2, 0,0 —0.0435 —0.0279 —0.0047 
—2,0,0 —0.0435 —0.0481 —0.0347 
ye —0.0301 —0.0180 —0.0039 
2,1, —1 —0.0301 —0.0217 —0.0065 
2, —1, —1 —0.0301 —0.0265 —0.0113 
—2,1,1 —0.0301 —0.0265 —0.0113 
—2,-1,1 —0.0301 —0.0338 —0.0245 
—2, -1, -1 —0.0301 —0.0445 —0.0581 
2, 2,0 —0.0214 —0.0142 —0.0040 
2, —2,0 —0.0214 —0.0190 —0.0087 
—2, —2,0 —0.0214 —0.0276 —0.0271 
Cn —0.1438 —0.1292 —0.0641 
Along [100] 

Ke k=0 k =0.2,0,0 k =0.5, 0,0 

0, 0,0 0.9455 0.9442 0.9419 
1,1,0 —0.0624 —0.0431 —0.0137 
e113 —0.0624 —0.0596 —0.0379 
~10)1 —0.0624 —0.0851 —0.1197 
2, 0,0 —0.0435 —0.0311 —0.0146 
0, 2,0 —0.0435 —0.0420 —0.0316 
—2,0,0 —0.0435 —0.0596 —0.0956 
vA —0.0301 —0.0237 —0.0135 
. es —0.0301 —0.0262 —0.0171 
—1,2,1 —0.0301 —0.0325 —0.0311 
—2,1,1 —0.0301 —0.0365 —0.0448 
2;.2,0 —0.0214 —0.0178 —0.0110 
62.2 —0.0214 —0.0207 —0.0162 
—2,2,0 —0.0214 —0.0245 —0.0267 
Cyas —0.1438 —0.1390 —0.1114 








« All but the last term are the coefficients of the wave of wave vector 
fal The last term is the coefficient of the orthonormalized auxiliary 
unction. 

> Rec’ iprocal lattice points which differ by a permutation of the arguments 
are equivalent along [111]. 

© Points which differ by permutations and/or changes of algebraic sign of 
the latter two arguments are equivalent along [100]. 


shown in Tables I and IT. The eigenvalues of the cellular 
methods with which comparison is made are obtained 
from a series expansion in which the original data were 
presented." This expansion is not expected to hold all 
the way out to the zone boundary so that the energy 
at k= (0.5; 0.5; 0.5) is not to be taken seriously for the 
cellular methods. Also, the iteration procedure used to 
solve the matrix equation at this value of k converged 
too slowly for us to obtain an accurate eigenvalue. The 
comparison at other points is rather good. 

The amount of labor involved in making these calcu- 
lations on a computer of moderate capacity is relatively 
small. The lithium problem was done quickly on an 
IBM card-programmed calculator. It is true that the 
lithium example is probably the simplest system one can 
choose ; nonetheless, the excellent agreement with Kohn 
and Rostoker (Table I) is satisfying. 

It is a pleasure to acknowledge the assistance of the 
Watson Scientific Laboratory, and the personal help of 
Richard Pappert, Cornell University, in the numerical 
calculations, 








34 E. BROWN AND J. 


APPENDIX I. DERIVATION OF MATRIX EQUATION 
FROM KOHN’S VARIATIONAL PRINCIPLE 


We wish to make stationary J=Re(J+G), where 


I= { vt- Bar, (A1.1) 
Q 
G= | ¥*(r’) exp(ik-+,)(Vy- n)do, (A1.2) 
s 
for the particular y given by 
N+1 
v= L Cwilr), (A1.3) 
lel 
where 
Wi=eEh)-) j4N+1, (A1.4) 


Vnai=ox°(r). 
When (A1.3) is substituted in (A1.1) we get terms of 
the following types: 


=CiCa0|[(Kr+ 8)" EF 


1 
+o fewarnevart, 
Qo 


e=CuystCrf e%roVeReedr, 
Q 


(A1.5) 
I=CiCwe femvererer 
2 


— f escern ¥940- nde : 
8 
Te=Cuei*Cus f ox"*Hoxtdr, 

2 


where in evaluating 7; we have made use of Green’s 
theorem and the fact that. ¢,? is continuous at the cell 
boundary (but not necessarily its derivatives). Sub- 
stituting (A1.3) in (A1.2), we get the following terms: 


G,=G.2=0, 


Gi=CiCrys f HRV G," ndo, (A1.6) 


s 


Ge=CusstCvss f d:°V00" ndo. 
8 


When we combine terms to form J, we see that the 
surface integral in J; is canceled by that of Gs. 
Combining J4 and G4, we get © 


Js= Cuss*Cres foe V—E)ox°dr 
2 


+ fv. voar|, (A1.7) 
Q 
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where we have used Green’s theorem in combining the 
surface integral with the volume integral. Making the 
function J an extremum by equating its derivatives with 
respect to the real and imaginary parts of the coefficients 
to zero, we obtain the matrix equation 


Lem, mCm= ECi, (A1.8) 
where 
Him Bim( Rt h)+04 f e100) Vdr, 
2 
Hany Hvsnt = f e®esVoure ds, (A1.9) 


a 


Hrsswn=o ft | pure ***|2V + | Voy? |*¥dr. 


For practical reasons it is desirable to simplify the 
above expressions. In particular, since the method is a 
Fourier method by nature, it is useful to use Fourier 
coefficients as effectively as possible. 

For the plane waves /, m# N+1 the result is straight- 
forward and we have 


Fy m=51,m(k+ K,)?+ V(K,— K,,.), 


where V(K) is a Fourier coefficient of the expansion of 
the crystal potential. 

Of particular interest is the fact that integrals in- 
volving ¢x° can be expressed in terms of the Fourier 
coefficients of ¢x for K; only. From (2.5) and (2.6), 


we have 
ce =or—->D, Bu xyei(Kit®) 6, 
Ki 


Defining gx(r)=Vodxe-*' and denoting its Fourier 
coefficients by G,(K), we can find that 


Hi, yu =Gi(K)-> Bx V(Ki— K,). (A1.10) 
Ki 


In similar fashion, using Green’s theorem and peri- 
odicity properties of the functions, we find 





Hysan=2" f (Vos 24.1 Vb |2}dr 
a 


+ a Bx;* Bx ,V (K;— K;) (A1.11) 


Ki,Kj 


—2 Re > Bx*Gx;—> (K;+k)?| Bx;|’. 
K; 


Ki 


In deriving this expression we used the approximation 
(usually quite good for our purposes) that the cell 
periodic function ¢,’e~*** is independent of k; if 
necessary, the specific k dependence can be introduced 
easily. 


APPENDIX II. EXTENSION TO SEVERAL 
AUXILIARY FUNCTIONS 


If we have a set of auxiliary Bloch functions /f,, 
fo°+fm, we first orthogonalize these to the set of 
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plane waves in the usual way: 


faP=fa-L fal Keer, (A2.1) 
7 


We normalize each f,° to average value unity. This 
is equivalent to adjusting f, so that 


wr f | faltdr— Z| fa(K) |? 1. (A2.2) 


Calling the first normalized function ¢,’, we proceed to 
orthogonalize f,° to this. We obtain, after several 
obvious steps, 


$2°= (fo —Cor")(1-CY-4, (A2.3) 
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where 


C= f fotfide—X Fe*(Kf(K), (A24) 
2 Ki 


and f;, fs have been adjusted in accord with (A2.2). 

We can carry through the remaining orthonormaliza- 
tion by repeated application of the procedure used in 
(A2.3). For example, f3° may be orthogonalized to $y,’ 
by replacing fo’ by /;°. If the resulting function is then 
resubstituted for f2° and if ¢2° is substituted for ¢,’, 
the function ¢;° results. The coefficient C must be 
calculated for each case. 

The matrix elements can be computed in the same 
manner as before. 


NUMBER 1 JANUARY 1, 1958 


K-Emission Spectrum of Metallic Lithium* 


D. E. Bepof anp D. H. TomBou Lian 
Cornell University, Ithaca, New York 


(Received September 3, 1957) 


The emission spectrum of an evaporated lithium target has been investigated in the spectral region 
extending from 60 to 600 A. The intensity distribution of the characteristic K emission band has been 
determined photometrically. Some features of the distribution /(£)/v? are as follows: the band has a maxi- 
mum at 54.02 ev (229.50 A); the distribution drops to one-half of its maximum value on the high-energy 
side at 54.58 ev; and the decay in intensity from the peak to the high-energy limit of the band occurs in an 
energy interval of 1.18 ev. In agreement with the results of earlier investigators, the band does not show a 
sharp high-energy cutoff. A second band, similar in shape and having a maximum at 82.83 ev, has been 


observed and is presently identified as a K satellite. 


INTRODUCTION 


HE present investigation was undertaken with a 
view to re-examine the intensity distribution of 
the lithium K emission band which lies in the soft 
x-ray region. The spectrum is observed when the metal 
is bombarded by electrons possessing energies of a few 
hundred electron volts. The K emission spectrum is a 
result of electronic transitions from valence levels 
(2s band) into vacancies created in the K shell. The 
radiation was first detected photoelectrically by 
Skinner,! the band was observed previously by O’Bryan 
and Skinner,’ and its shape was examined by Skinner.* 
These observations first pointed to a somewhat sur- 
prising lack of sharpness prevailing over the high-energy 
region of the band. 

Unlike the case of the band spectra emitted by metals 
such as magnesium or aluminum which possess a more 
complex electronic structure, the K emission band of the 
lightest alkali metal is expected to be more susceptible 


*Supported in part by the Office of Ordnance Research, 
U.S. Army. 

t Corning Glass Foundation Fellow. 

1H. W. B. Skinner, Proc. Roy. Soc. (London) A135, 84 (1932). 

2H. M. O’Bryan and H. W. B. Skinner, Phys. Rev. 45, 370 
(1934). 

3H. W. B. Skinner, Trans. Roy. Soc. (London) 239, 95 (1940). 


of theoretical interpretation. It was therefore considered 
worthwhile to determine the spectral characteristics 
of the lithium K band with attentive concern for 
operational! details in conducting the experiment and 
with adoption of a more critical attitude in the reduc- 
tion of the experimental record. 

In the radiative process referred to above, the core 
level is sharp, energy-wise, and has _ well-defined 
symmetry properties. Hence the spectral distribution 
of the observed radiation emitted in these transitions 
should provide some information of the nature of the 
level structure of the valence band for those transitions 
which are allowed. 

If one writes the usual radiation formulas in a form 
appropriate for transitions from a group of closely 
spaced levels to a sharp inner level, the power radiated 
by the source in the frequency range dv is found‘ to be 

















ra] 2 
r (0 ta t) 
8 nehQ i Ox; 
I(v)dv=- rf dSdv, (1) 
3 ma Js |grad,E! 


*D. H. Tomboulian, Handbuch der Physik (Springer-Verlag, 
Berlin, 1957), Vol. 30, p. 259, 
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where is the number of radiators per unit volume, 2 
is the volume of the unit cell of the crystal, v is the 
radiated frequency, and (0|0/dx;|k) is the matrix 
element between inner and valence states. Here the 
density of states function, V(£), is defined by 


2 1 
N(R dE =— f ———_dSdE, (2) 
4m J 5 | grad, E| 


where S is a surface of constant energy in & space. 
Formal simplification can be achieved by replacing the 
matrix element by an appropriate average value which 
may be considered as constant over the surface S. 
In this case the radiated power becomes 


32x* nae (= (o t) 


I(v)dy=—— 
3 md 
This result may be written in the still simpler form 
I(E)/v?~F(E)N(E). (4) 


Thus an observation of the radiation emitted by a 
solid when transitions between the valence band and 
an inner level take place leads to information about the 
product of the averaged matrix element and the density 
of states function for the populated portion of the band. 
In general little can be done to extricate the function 
N(£) frcm this product since information about the 
wave functions is meager. 

Because of the selection rules, the observed intensity 
distribution will depend upon the symmetry character 
of the inner level. For states of lowest energy in the 
valence band it may be sufficient to treat the electrons 
as free. With this stipulation, the matrix element when 
evaluated for transitions to an inner level of s sym- 
metry yields the well-known result for the low-energy 
intensity distribution in a K band, namely 


I(E)/?~E}. (S) 





Nae (3) 











0 
Ox; 





EXPERIMENTAL 


The general techniques of emission spectroscopy are 
well described in the literature“ and only details 
pertinent to the present investigation will be described 
here. The vacuum spectrograph used in these measure- 
ments was designed to operate at grazing incidence. 
The dispersing element was a concave glass grating 
mounted at 5.5° with respect to the incident beam. 
Wavelength positions were determined in each case by 
the superposition of a known spark spectrum over a 
portion of the recorded lithium band. 

The x-ray tube was constructed of glass with side 
arms available for the insertion of the x-ray filament, 
target and an evaporation furnace designed for frequent 
distillations of iithium onto a four-sided stainless steel 


ase A M. Cady and D. H. Tomboulian, Phys. Rev. 59, 381 


target. Although the melting point of lithium is 186°C, 
it is necessary to heat the metal to about 500°C to reach 
a vapor pressure adequate for distillation. An enclosed 
furnace constructed of sheet tantalum was used for the 
evaporation. Tantalum is one of the few materials 
which resist corrosion by molten lithium. However 
other parts of the x-ray tube were in danger of being 
attacked. Hence, to prevent molten lithium from 
coming in contact with the walls of the tube, the 
furnace required essentially vacuum tight construction. 
This was achieved by spot welding a number of inter- 
locking sections together with a small exit port directly 
in front of the x-ray target. The design of the evaporator 
was such that the lithium which finally reached the 
target was doubly distilled—a circumstance which 
aided materially in removing trace impurities possibly 
present in the source. 

Generous amounts of the metal were deposited at each 
evaporation such that after ten successive distillations, 
the accumulated layer of lithium was nearly a half 
millimeter in thickness. Each evaporation prepared 
four target surfaces for subsequent electron bombard- 
ment, and no freshly coated surface was exposed to the 
electron beam for a period of longer than twelve 
minutes. The target surfaces did not show visible signs 
of deterioration after this time interval. The evapora- 
tion was repeated after the successive bombardment of 
the four faces. 

The target and tube were carefully outgassed before 
the lithium was deposited. Outgassing of the target was 
achieved by heating it to a temperature of 400°C under 
electron bombardment in the absence of water cooling. 
The system was considered ready for evaporation of 
lithium when the tube pressure had dropped to 1 to 
2X10-* mm of Hg. These and better pressures were 
maintained throughout the exposures. 

For the purpose of photographic calibration, two 
registrations of the band in a known time ratio were 
obtained on the same plate with intimate mixing of 
the exposures to minimize the effects of intensity 
fluctuations. For example, in one run the exposures 
were mixed 160 times and fresh lithium was evaporated 
eleven times. This procedure made it fairly certain 
that the ratio of intensities evaluated at corresponding 
wavelengths of the two contiguous registrations was 
given by the predetermined ratio of exposure times. 

In general the accelerating voltage was maintained 
at either 600 volts or 750 volts and the electron current 
at 100 milliamperes. With this input power the band 
was detectable photographically in one hour but longer 
exposures were required to attain densities adequate 
for reliable photometric reduction. Because of the low 
melting point of lithium, it was not feasible to increase 
the power input significantly beyond the specified value. 

A spectrogram resulting from the longest attempted 
exposure of eight hours served as a severe test of the 
optical adjustments and the degree of freedom attained 
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from the effects of such common contaminants as 
carbon compounds. The plate showed no visible 
fogging from light scattered diffusely from the grating 
or other parts of the spectrogram. Unless extreme 
precautions are taken to eliminate grease vapors, 
experience indicates that the K, band of carbon can be 
photographed in many orders with exposure times less 
than one hour. On the plates taken in these measure- 
ments there was only a slight indication of the first 
order carbon image, and no traces of the characteristic 
tungsten, oxygen, or nitrogen lines which make their 
appearance when the target surface contains com- 
pounds of the above elements. 

From the preceding remarks it may be inferred that 
the target surface was apparently free from appreciable 
amounts of contaminants and that the observed 
radiation had not been altered materially in appearance 
by absorption arising from extraneous materials on the 
target. The radiation was emergent from the target 
at about 45° from the surface. This circumstance, 
combined with the shallow penetration by the low- 
energy electron beam, makes it possible to disregard 
effects arising from self-absorption. 

A supplementary experiment was carried out in an 
attempt to determine average target temperatures under 
electron bombardment with various coolants in the 
target interior. A small thermocouple junction was 
spot-welded to the target surface in the vicinity of the 
focal spot, with the lead wires so placed as to minimize 
the danger of disturbing the distribution of the ac- 
celerating electric fields existing prior to the insertion 
of the couple. Measurements were made with three 
different coolants; water at tap temperature (13°C), 
a mixture of alcohol and dry ice and circulated at 
—70°C, and liquid nitrogen. In all cases, the thermo- 
couple indicated a large increase in temperature with 
any of the liquids used as coolants. Water cooling was 
found to result in the /owest average surface temperature 
(162°C) when the power input (60 watts) was sufficient 
for adequate photographic densities. Under typical 
excitation conditions, 600 volts and 100 milliamperes, 
the thermocouple indicated a reading which was only 
26° below the melting point of lithium. Since x-rays 
produced by electron bombardment are generated in 
the first few hundred angstroms of the lithium deposit 
with the major portion of the input power being 
dissipated as heat in this layer, it becomes apparent 
that a well-defined and controllable value may not be 
assigned to the so-called temperature of the focal spot. 
Such observations indicate that one should not presume 
the attainment of a low focal-spot temperature simply 
because of the presence of a low-temperature re- 
frigerant in the target interior. Fluorescent excitation 
utilizing the very intense radiation from high-energy 
electron accelerators would appear to present better 
opportunities for emission studies in which the target 
temperature may be controlled. 


RESULTS 


The raw data obtained in these measurements 
consist of two adjacent photographic images, exposed 
in a known time ratio with intimate mixing of ex- 
posures, and a condensed spark spectrum which 
overlaps a portion of one of the images produced by the 
lithium radiation. By utilizing microphotometer record- 
ings of the plate, the wavelength and energy scales can 
be determined accurately from the spark spectrum. 
Photometric procedures applicable to this spectral 
region are described in the literature*~* and will not be 
included here. The shape of the lithium band as deduced 
from different plates was reproducible to about one 
percent with the exception of the extremities of the 
band where fluctuations of the order of three percent 
were observable. 

Unlike the situation in absorption measurements, 
where essentially a comparison of the incident and 
emergent intensities is involved, emission measurements 
necessitate the consideration of all factors which may 
play a part in modifying the source distribution. A 
few of the more significant factors will be mentioned 
here. The shape of the lithium band as deduced from 
a microphotometer record and photometric reduction 
will contain inherent modifications introduced by the 
spectral response of the dispersing instrument and the 
detector. There is experimental evidence’ that the 
photographic response of the Ilford QJ emulsion used is 
flat in energy in this region of the spectrum. In any case, 
variations in response would certainly be small over the 
limited spectral extent of the lithium band. The 
photometric reduction has been based on this property 
of the detector. Furthermore, in the wavelength region 
of interest, there are no absorption edges characteristic 
of the elements present in the emulsion. 

The first order reflecting power of the grating is a 
function of wavelength. This reflecting power has not 
been determined for the particular grating used in these 
measurements, however, detailed experience with a 
similar grating indicates’:* that the reflecting power 
varies by less than one percent over the wavelength 
spread of the lithium band and such variation is less 
than the photometric errors. 

A further modification is introduced by the combined 
effect of the spectrograph slit and grating, that is, the 
instrument will in effect spread a very narrow band of 
frequencies into what appears as a finite distribution 
(such an instrumental characteristic is often referred to 
as the instrumental window). The net effect of such a 
modification will be a softening of features present in 
the spectral distribution of the source which features 
vary sharply over a frequency interval comparable 


6 Tomboulian, Bedo, and Neupert, J. Phys. Chem. Solids 
(to be published). 

7D. H. Tomboulian and P. L. Hartman, Phys. Rev. 102, 
1423 (1956). 
as one Tomboulian, and Bedo, J. Opt. Soc. Am. 45, 756 
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Fic. 1. The K emission band of lithium. The solid curve shows 
the observed intensity distribution as a function of the emitted 
photon energy, E. The dotted curve is a plot of E}, representing 
the best fit on the low-energy side. 


with the extent of the window. The problem may be 
formulated mathematically as a folding operation. 
If I(£) represents the observed distribution, x(E) the 
source distribution, and S(E£,E’) the instrumental 
window function, the various quantities are related by 


I(E)= f x(E)S(E,EdE’. (6) 


In this connection an attempt was made to determine 
the window function by observing the intensity distri- 
bution of an atomic spectrum line free from multiplet 
structure. An important feature of the window function, 
namely the form of the function far removed from the 
peak, is difficult to ascertain; but it is found that the 
instrumental line shape is reproduced quite well by a 
Gaussian distribution. 

Various graphical and numerical methods have been 
developed to solve the integral equation in (6) above. 
Application of the graphical methods® to the observed 
lithium band indicates there are no first-order correc- 
tions which are larger than the photometric errors. 
Such a result is not surprising since the width of the 
window function at half maximum is 0.06 ev and no 
feature of the observed band shape has a comparable 
width. 

The curve shown in Fig. 1 represents the intensity 
distribution (divided by the square of the radiated 
frequency) as a function of the radiated photon energy. 
(See Table I for numerical information.) According to 
Eq. (4), the ordinate (here expressed on an arbitrary 
scale) should be proportional to the product of transi- 
tion probability and density of states functions. 

Some characteristic features of the intensity distri- 
bution appearing in Fig. 1 are as follows: (1) the peak 
occurs at 54.02 ev; (2) on the high-energy side of the 
peak the intensity falls to one-half of peak value at 
54.58 ev ; (3) the recorded radiation extends from 50.5 ev 
to 55.2 ev yielding a band spread of 4.7 ev; the full 
width at half maximum being 1.46 ev. The peak is 
located 1.18 ev from the high-energy termination of the 
band and 0.56 ev from the midpoint of the high-energy 


® See, for example, R. N. Bracewell, J. Opt. Soc. Am. 45, 873 
(1955). 
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edge. Also shown in Fig. 1 is a curve varying as the 3 
power of the energy which gives the best fit with the 
observed distribution. The fit was arrived at by plotting 
[I(E)/v*]}! as a function of E and observing the linear 
portion of the plot. The “reduced width,” defined as 
the energy interval terminating at the zero of the E! 
curve and the steepest tangent which can be drawn 
at the high-energy edge, is 3.22 ev. 

The curve presented in Fig. 1 agrees fairly well in 
shape with that published by Skinner.’ The latter’s 
results indicate a somewhat greater width at half 
maximum but neither curve shows a sharply dropping 
high-energy edge. It would be of interest to compare 
the present results for lithium with the A emission 
bands of other alkali metals. Unfortunately, corre- 
sponding data are not available in the literature as yet. 

A number of theoretical calculations of the electronic 
band structure of lithium have been reported. The 
earliest of such calculations involving details of the 
valence wave functions seems to be that of Millman’? 
whose results indicate that lithium should exhibit a 
behavior which is quite different from that deduced 
from a free electron model. Among more recent calcu- 
lations, Parmenter" has applied the method of orthog- 
onalized plane waves to a determination of the band 
structure. He has obtained the energy as a function of 
the wave vector for three different directions in the 
crystal. In the lowest approximation. the energy is 
found to be independent of the direction of k, and such 
independence appears to be essentially maintained as 
higher approximations are computed. Parmenter’s 
value for the width of the valence band is 4.06 ev which 
may be compared with the present experimental result 
of 4.7 ev for the full band spread and 3.22 ev for the 
reduced width. (The free-electron band width for 
lithium is 4.8 ev.*) Utilizing the wave functions obtained 
in these calculations, Parmenter has also attempted to 
determine the intensity distribution of the K emission 
spectrum. The computed values of the intensity are 
roughly proportional to the $ power of the energy, and 
Parmenter points out that the reason for the slow 
decay in intensity near the high-energy end of the 
experimentally observed band is not known. He also 
predicts the upper limit of the band to be at 57.8 ev, a 
value to be compared with the experimental mean 
edge at 54.6 ev. 

Schiff” has utilized the cellular method to investigate 
the electronic states of lithium. Eigenvalues were 
computed at the center of the zone face, the midpoint 
of the zone, and at the intersection of four zone faces. 
(These are the points designated as I’,, V,', V,, Hp, 
H,', and H, in the notation of Howarth and Jones.") 
In contrast to the analogous calculation for sodium,” 


J. Millman, Phys. Rev. 47, 286 (1935). 

" R. H. Parameter, Phys. Rev. 86, 552 (1952). 

” B. Schiff, Proc. Phys. Soc. (London) A67, 2 (1954). 

13D. J. Howarth and H. Jones, Proc. Phys. Soc. (London) 
A65, 355 (1952). 
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Schiff finds that the state of lowest energy at the zone 
boundary has p-type symmetry. On this basis, namely 
the mixing in of p symmetry at points away from the 
zone center until the symmetry is predominantly p-type 
at the boundary, one is led to expect a fairly rapid decay 
in the observed x-ray AK emission band near the Fermi 
surface since the p to s transition probability is high. 
Such a deduction is contrary to the observations in that 


the measured distribution falls to zero at the high- - 


energy end in an interval corresponding to about one- 
quarter of the over-all extent of the valence band 
spectrum. 

More, recently, a study of the electronic level scheme 
has been undertaken by Glasser and Callaway" who 
again employed the method of orthogonalized plane 
waves. Their results also indicate that the states 
closest to the Fermi surface are of p character. 

By means of nuclear magnetic resonance experi- 
ments, Jones and Schiff'® have investigated the sym- 
metry properties of states near the Fermi surface. They 
interpret their results to be in accordance with the 
theoretical predictions of Schiff mentioned above. They 
comment that the emission band shape, as reported by 
Skinner,’ appears to be incompatible with the calcu- 
lated electronic states of the valence band. The present 
measurements are essentially in harmony with those of 
Skinner, indicating again that the spectroscopic x-ray 
evidence is not in agreement with the calculations of 
Schiff. 

Since a discrepancy appears to exist between calcu- 
lated and observed band shapes, it seems worthwhile 
to consider as many features as possible of an observa- 
tional nature which might contribute to producing an 
experimental shape which would differ from the shape 
as computed theoretically. Various instrumental factors 
have been mentioned above, and it appears that none of 
these could have materially or significantly altered the 
band shape. Jones and Schiff'® have suggested that the 
source of the discrepancy may lie in the excitation 
process associated with the production of x-ray spectra, 
namely that the emission takes place at an atom with 
an inner electron vacancy and the resulting spectra 
give information only about states which are strongly 
perturbed. This view is applicable to all x-ray spectra. 
However, in other cases of soft x-ray spectra, e.g., 
sodium LZ emission, it has not seemed necessary to 
appeal to a mechanism of this nature since there already 


exists fair agreement between observation and 
calculation. 
Throughout the preceding discussion we have 


considered the observed spectral distribution of the 
lithium band to be representative of the level density 
and associated transition probabilities of the valence 
band. However, in fact the final states also possess an 


4M. L. Glasser and J. Callaway, Bul]. Am. Phys. Soc. Ser. II, 
2, 314 (1957). 

16H. Jones and B. Schiff, Proc. Phys. Soc. (London) A67, 217 
(1954). 








TABLE I. Values of the relative intensity distribution as a 
function of the wavelength of the emitted radiation and the 
associated energy distribution (divided by the square of the 
radiated frequency). The energy in ev of the emitted photon was 
obtained from E=12397.43/d, (A in A). 














A(A) T(A) E(ev) I(E)/v 
224.1 0.0 $5.25 0.0 
224.65 1.35 55.18 1.26 
225.27 5.00 55.02 4.70 
225.63 10.0 54.94 9.48 
226.07 20.0 54.83 18.7 
226.43 30.0 54.74 28.8 
226.67 40.0 . 54.69 38.5 
226.95 50.0 54.62 48.5 
227.25 60.0 54.55 58.5 
227.59 70.0 54.47 68.4 
227.98 80.0 54.38 78.8 
228.45 90.0 54.27 89.6 
228.85 95.0 54.17 95.1 
229.33 99.0 54.06 100 
229.98 95.0 53.91 97.4 
230.35 90.0 53.82 92.6 
230.87 80.0 53.70 83.1 
231.50 70.0 53.55 73.5 
232.20 60.0 53.38 64.1 
233.00 50.0 53.20 54.0 
233.92 40.0 52.98 43.9 
235.00 30.0 52.75 33.5 
236.45 20.0 52.43 22.9 
238.77 10.0 51.92 11.9 
240.82 5.00 51.48 6.11 
244.30 1.35 50.75 1.75 
245.0 0.0 50.50 0.0 








energy distribution (spread of about 0.02 ev)'® and 
strictly the observed intensity variation should be 
compared not with Eq. (3) but with the result of a 
formuiation which includes the band-like nature of the 
inner level. Further, the observed spectrum should 
reflect an inherent modification associated with the 
radiative process and determined by the transition 
probabilities establishing the lifetime of the excited 
states. If in a given case the natural width of the inner 
level is a large fraction of the spectral breadth of the 
valence band, it is difficult to see how one can compare 
an experimentally observed band shape with that 
deduced from a theoretical model which does not take 
into account the role played by the radiative process. 

From theoretical considerations'*® and from appli- 
cation of the method of Richtmyer, Ramberg, and 
Barnes" to the lithium K absorption curve of Skinner 
and Johnston,'* there is evidence that the width to be 
associated with the A level in lithium is less than 
0.1 ev. This is a relatively small spread and the 
observed behavior over the high-energy region of the 
lithium emission band can hardly be attributed to the 
lack of sharpness of the inner level. However, since the 
various theoretical determinations of the lithium 
emission band shape are not in agreement with the 


16 A. W. Overhauser (private communication). 

17 Richtmyer, Ramberg, and Barnes, Phys. Rev. 46, 843 
(1934). 

18H. W. B. Skinner and J. E. Johnston, Proc. Roy. Soc. (London) 
A161, 420 (1937). 











40 D. E. BEDO AND D. H. TOMBOULIAN 


observed spectrum, we have attempted to investigate 
the nature and extent of the modification which must 
be attributed to the inner level if the observations are to 
be essentially in accord with the computed band shape 
(to the extent that such a modification may be treated 
mathematically as a folding operation). In this connec- 
tion the integral in Eq. (6) was evaluated by taking 
x(E) proportional to E! and by regarding S(E,E’) to 
be either Lorentizian or Gaussian in form. The process 
of matching the observed distribution /(£) was subject 
to the choice of two parameters; namely the width 
adopted in characterizing the spectral window and the 
value of E taken to designate the high-energy limit of 
the domain over which the E! behavior was assumed 
to hold. 

The results of these integrations indicate that folding 
with the Lorentzian distribution will not reproduce the 
experimental curve for the emission band. The long 
“tails” characteristic of this distribution are empha- 
sized in the integrated result and do not have their 
counterpart in the experimental shape. Much better 
agreement is obtained when the modifying function is 
taken as Gaussian. For a Gaussian distribution with 


a half-width of 0.35 ev and for an energy range of 2.8 ev 
for the function x(E)~E£!, it is possible to reproduce 
quite well the observed band shape. 

In addition to the band shown in Fig. 1, examination 
of the spectrograms reveals a second band, less intense 
than the band at 227 A, with a high-energy edge at 
148.4 A (a displacement toward higher energies of 29 
ev from the band edge of Fig. 1). This band has a 
rather broad maximum centered at 82.83 ev, a drop in 
intensity to one-half of peak value on the high-energy 
side at 83.54 ev, a full width at half-maximum of 1.90 
ev, and a full band spread of 5.0 ev. In appearance it 


‘resembles closely the lithium K band portrayed in 


Fig. 1. It does not seem possible to identify this second 
band with the characteristic spectrum of any impurity 
likely to be present at the target. The band in question 
has been observed on all plates exposed to the lithium 
radiation, and in each case the peak intensity of the 
weaker band at 148.8 A bears the same ratio (1/10) to 
the peak intensity of the lithium band at 227 A. This 
second band has tentatively been identified as a lithium 
K satellite and its origin is attributed to double exci- 
tation of the K shell. 
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Loss of Exchange Coupling in the Surface Layers of Ferromagnetic Particles 
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Instrument Department, General Electric Company, West Lynn, Massachusetts 


(Received August 13, 1957) 


Experiments with spherical iron particles 28 A to 265A in diameter demonstrate that the proposed 
nonferromagnetic surface layer on an iron particle must be less than 1 A thick. This conclusion is based 
upon a comparison of the ferromagnetic iron indicated by magnetic saturation, and the total amount of 


iron as determined by chemical analysis. 


T has been proposed! that the saturation magnetiza- 
tion of thin layers at temperatures above absolute 
zero should decrease with thickness because of a decrease 
in Curie temperature caused by a weakened exchange 
coupling. For films or particles in the angstrom size 
range the atomic layers involved would account for a 
large fraction of the volume thus reducing the saturation 
induction greatly. Such behavior has been reported, 
for example, in the case of thin nickel films.? 

The magnetic properties of ultrasmall particles are 
of interest because of their excellent permanent magnet 
characteristics. Magnets composed of elongated fine 
particles of iron and iron-cobalt have been made with 


1M. J. Klein and R. S. Smith, Phys. Rev. 81, 378 (1951). 

2 R. Coren and H. J. Juretschke, J. Appl. Phys. 28, 806 (1957); 
E. C. Crittenden and R. W. Hoffman, Revs. Modern Phys. 25, 
310 (1953); H. H. Jensen and A. Nielsen, Trans. Danish Acad. 
Tech. Sci. 2, 3 (1953). 


energies up to 5X10® gauss-oersteds.** However, the 
theoretical upper limit of energy for magnets composed 
of ideally elongated particles of iron is 40X 10° gauss- 
oersteds. The difference between experiment and theory 
has been accounted for mainly by nonideal particle 
shape, particle misalignment, particle size and shape 
distribution, and imperfect packing of the particles.‘* 
The magnitude of the loss in induction due to the loss 
in exchange coupling at the surface is an additional 
factor to be considered. 

Becker® has shown that cobalt precipitated in solid 
copper has a nonmagnetic layer less than 1 A in thick- 
ness at room temperature. An analysis of measurements 


( 3 Mendelsohn, Luborsky, and Paine, J. Appl. Phys. 26, 1274 
1955). 
4Luborsky, Mendelsohn, and Paine, J. Appl. Phys. 28, 344 
1957). 
51. S. Jacobs and C. P. Bean, Phys. Rev. 100, 1060 (1955). 
6 J. J. Becker, J. Metals 209, 59 (1957). 
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made on spherical iron particles dispersed in liquid 
mercury reported in this paper substantiates Becker’s 
results. Thus, the loss of ex hange coupling at the 
surface of fine particles need not be considered in 
theoretical calculations of permanent magnet properties. 


EXPERIMENTAL 


Spherical particles were made by electrodepositing 
iron into mercury from an aqueous ferrous chloride 
solution. The particles prepared by this method had a 
median diameter of about 25 A. The dispersions of iron 
in mercury were then heated to a particular temperature 
to produce colloidal iron particles of a definite average 
diameter. The median particle size was determined 
from coercive force measurements made at liquid 
nitrogen temperatures, making use of the previously 
established correlation between coercive force and 
particle size.’ Test bars were then pressed from the 
mercury phase; finely-divided lead was added to 
prevent breakage during testing. The measurements 
described below were made as soon as the test bars were 
pressed, although no weight change, to +0.05%, due 
to oxidation was noticeable even after several hours. 

The saturation induction of the sample at 25°C was 
obtained from permeameter measurements made in 
magnetizing fields up to 10 000 gauss by extrapolating 
to infinite field. For the samples containing particles 
in the “superparamagnetic” size range, i.e., below 
about 100A, the high-field approximation of the 
Langevin function was used as described by Bean and 
Jacobs.* For the larger particles a 1/H extrapolation 
was used. From these saturation inducti ns and the 
densities as determined from size and weight measure- 
ments, the fraction of magnetic iron in the sample by 
weight was calculated, i.e., 


Sinsg= Todre/I do, 


where dp.= 7.86 g/cc, 7,= 1720 gauss, and dp and Jp are 
the corresponding density and intrinsic saturation in- 
duction of the sample. The ratio of this magnetic iron 
in the sample to the total iron as obtained by direct 
chemical analysis thus gave the fraction of the total 
iron in the particles which was magnetic. The amount of 
iron dissolved in the mercury was negligible. 


RESULTS AND DISCUSSION 


The results of the measurements are shown in Fig. 1 
as a function of particle size compared to calculated 
curves assuming various thicknesses of nonmagnetic 
iron at the surface of each particle. This comparison 
indicates that any nonmagnetic iron present corre- 
sponds to a surface layer less than 1 A thick. 

A possible error arises in the use of the high-field 
approximation of the classical Langevin function*® to 
extrapolate the induction of samples to infinite field. 


7F. Luborsky, J. Phys. Chem. 61, 1336 (1957). 
8 C. P. Bean and I. S. Jacobs, J. Appl. Phys. 27, 1448 (1956). 
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Fic. 1. Reduction in saturation magnetization of spherical 
particles resulting from “nonmagnetic” surface atoms contained 
in a spherical] shell of thickness ¢. Experimental results are shown 
by the crosses. 


In Fig. 2 is shown the plot of the data for particle sizes 
below 115A fitted to the Langevin function whose 
linear approximation at high fields is given by 
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where Jo, the saturation induction of the magnet, is 
adjusted to give the best fit to a smooth curve. The 
median particle sizes of the samples are shown on 
the curve. The samples containing median particle 
sizes of 96A or greater do not fall on the curve as 
expected since they are too large to be superpara- 
magnetic. J) was obtained more readily in these cases 
from a 1/H extrapolation as previously described. 
Particles in the superparamagnetic size range, which 
includes the four samples with median particle diam- 
eters of 70 A and less, do appear to follow the Langevin 
function initially, but deviations from linearity occur 
at J/Ip~0.9 in the experimental curve rather than at 
~0.7. This may be accounted for, in part, by the 
particle size distribution present. The particle diameter 
distribution for these colloidal iron dispersions has 
been determined at one diameter, 150 A, as previously 
reported.’ The volume distribution function calculated 
from these data is considerably skewed, with the peak 
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Fic. 2. High-field magnetization of spherical iron particles. in 
mercury at 25°C. The symbols a, +, ©, and @ correspond: to 
median particle sizes of 70 A, 46 A, 30 A, and 28 A, respectively. 


of the distribution falling below the mean particle 
volume. The numerical integration of the Langevin 
function, L(x)=L(VI,H/kT), over this volume dis- 
tribution, i.e., {L(VI,H/kT)dV, results in the curve 
labeled ‘“‘for assumed volume distribution” in Fig. 2. 
This calculated curve approaches the experimental 
curve more closely than does the curve for the single 
particle size; it deviates from linearity (the dashed line 
in Fig. 2) at a value of J/J>~0.8. It is expected that the 
volume disribution of these very small particles should 
be considerably broader than the 150 A particles whose 
distribution was determined. This would further reduce 
the difference between the calculated curve and the 
experimental curve. 

Another error affecting the agreement between the 
experimental and theoretical curves is due to the particle 
size estimates made from coercive force measurements. 
Kinetic studies’ of the growth of iron particles in 
mercury indicate that the correlation between coercive 
force and particle diameter yields diameters which are 
somewhat high in the size range below 100 A. Using a 
smaller median particle diameter would increase the 
extrapolated saturation induction and move the experi- 
mental curve closer to the calculated curve, reducing 
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even further the estimated thickness of the nonmagnetic 
layer. 

Calculations were also made to obtain the saturation 
induction of the superparamagnetic particles without 
using the Langevin function, using instead the 1/H 
extrapolation. The saturation induction obtained in 
this way for the smallest particle size was 10% less 
than that obtained with the Langevin function. For 
the larger particle sizes the differences became smaller. 
This simplified approach still corresponds to only a 
1 A nonmagnetic layer. 

The constancy of the data in the particle size range 
above 100 A suggests that there may be a consistent 
discrepancy between the chemical and magnetic 
analysis of about 5%. This error cannot be accounted 
for, but correcting this error would also reduce the 
calculated thickness of the nonmagnetic layer. 

Mayer and Vogt? reported a loss in saturation mag- 
netization at room temperature of up to 50% for iron 
particles in mercury in the size range studied in this 
work. As shown by Bean and Jacobs,* this was due to 
incorrect extrapolation of the magnetization of the 
samples to infinite field. The results in this work 
substantiate the conclusions of Bean and Jacobs, but 
are in sharp contrast to the results of work on thin 
films.!? 

CONCLUSIONS 


These results and analyses show that a 1A non- 
magnetic layer may be present on the surface of colloidal 
iron particles dispersed in liquid mercury. The analyses 
of possible errors indicate that this thickness may be 
considerably less. Thus, there will be a negligible 
decrease in saturation induction due to the loss of 
exchange coupling at the surface of iron particles greater 
than 100 A in diameter. 

It appears that the approach to saturation of the 
particles in the superparamagnetic size range must be 
described by the Langevin function. In addition, the 
size distribution of the particles in the sample should 
be considered. The 1/H extrapolation gives values 
which are low. 
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Isotropic Approximation to the Magnetoresistance of a Multivalley Semiconductor 
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The magnetoconductivity tensor for a single valley is averaged over all orientations of the valley, giving an 
isotropic magnetoconductivity tensor. The valley anisotropy can be deduced from the magnetoresistance 
coefficients of such a model. It is suggested that this model will describe approximately the magnetoresist- 
ance phenomena of a polycrystalline multivalley semiconductor. It is also shown that the results of the 
calculation provide a means for determining the valley anisotropy of a multivalley semiconductor from 
magnetoresistance data without the use of a detailed model of the band structure. 





I. INTRODUCTION 


T has recently been established! that the electrical 
properties of a number of semiconductors can be 
explained in terms of multivalley models. The magneto- 
resistance and piezoresistance effects in such a semi- 
conductor are usually highly anisotropic and are very 
sensitive to the details of the model, i.e., to the shape 
and orientation of the energy surfaces. By studying the 
anisotropy of the effects it is possible to test models for 
the energy surfaces, and often to establish the applica- 
bility of a particular model. 

However, there are certain qualitative features of the 
magnetoresistance and piezoresistance effects which are 
common to all multivalley semiconductors, and inde- 
pendent of the particular model. Examples are a 
longitudinal magnetoresistance in at least some crystal- 
lographic directions, and dimensionless elastoresistance 
coefficients of order of magnitude 10 to 100. 

Some materials display the qualitative features of 
the multivalley semiconductor, but not the large 
anisotropy. In these materials the information obtained 
from the magnetoresistance is not sufficiently detailed 
to allow the construction of a complete model. Examples 
will be discussed in Sec. IV. 

It is the purpose of this report to present an approxi- 
mation to a multivalley model which has the property 
of being isotropic. This approximation thus permits an 
interpretation of the galvanomagnetic effects to be 
made in materials which for one reason or another are 
isotropic. 

In addition, a way in which the essential part of the 
calculation can be applied to single-crystal data will be 
pointed out. This application provides a general method 
of calculating the valley anisotropy of a multivalley 
semiconductor without reference to a particular model 
of the band structure. 


II. THE CONDUCTIVITY AND HALL EFFECT 


In a multivalley semiconductor with high crystal 
symmetry there are a number of valleys with various 
orientations in k space. In the calculation which we 

1B. Abeles and S. Meiboom, cy Rev. 95, 31 (1954); C. 
Herring, Bell System Tech. J. 34, 237 (1955); C. S. Smith, ih 


Rev. 94, 42 (1954); G. L. Pearson and C. Herring, Physica 
975 (1954); M. Shibuya, Physica 20, 971 (1954). 
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will describe here the distribution of the orientations 
of the valleys is approximated by a continuous, uniform 
distribution. In other words, we will calculate the mag- 
netoconductivity tensor for a single valley, average 
this tensor over all orientations, and multiply the result 
by N, the number of valleys. 

The theory of the low-field magnetoresistance effects 
in multivalley semiconductors has been given by various 
authors.! We shall use here basically the same notation 
as was described in a previous communication.? We use 
the relaxation time approximation, i.e., we assume that 
the scattering processes can be described by a relaxation 
time, 7, which is a function of the energy of an electron. 
The conductivity contribution of the ith valley is 


gV@= Ea” an £,AL(a“)— -b]x +AQ; bb. (1) 
Here a“ is the reciprocal effective mass tensor, with 
components a}, a2, a3 in its principal axis system. 
A= determinant a=a,a;. The &, are the integrals 





eB\” 8re? (2m i i? Ofo 
.--(—) —_(—) f rH EWE, (2) 
mc 3mA} h 0 OE 


where fo is the Fermi function. In the case of non- 
degenerate statistics (2) becomes 


( ) ; 
where is the electron density. Q” is a fourth rank 
tensor which is discussed in more detail below. b is a 
unit vector in the direction of the magnetic field, and 


B is the magnitude of the field. 
We define here also an anisotropy parameter A: 


9 


eB 4 née 


3x4 m(kT)! 





En f rrtle-E/KTEWE, (3) 
0 


mc 





a; (a2—«a13)*+-ar2(ag— 11) +23 (a1 — 2)” 


(4) 


4 


2aa203 


The result of averaging the first and second terms 
of (1) over all directions gives 


o= N(o) w= NEo(§ tra)— NEA (3 tra“)bx, 


2 R. W. Keyes, J. Electronics 2, 279 (1956). 


(5) 
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where tra=a;+a2+a3. It can be shown that 
1+ (2/9)A 
——____., 


tra 


3 (tre) = (6) 


Equation (5) is a familiar result, as it is the same as 
the average over a set of cubically equivalent directions. 
Calculating the reciprocal of (5) to terms of first order 
in the magnetic field, one finds that the Hall constant is 

1 & 4A tra“ 


N &@B (3 tra)? 
The Hall mobility is defined by Ry Néo(} tra). 





(7) 


Ill MAGNETOCONDUCTIVITY AND 
MAGNETORESISTANCE 
We designate the components of the magnetoconduc- 
tivity tensor, Q“, by a common notation in which the 
second rank tensors @ and bb are regarded as 6-com- 
ponent vectors with oz:=01, --+, ¢zy=o6. Then the 
last term of (1) can be written 


bo, = £A> pq (bb),. (8) 
The theory of magnetoconductivity'? shows that Q“ is 
Q0=E-a (), (9) 


where E,,=1 for p=q, Epg=0 for p¥q. 

The result of averaging a fourth rank tensor over all 
orientations has been described by Voigt.’ Since the 
result of Voigt is specialized to tensors with the property 
I’ pg=I'gp, and since Voigt’s notation is slightly different 
from ours, we present here the average over all orienta- 
tions of the more general fourth rank tensors which we 
are considering, in our notation. Let I be the tensor in 
question, and define the quantities 


A;=3(TiutT ots), 


Ao=§ (Piet Tat Tl istl tT ests), (10) 
A3=3(CactTsstT oe). 
Then the desired average tensor, I, is 
T'i*=}(3A1+2A24+24s3), 
Ty2*=3(A1+4A2—As3), (11) 


T'4a*= 3(A1— Aa) +3 As. 


I* is, of course, isotropic, so that the remaining com- 
ponents either vanish or are identical to one of those 
given in (11), and the isotropy conduction, '44*=I,:* 
—T.*, is satisfied. 

When the procedure described by (10) and (11) is 
applied to Eq. (9), it is found that the average of Q is 


Q,*= 7 (2/15)A, 
Q12*= — 1— (4/15)A, 
Qg* = 01: *—O12* = 14 (2/15)A. 


3 W. Voigt, Lehrbuch der Kristallphysik (B. G. Teubner, Leipzig, 
1928), Appendix IT. 


(12) 


Using these results in (8), the magnetoconductivity 
becomes 
éo= N£2A[Q12*1+ (Q4:*—Q,2*) bb J. (13) 


The resistivity tensor can be calculated easily from 
o, and the magnetoresistance coefficients determined. 
With a transverse magnetic field, the magnetoresis- 
tance is 





5p Eoko (4 tra)® 1+ (4/15)A 
pt mes om | , 
p(RuaoB)? &? A [1+(2/9)AP 
while with a longitudinal field 
dp foto (§ tra)® § (2/15)A 
m,=———_ = — . 
* p(RuoB)? et A [1+(2/9)AF 


The anisotropy parameter A can be determined from 
either the magnetoconductivity or magnetoresistance 
coefficients by means of the relations 
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(16) 


IV. APPLICATIONS 


In this section we will discuss two ways in which the 
results of the above calculation can be used in the 
analysis of magnetoresistance data. In each case only 
one anisotropy parameter can be determined. There is, 
therefore, no loss of generality in using only one 
parameter to describe the valley shape. Thus we will 
interpret the data in terms of valleys with an axis of 
rotational symmetry, i.e., we leta2=a, and set a1/a3;= K. 
Then 

(17) 


(18) 


A= (K-—1)?/K, 
and 
(3 tra)*/A= (2K+1)*/ (27K). 


a. Polycrystalline Aggregates 


In a polycrystalline multivalley semiconductor with 
randomly oriented grains there are electrons in states 
belonging to valleys with many orientations. If a large 
number of orientations existed in the same region of 
space, the current and electric field would be homo- 
geneous, and the isotropic approximation would be a 
good approximation to the electrical conductivity 
tensor. 

In general, however, only a few orientations exist in 
each grain and there will be inhomogeneity in the dis- 
tribution of electric current and potential. If it is 
assumed, as a first approximation, that the electric 
field is homogeneous, the current could be obtained 
from the isotropic field is homogeneous, the current 
could be obtained from the isotropic conductivity 
approximation. On the other hand, if the current is 
assumed to be homogeneous, the electrical properties 
would be described by the average of the resistivity 
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tensor. In most cases the result obtained by averaging 
the resistivity tensor and inverting differs from that 
found by averaging the conductivity tensor. The best 
description of actual situations is expected to lie some- 
where between these two extreme cases. 

A somewhat analogous problem occurs in the theory 
of the elastic constants of polycrystalline aggregates.‘ 
The elastic constants may be averaged over all orienta- 
tions using the approximation of uniform stress or of 
uniform strain. These two approximations define the 
range in which the observed values lie fairly accurately. 

In the electrical conductivity case, the results of the 
assumption of uniform electric field are the expressions 
(5) and (13). However, the assumption of uniform 
current; i.e., the process of averaging the resistivity 
tensor and then inverting to find the conductivity, 
leads to results which depend on the details of the 
model for the band structure. When applied to a 
material with cubic crystal structure, the approxima- 
tions give identical results, according to well-known 
properties of second and fourth rank tensors with cubic 
symmetry.‘ Thus, the isotropic approximation should 
be a good approximation to the properties of a poly- 
crystal of a cubic material. 

For crystals of lower symmetry, the result obtained 
by averaging the resistivity tensor differs from that 
described by (5) and (13). The difference is most 
extreme in the case in which the band structure of 
the material in question consists of a single highly 
anisotropic valley. The result of averaging the resistivity 
tensor for this case gives, however, magnetoresistance 
results which seem physically unrealistic, e.g., the 
longitudinal magnetoresistance vanishes, and the 
averaged conductivity tensor is probably at least as 
good an approximation as the averaged resistivity 
tensor. 

Thus, there is reason to believe that, for ‘band 
structures containing several valleys, the two averaging 
processes do not give widely divergent results, and that 
the averaged conductivity tensor is as good an approxi- 
mation as the averaged resistivity tensor. Since the 
former approximation does not require a knowledge 
of the details of the band structure, it is suitable for an 
analysis of data on materials of unknown band struc- 
ture. As an example we will analyze some data on black 
phosphorus. 


b. Black Phosphorous 


It has been shown that black phosphorus is a semi- 
conductor, and the electrical properties of polycrystal- 
line ingots of the material have been determined.® 
The electrical properties of a polycrystalline specimen 
are isotropic, but cannot be represented by the simple, 
spherical energy surface model because there is a large 
magnetoresistance. 

4R. F. S. Hearmon, Phil. Mag. 5, 323 (1956). This paper 


reviews the subject and contains references to earlier work. 
5R. W. Keyes, Phys. Rev. 92, 580 (1953). 


The mobility varies as the —$ power of the tem- 
perature. It is, therefore, reasonable to assume lattice 
scattering, for which ££/°=4/r. For the simple 
model this leads to mr=(4/r)—1=0.27. For black 
phosphorus mr=0.77, which is 2.8 times larger than 
mr for the simple model. From Eq. (14) it is found that 
with f/t,*=4/x, a value K=10 is required to give 
mr=0.77. 

A high value of K is to be expected on the basis of 
the crystal structure of black phosphorus. The crystal 
has a layer structure, being apparently covalently 
bonded in the layers, with considerably weaker bonding 
between layers. For such a structure the conductivity 
in a layer is expected to be much larger than the con- 
ductivity perpendicular to the layers. This can be 
achieved by having a valley or valleys with large K. 


c. Application to Single Crystal Data 


The calculation of magnetoconductivity coefficients 
presented above is applicable in another way to the 
analysis of data on crystalline materials. The magneto- 
conductivity tensor of a crystal is the sum of the 
magnetoconductivity tensors of its valleys. The average 
of the magnetoconductivity tensor over all orientations 
is the average of the sum of the individual valley 
tensors. The order of the summation and averaging 
operations is interchangeable; thus the averaged mag- 
netoconductivity tensor of a crystal is just what is 
calculated in Eq. (13). 

This fact enables us to calculate the valley anisotropy 
parameter, A, from magnetoconductivity data even 
without knowledge of the location or symmetry proper- 
ties of the valleys. The prescription for doing this is as 
follows: Using formulas (10) and (11) the average 
magnetoconductivity tensor Q* is calculated from the 
actual magnetoconductivity tensor Q, which is presumed 
to have been determined by experiment. This average 
tensor Q* is identified with the Q* of Eqs. (12) and (13), 
and A is determined from (16). 
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Fic. 1. Values of K, the valley anisotropy ratio, as determined 
by applying Eqs. (10), (11), (21), (22), (16), and (17) to the data 
of Glicksman' on alloys of germanium and silicon. 
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As an example of the analysis of data by this method, 
we will consider the magnetoresistance measurements of 
Glicksman® on a series of alloys of germanium and 
silicon. The alloys all have cubic crystal structures, 
and the data of Glicksman are presented in terms of 
constants }, c, and d, as used by Pearson and Suhl,’ the 
Hall mobility, 47=Ryo, and the zero field resistivity, 
po. The magnetoconductivity tensor, Q, which we are 
using here, has three independent components in a 
cubic crystal, which are related to the constants of 
Glicksman by 


1 
NAN = ——(b+c+d), 
Po 


1 
N§2A0;2= ——(b+ux"), (19) 


Po 


1 
NEAQ4= ——(c—px’). 
Po 


For reference we also give here the comparison of our 
notation with that used by Seitz® for a cubic crystal. 
The coefficients 8, y, 5 of Seitz can be expressed in 
terms of the Qy, by 


B= NEAQi, 

y= NAQu, 

§= NEA (Q1:—Qi2— Duy): (20) 
When the averaging process described by (10) and 


(11) is applied to the Q of Eqs. ( 19), the components 
of Q* are found to be 


’ 


NEA * = ~-(b+c+4d), 
Po 


(21) 


1 
NE2AQ)2* = ——(b+ $d+ux’). (22) 


Ps 


6 M. Glicksman, Phys. Rev. 100, 1146 (1955); 102, 1496 (1955). 
M. Glicksman and S. M. Christian, Phys. Rev. 104, 1278 (1956). 

7G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1951). 

8 F. Seitz, Phys. Rev. 79, 372 (1950). 
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Using (16), A can be determined from these values. We 
have used this method to analyze the data of Glicks- 
man, and the results are presented in terms of K, 
which is related to A by (17), in Fig. 1. 

The structure of the conduction bands of the Ge—Si 
alloys have been established by several types of 
evidence.**© The electrons are located near energy 
minima on the [100] and [111] axes. The relative 
energy of these minima, and hence their relative 
populations, changes continuously as a function of Si 
content. In the region of low Si content, up to about 
10% Si, the band structure is essentially that of pure 
Ge, with the electrons in minima on the [111] axes in 
k space. In the region 10% Si to 25% Si, the energies 
of the [111] and [100] minima are within several 
hundredths of a volt of one another and electrons are 
present in both types of minima at 300°K. For Si 
contents cf more than 25% the electrons are all in [100] 
minima. 

A more detailed analysis of the magnetoresistance of 
the alloys, based on the established band structures, 
has been given by Glicksman.® In the regions where the 
data satisfy the condition for a [111] valley model 
(b+c=0) or the condition for a [100] valley model 
(6+c+d=0) our analysis must give the same value 
for K as that of Glicksman. 

The K values of Fig. 1, however, are derived without 
reference to particular models of the bands. Neverthe- 
less, they clearly show the difference in anisotropy 
between the region 0-10% Si and the region 20-100% 
Si, and the transition in the region 10-20% Si. Thus it 
is seen that the present method of analysis is capable 
of revealing significant information about the energy 
bands in the absence of a detailed model of the band 
structure. Although the illustration here is drawn from 
cubic crystals, the method is generally applicable. 

® G. Dresselhaus et al., Phys. Rev. 100, 1218 (1955). 


10H. Brooks and W. Paul, Bull. Am. Phys. Soc. Ser. II, 1, 48 
(1956). 
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The intrinsic optical absorption spectrum of PbS crystals has been measured. The absorption coefficients 
range from about 10 cm™ to 10° cm™ giving continuous data through the band edge. At 300°K the data 
indicate a direct transition energy of 0.41 ev and an indirect transition energy of 0.37 ev. The radiative re- 
combination lifetime for PbS calculated from the absorption data is 63 microseconds at 300°K. 





INTRODUCTION 


HE optical absorption edge in a semiconductor is 

of interest since it provides information on direct 

and indirect electron transitions across the forbidden 

energy gap’ and it can be used to calculate the radiative 
recombination lifetime of electrons and holes.? 

While earlier investigations on the optical absorption 
edge in PbS represent notable advances in the subject,*“ 
these data are inadequate for analysis of the above 
quantities by current theories of optical absorption in 
semiconductors. The principal deficiency in these 
earlier data is the lack of measurements in the important 
range of absorption coefficients from about 10? to 10* 
cm~!, Experimental difficulties due to the low trans- 
mission of PbS crystals limited Gibson’s transmission 
measurements to wavelengths greater than 3 microns 
where the absorption coefficients were less than about 
100 cm~!3 Furthermore, since wide slits on the spec- 
trometer had to be used to transmit energy through the 
crystal, the resolution was poor, about 0.4 micron near 
the band edge. In PbS at these wavelengths the ab- 
sorption coefficient changes by almost two orders of 
magnitude in 0.4 micron so that the published trans- 
mission data may be questionable. 

In the region of high absorption, about 10* to 10° cm~! 
at wavelengths from 0.4 to 3.1 microns, the published 
results by Avery are based upon reflection measure- 
ments on cleaved crystal surfaces.‘ While these absorp- 
tion data are satisfactory at high values of the ab- 
sorption coefficient, he states that they may be in error 
by as much as 100% at the lower absorption coefficients. 

In the vicinity of the band edge the two sets of data 
on the absorption edge overlap. In this overlap region of 
wavelengths the absorption coefficients obtained by 
the two methods of measurement differ by about two 
orders of magnitude. It is difficult, therefore, to estimate 


1 Bardeen, Blatt, and Hall, in Photoconductivity Conference, 
Atlantic City, 1954, edited by Breckenridge, Russell, and Hahn 
(John Wiley and Sons, Inc., New York, 1956), p. 146; D. Dexter, 
Photoconductivity Conference, Allantic City, 1954, edited by 
Breckenridge, Russell, and Hahn (John Wiley and Sons, Inc., 
New York, 1956), p. 155; Fan, Shepperd, and Spetzer, Photocon- 
ductivity Conference, Atlantic C ity, 1954, edited by Breckenridge, 
Russell, and Hahn (John Wiley and Sons, Inc., New York, 1956), 

p. 184; 'H. Y. Fan, Repts. 7. Phys. 19, 107 (1956). 

PW. van Roosbroeck and W . Shockely, Phys. Rev. 94, 1558 
(1954). 

3A. F. Gibson, Proc. Phys. Soc. (London) B65, 378 (1952). 

4D. G. Avery, Proc. Phys. Soc. (London) B67, 2 (1954). 
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the detailed structure of the absorption edge in PbS 
from these measurements. One consequence of this is 
an uncertainty in the calculated value of the radiative 
recombination lifetime (mean life) of electrons and 
holes. Mackintosh,® using these results, estimates this 
lifetime to be about 40 microseconds with a possible 
error of a factor of 5. Burstein,® using the same results, 
estimates it to be 9 microseconds. 

The purpose of the present study is to obtain more 
precise values for the absorption coefficient throughout 
the region of intrinsic absorption in PbS. From these 
results, values for direct and indirect optical transitions 
across the gap as well as the radiative recombination 
lifetime for electrons and holes can be calculated. 


EXPERIMENTAL 


Unlike germanium and silicon crystals, lead sulfide 
crystals split readily along {100} planes in the course 
of grinding and polishing operations. It is very difficult 
therefore to prepare thin crystals of PbS having a large 
area for conventional optical transmission measure- 
ments as was done for Ge and Si.’ In order to make 
transmission measurements on thin crystals 2 or 3 mm 
on edge, it was necessary to adopt a microscope tech- 
nique which permitted optical transmission studies on 
crystal areas as small as about 60050 microns. For 
this purpose a Perkin-Elmer Model 85 infrared micro- 
scope attachment* was used in conjunction with a 
Perkin-Elmer recording spectrometer Model 12A. The 
infrared source was a globar operated at about 1000°C. 
A lithium fluoride prism gave the best resolution in the 
PbS absorption edge. For the slit width used in these 
experiments, the resolution ranged from 0:04 at a 
wavelength of 44 to 0.06 u at 2.5 pw. 

The crystal was placed at a reduced image of the 
monochromator exit slit where radiation from the 
monochromator was concentrated on the sample. 
The image reduction was 8.4 times. Radiation trans- 
mitted by the sample was magnified and conveyed by 
an optical system of mirrors to a detector. A special 
small-target thermocouple detector was used in these 
experiments. Scattered radiation was negligible. A 








‘I. M. Mackintosh, Proc. Phys. Soc. (London) B69, 115 (1956). 

*E. Burstein and P. Egli, Advances o Electronics (Academic 
Press, Inc., New York, 1955), Vol. 7, p 

7 W. Dash and R. Newman, Phys. ‘hi. 09, 1151 (1955). 

§ Coates, Offner, and Siegler, J. Opt. Soc. ‘Am. 43, 984 (1953). 





48 WAYNE W. 
built-in 175-power microscope viewer and illuminator 
made it possible to observe the sample by transmitted 
or reflected visible light. Thus the crystal area being 
studied could be accurately positioned and examined for 
pinholes or cracks. 

The effect of nonparallel incident radiation on the 
crystal absorption was checked experimentally by 
making measurements on the same crystal with the 
microscope technique and with the conventional tech- 
nique of parallel radiation. In both cases the sample-in, 
sample-out procedure was used. The maximum devia- 
tion between these two measurements was about +3% 
at any given wavelength. 

The crystals used in these studies included examples 
of natural and synthetic PbS. Even though the carrier 
concentrations ranged from 10 to 10%/cm’, there 
appeared to be no significant relation to the absorption. 
This is in agreement with Avery’s‘ observations. The 
thicker crystals were prepared by cleaving while the 
thinner ones were prepared by grinding and polishing. 
The thinnest crystals, of the order of a micron thick, 
could not support themselves and were measured while 
glued to a polished plate of periclase crystal with a thin 
layer of glycol phthalate, a thermoplastic resin.’ This 
glue had no objectionable absorption in this region of 
the spectrum. 

The crystals of PbS were mounted on the supporting 
plate with the resin and ground flat with 600-mesh 
carborundum. Polishing was done on a rotating plate 
covered with silk velvet. The polishing compound was 
1552 AB Gamma alumina No. 3. When no scratch 
marks could be seen under a low-powered microscope, 
the sample was turned over and given a final polish to 
the desired thickness. 






































102 
= 3.64 
+ ——« 
) + 
10' & 
= 324 + 
7] | ne = 
” } 
ye 
3 
& 1.0 E 3. 
~- _ 
5 ES 
« a 
e+ a 
to" “a 
F 2 
~ (i-R) © 0.37 
r R= 0.39 
s 
10-2 1 
° 04 os 1.2 1.6 
THICKNESS (MM) 


Fic. 1. Transmission through PbS as a function of thickness. 


®The author wishes to thank Dr. Neuringer for generously 
supplying this resin. 


SCANLON 


The cyrstal thickness was measured by various 
methods which did not require touching the crystal. 
Even slight pressure on these thin crystals produces 
prismatic punch indentations. The thicker crystals, 
of the order of a few hundred microns, were measured 
with a machinist microscope having a sensitivity of 
0.1 mil/division. Crystals which were of the order of 
10 microns thick gave interference fringe patterns and 
their thickness could be calculated with accuracy. 
Crystals which were a micron or less thick gave no 
interference pattern in the transparent region of wave- 
lengths around 4 microns since the crystals were less 
than a 4A thick. Their thickness was calculated from 
their absorption at wavelengths where data overlapped 
known absorption measurements on thicker crystals. 
In one instance a crystal was ground and polished so 
thin that it appeared deep red by transmitted light. 
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Fic. 2. Optical absorption coefficient for PbS 
as a function of wavelength. 


RESULTS 


In calculating the absorption coefficients, corrections 
were made for reflections. The reflectivity coefficient R, 
used in these calculations, was obtained by plotting 
transmission against thickness for various wavelengths 
and extrapolating to zero thickness. The data are shown 
in Fig. 1. The value of 0.39 for R calculated from these 
experiments agrees well with Avery’s value of 0.39" 
and Paul, Jones, and Jones’ value of 0.4 obtained by 
reflection measurements." 

The absorption coefficient as a function of wavelength 
is shown in Fig. 2. Here the data consist of contributions 
from several crystals of various thicknesses as indicated, 
with appreciable regions of overlap in the data. 

For comparison, the transmission data of Gibson at 
low absorption values and Avery’s reflection data at 


high absorption values are plotted on the same scale. We 


1D. G. Avery, Proc. Phys. Soc. (London) B66, 138 (1953). 
ass Jones, and Jones, Proc. Phys. Soc. (London) B64, 528 
1). 
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can see that the new data are in reasonable agreement 
with the previous measurements at high and low ab- 
sorptions and in addition they give details on the shape 
of the absorption edge in PbS. The divergence of 
Gibson’s data near the band edge is probably due to the 
low resolution in his measurements, 0.35 u as compared 
to 0.04 in these measurements. The reflection data 
of Avery are reasonably accurate at high values of ab- 
sorption but may be questionable at the lower values. 


Direct and Indirect Transition Energies 


From the shape of the absorption curve near the band 
edge it is possible to evaluate the energies for direct and 
possibly also indirect electron transitions. It has been 
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Fic. 3. The absorption coefficient squared as a function of 
photon energy for direct transition in PbS. 


shown theoretically by several authors! that in the case 
of direct transitions the absorption coefficients are 
generally large, of the order of 10‘, and the absorption 
coefficient is proportional to EZ! where E is the photon 
energy. The intercept on the energy axis gives the 
energy for the direct transitions. In Fig. 3 the data is 
presented as a? vs E for points including both high and 
low absorption. A straight-line relationship is observed 
for the high-absorption data. The zero intercept gives 
a value of 0.41 ev for the energy gap for direct transi- 
tions in PbS at 300°K. 

The theoretical interpretation of absorption through 
indirect transitions is not so clear. The absorption 
coefficients are low and the absorption equation may 
be a quadratic or cubic function of the photon energy. 
If we plot the absorption data for the lower end of the 
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Fic. 4. The square root of the absorption coefficient as a function 
of energy for indirect transitions in PbS. 


curve in Fig. 3 as a! vs E, we have the curve of Fig. 4 
which is approximately a straight line with a zero 
intercept, suggesting that the indirect-transition energy 
gap is 0.37 ev at 300°K. 

These results provide the first experimental values 
for energy gaps in PbS corresponding to direct and in- 
direct transitions. An attempt was made by Bell and 
his co-workers? to calculate on a theoretical basis the 
energy-band structure in PbS. Their results suggested a 
direct transition energy of about 1.3 ev and an indirect 
transition energy of about 0.3 ev. Previous experimental 
studies of optical absorption, though incomplete, were 
interpreted by Avery‘ and Burstein® to verify Bell’s 
theoretical calculations. When the absorption is plotted 
as a function of wavelength there is, in addition to the 
absorption edge at about 3 microns, an apparent second 
rapid rise in absorption at a wavelength of about 1 
micron suggestive of an absorption edge of about 1 ev. 
However, if these same data are plotted in a more 
realistic way as a function of photon energy, there is no 
evidence of an absorption edge near 1 ev. 


Radiative Recombination Lifetime 


The van Roosbroeck-Shockley analysis of the optical 
absorption edge in terms of the radiative-recombination 
lifetime (7;) of electrons and holes? can be applied to 
these results for PbS. Their analysis gives for the 
lifetime 

Te n;/ 28, (1) 


2 Bell, Hum, Pincherle, Sciama, and Woodward, Proc. Roy. 
Soc. (London) A217, 71 (1953). 
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Fic. 5. The dependence for PbS of n*x and the radiative recom- 
bination rate per unit frequency, Un*x, as a function of u. 


where n; is the concentration of electrons or holes in the 
intrinsic semiconductor. The value of n; obtained from 
Hall effect studies" is 2.9 10'*/cm*. ® is the total rate 
of radiative recombination per unit volume at thermal 
equilibrium and is given by the integral 


kT\3 7® n’xu'du 
n=sere(—) f —, (2) 
ch 9 e“—1 


The refractive index n is 4.1 and according to Avery’s 
studies is essentially constant for wavelengths from 
about 0.54 to 3.3. The variable of integration is 
u=hv/kT. The absorption index « is related to a by 


a=4rnxv/c. (3) 





The integration of Eq. (2) can be performed nu- 

43 Scanlon, Brebrick, and Petritz, Photoconductivity Conference, 
Ailantic City, 1954, edited by Breckenridge, Russell, and Hahn 
(John Wiley and Sons, Inc., New York, 1956), p. 619. 
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merically. For PbS the dependence of m’x and the 
radiative recombination rate per unit frequency, Un'x, 
upon # are shown in Fig. 5. When one uses the absorp- 
tion coefficient data obtained in these experiments, the 
numerical integration of (2) gives R=23X10'* cm~“* 
sec at 300°K. 

From Eq. (1) the radiative recombination lifetime is 
7:= 63 microseconds at 300°K. 

Measured carrier lifetimes in PbS crystals are less 
than this value, being limited by recombination at 
lattice dislocations by the Shockley-Read mechanism." 
The maximum observed lifetime in a PbS crystal having 
a low density of dislocations is 20 microseconds.'* 
Carrier lifetimes much larger than this are observed in 
evaporated or chemically deposited photoconductor 
films; however, they are now believed to be due to a 
trapping mechanism associated with deep-lying oxygen 
levels on the surface.'* 


CONCLUSIONS 


The detailed shape of the intrinsic optical absorption 
edge in PbS has been determined experimentally from 
transmission measurements. The energy for direct 
transitions was found to be 0.41 ev at 300°K. 

The theoretical basis for interpreting the low- 
absorption part of the absorption edge in terms of an 
indirect transition energy is not so clear and the value 
obtained, 0.37 ev at 300°K, may be modified when the 
analysis can be made more accurately. 

Since the absorption edge is now known for PbS, the 
calculated value for the radiative recombination life- 
time is believed to be well established. The value ob- 
tained is 63 microseconds. This value is greater than the 
largest experimentally observed value of 20 micro- 
seconds so that carrier lifetimes in present PbS crystals 
are limited by other recombination mechanisms. 
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The extended fine structure on the short-wavelength side of the K x-ray absorption edge of a thin single 
crystal of Ge has been studied for three different orientations of the crystal. Although the polarization was 
only 7%, shifts in the positions of the structure features were observed between 75 ev and 280 ev from the 
edge. These shifts are tabulated and discussed. A careful comparison of the absorption of a single crystal of 
Ge and a single crystal of an alloy of 7% Si in Ge has been made to 60 ev from the Ge K-edge. Significant 
changes in the structure were noted as well as a probable shift in the position of the edge. 





INTRODUCTION 


HE results of a study of the extended structure 

on the short-wavelength side of the K absorption 

edge of a thin single crystal of Ge were recently reported 

by Doran and Stephenson.! This study has now been 

extended to cover different orientations of the single 

crystal of Ge. A thin single crystal of 7% Si in Ge has 
also been studied. 

Kronig’s’? theory of the extended structure predicts 
that the use of a single-crystal absorber and polarized 
x-rays would result in a more pronounced extended 
structure than is observed with ordinary x-rays and a 
polycrystalline absorber. Furthermore, varying the 
orientation of the absorbing single crystal with respect 
to the plane of polarization would change the angle of 
incidence of the ejected photoelectrons on the planes 
of the crystal and shift the energy positions of the 
extended structure. 

Previous work*®* on varying the single-crystal 
orientation has been carried out using the second crystal 
in a double-crystal spectrometer as both absorber and 
analyzer. The absorption taking place as the x-rays 
enter and leave the reflecting face of the analyzer is 
uncontrolled as to the equivalent thickness of the 
absorber. For this and other reasons, this method has 
not been completely successful. Recently it has been 
possible to prepare single crystals thin enough to be 
used in transmission experiments. Such a thin single 
crystal may be placed between the two analyzing 
crystals of a double-crystal spectrometer. 

Germanium was chosen for the absorption measure- 
ments for the following reasons: (a) It is known to 
have an extended structure.’ (b) It is available in 
sufficient size as a single crystal and may be worked 


t This work was supported in part by the Office of Naval 
Research. 

* Now at College of Arts and Sciences, Aathemia, Baghdad, 
Iraq. 

a G. Doran and S. T. Stephenson, Phys. Rev. 105, 1156 
(1957). 

2R. de L. Kronig, Z. Physik 70, 317 (1931); 75, 191 (1932); 
76, 468 (1932). 

+S, 'T. ron gg Phys. Rev. 44, 349 (1933). 

4 Krogstad, Nelson, and Stephenson, Phys. Rev. 92, 1394 
(1953). 

5H. Hulubei and Y. Cauchois, Compt. rend. 211, 316 (1940). 
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down to adequate thinness.® (c) It is interesting, both 
from a theoretical point of view and from the stand- 
point of its many practical applications. 

In view of the recent interest in Si-Ge alloys and of 
certain theoretical predictions as to the band structure 
of these alloys,’ a comparison of the position of the main 
absorption edge and of certain structure features was 
made between a 7% Si in Ge single-crystal absorber 
and the Ge single-crystal absorber. 

In brief, then, the problem was to obtain the extended 
absorption structure for different orientations of a thin 
single crystal of Ge using as high a degree of polarization 
as was possible. In addition the position of the main 
K-edge and of structure features for 7% Si in Ge was 
to be compared with the results for Ge. 


EXPERIMENTAL 


Single crystals of Ge were furnished by W. F. 
Leverton of the Raytheon Manufacturing Company, 
and a single crystal of an alloy of 7% Si in Ge was 
supplied by S. M. Christian of the RCA Laboratories, 
Radio Corporation of America. The optimum thickness 
of an absorber for use on the short-wavelength side of 
the Ge K-edge was calculated* to be about 124. The 
Ge and Si-Ge alloy crystals, about 1 cmX1 cmX0.1 
cm in size, were thinned down from a thickness of the 
order of a millimeter to 12 and 14 u, respectively, by a 
method suggested in an article by Dash and Newman® 
supplemented by a personal communication from W. C. 
Dash. The procedure included successive polishing with 
carborundum and emery of increasing fineness and 
then chemical etching with a solution of 1 part HF, 
3 parts HNO, and 8 parts glacial acetic acid until a 
thickness of almost 100 u was reached. The final thinn- 
ing was accomplished by careful and slow etching alone. 
Thicknesses were checked by absorption measurements 
in a single-crystal spectrometer and a Laue photograph 
was taken of the completed sample in order to be certain 
that it was still a single crystal. 

The face of the thin single crystal of Ge had been 
cut parallel to the (111) planes within a few degrees. 
An effort was made to determine the actual angular 

6 W. C. Dash and R. Newman, Phys. Rev. 99, 1151 (1955). 


7 F. Herman, Phys. Rev. 95, 847 (1954). 
* Parratt, Hempstead, and Jossem, Phys. Rev. 105, 1228 (1957). 
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Fic. 1. Fine structure of the Ge K-edge for three different 
relative orientations of the absorbing single crystal 1 (0°), 2 (45°), 
3 (90°). Logarithm of the ratio of incident to transmitted intensity 
as a function of energy in electron volts. 


orientation in terms of the direction of a prominent 
set of planes with respect to an axis perpendicular to 
the face of the single-crystal absorber for each of the 
three orientations described below in the section on 
Results. A simple Laue picture proved insufficient for 
this analysis. Upon attempting further Laue analyses, 
at the conclusion of our absorption work, ‘the crystal 
was accidentally fractured. Consequently, the orien- 
tations listed below are relative. 

The double-crystal spectrometer has been described 
previously.’ In the present experiment it was operated 
in air with intensity registration and x-ray tube opera- 
tion as before.’ The single-crystal absorbers were 
mounted in a holder especially designed so that each 
could be placed in or out of the x-ray beam at will. The 
absorbers could also be rotated about an axis per- 
pendicular to their faces so that different orientations 
could be studied. 
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Fic. 2. Fine structure of the Ge K-edge in pure Ge, solid line, 
and in 7% Si 93% Ge, broken line. Logarithm of the ratio of 
incident to transmitted intensity as a function of energy in elec- 
tron volts. 


® S. T. Stephenson and F. D. Mason, Phys. Rev. 75, 1711 (1949). 
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Initially, it had been hoped to carry out the experi- 
ment with a substantial degree of polarization obtained 
by reflecting the wavelength region of the Ge K-edge 
from a first crystal chosen to make the Bragg angle 
near 45°. Repeated attempts were made to use a calcite 
crystal ground so that the 655 plane could be used for 
Bragg reflection. This crystal would have given a 
Bragg angle of about 33° and a polarization of 72%. 
The intensity, however, was so low that it was not 
possible to make significant measurements on the 
high-absorption side of the edge. Consequently, the 
experiments, whose results are described below, were 
carried out using the regular cleavage faces of calcite 
having a Bragg angle of about 103° and a polarization 
of only 7% defined as (1—cos?26)/(1+-cos?20). These 
crystals gave a (1,—1) rocking curve of full width 15 
sec at half maximum for the wavelength of the Ge 
K-edge and a (1,41) full width at half maximum for 
W L,, of 10.6 volts which compares with 10.4 volts 
given by Williams.!° Intensities in the (1,+1) positior 
varied from about 28 counts/sec without the absorber 
present to 5.5 counts/sec on the short-wavelength side 
of the absorption edge. The tungsten L,; emission line 
about 177 ev from the edge served as a convenient 
reference. At least two complete runs were made for 
every curve that is described below except that one 
run only was made in the 45° position. J» and J, deter- 
mined from 5000 counts for each, were obtained al- 
ternately for every point. Points were spaced at 1.5-ev 
increments over the main edge and out to 50 ev, 3-ev 
increments to about 130 ev, and 6-ev increments to 
about 300 ev. 


RESULTS 


The K-edge of Ge in the thin single crystal of Ge 
together with the region on the short-wavelength side 
of the edge is shown in Fig. 1 for three different orien- 
tations of the absorber. Ordinates for the curves have 
been arbitrarily shifted for clarity of presentation. The 
curve labeled (1) in Fig. 1 is for the first orientation of 
the single-crystal absorber. The curve labeled (2) was 
taken with the absorber turned through an angle of 45° 
with respect to orientation (1), about an axis perpen- 
dicular to the face of the absorber. Curve (3) was taken 
with the absorber turned through an angle of 90° with 
respect to orientation (1). The curves for (1) and (3) 
are each a composite of two separate runs but the points 
are taken from one run. Points for the one run on (2) 
were taken only beyond 45 volts since this orientation 
was actually done in time sequence following (1) and 
(3) and no shift had been observed within this voltage 
range for these two orientations. The absorption 
maxima are indicated by capital letters and the minima 
by lower case Greek letters. Table I presents, in electron 
volts, the position of the structure features relative to 
the inflection point of the K-edge for each of the three 
orientations. In addition, the values previously given 


10 J. H. Williams, Phys. Rev. 45, 71 (1934). 
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TABLE I. Absorption structure of pure Ge listed in electron volts relative to the inflection point of the K-edge. 











Author Type of absorber A a B 4. © ov a ee r) E e P t 
Present work Single crystal, orientation 1 6.0 17.7 24 34 45 59 79 113 151 196 227 278 
Present work Single crystal, orientation 2 (45°) 48 60 78 114 138 185 222 254 
Present work Single crystal, orientation 3 (90°) 6.0 17.7 25 36 47 61 73 108 138 169 192 211 
Doran and Stephenson Single crystal, relative orientation unknown 6.7 15.7 25.2 32 48 61 79 114 147 186 223 271 
Hulubei and Cauchois Polycrystalline powder 5.7 146 20 28 39 47 77 108 157 193 225 287 
Beeman and Friedman Polycrystalline powder 43 16 








by Doran and Stephenson,! as well as those obtained 
by Hulubei and Cauchois,’ using a polycrystalline 
absorber, are shown for comparison. 

There was no observable shift of the position of the 
K-edge for the different orientations. The most striking 
result to be observed from the data presented in Fig. 1 
and Table I is the shift in the position of the maxima 
and minima (from D to £) as the orientation is changed. 
This shift was clear cut and pronounced. The shifts for 
run (2) with respect to run (1) were intermediate 
between those for run (3) with respect to run (1). No 
significant change in the intensity of the extended 
structure was observed in the different orientations. 

The K-edge of Ge and the associated structure for 
the thin single crystal of 7% Si in Ge are shown by 
the dotted line in Fig. 2 compared to the results for 
pure Ge as shown by the solid line. Inasmuch as the 
orientation of the single-crystal absorber becomes a 
significant factor beyond C, as shown in Fig. 1, and 
since the absolute orientation of the Si-Ge crystal was 
not determined, measurements were not carried beyond 
C. The two curves are drawn on the same energy scale. 
In fact, the intensities, J for Ge and I’ for Si-Ge, were 
determined at the same crystal setting so that any small 
shift in the position of the K-edge would be detected. 
Thus, the procedure at each setting of crystal B was 
to obtain J) then J and then J’. Two complete runs 
were made. An arbitrary shift in ordinates has been 
made for clarity in graphical presentation. Two sig- 
nificant differences are noted in Fig. 2. (a) There are 
shifts of the positions of the absorption minima a’ and 
6’; (b) the K-edge of the Si-Ge alloy, K’, is wider and 
appears, shifted 1.2+0.4 ev to the long-wavelength 
side of the edge, K, in Ge. Table II presents the position 
in electron volts of the structure features shown in Fig. 
2. The reference zero for Table II is the inflection point, 
K, of the main edge for pure Ge. 


DISCUSSION 


The general features of the extended structure for 
polycrystalline Ge were given in tabular form, without 
any microphotometric curves of the intensity, by 
Hulubei and Cauchois.' These results, shown in Table 
I, should not be expected to be exactly the same as those 
for a single-crystal absorber. There is over-all similarity, 
however. The results of Doran and Stephenson! using 
a single crystal should show general agreement but in 
view of the dependence found in the present work upon 


orientation there should not necessarily be an exact 
correspondence beyond feature C. Best agreement is 
between the data for the present orientation (2) and 
the previous single-crystal results of Doran and Ste- 
phenson. The comparative orientation of the single- 
crystal absorber for the earlier work is not known. 
The pronounced magnitude of the shifts observed 
when the orientation of the single-crystal absorber was 
changed was a surprise to the authors in view of the low 
degree of polarization, 7%, available to us. A higher 
degree of polarization was sought initially and was not 
attainable because of intensity difficulties. A study of 
the effect of single-crystal absorber orientation with 
such a low degree of polarization was tried only as a 
last resort. Kronig’s theory makes it pretty clear that 
in the region of its applicability, where the photo- 
electrons may be considered as almost free, there exist 
discontinuities corresponding to the forbiiden energies 
W’o. For a simple cubic crystal these energies are given 


by 
h(e?+6'+7’*) 
We=—-—————_—, (1) 
8md? cos*6o 


for any plane of indices a@y having a grating space d 
where 4 is the angle of incidence of the electron on the 
plane afy. Thus, if all ejected electrons traveled in one 
direction and if the resolution were infinitely good, a 
very pronounced series of discontinuities would be 
observed and these discontinuities would shift energy 
position when the orientation of the crystal, i.e., 0, 
was changed. The direction of the shift would depend 
upon whether A@ is positive or negative for the set of 
planes involved. Actually, we do not have perfect 
resolution; furthermore, even with plane polarized 
x-rays, the direction of the electric vector is the direc- 
tion of ejection of the greatest number of photoelectrons 
but by no means all. Therefore, the expected effects 
would be somewhat modified with 100% polarization 
using a double-crystal spectrometer. It is surprising 


Taste II. Energy positions in electron volts of absorption 
features of single crystals of pure Ge and of 7% Si in Ge relative 
to the inflection point of the K-edge in pure Ge. 











Type of 
absorber Ge K-edge A a B 8 Cc 
Pure Ge K=0 6.0 17 24 34 45 


Alloy of 7% Si 
in Ge K'e-12 660 WwW 2 ®D 8 
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that there is as much shift as was observed at only 7% 
polarization. The only explanation one can give is that 
from Eq. (1) the actual energy shift in Wo through 
changing 6) does not depend on the degree of polari- 
zation but only on the orientation; thus the shifts 
should be independent of the degree of polarization. 
However, there is so much integration over different 
planes with only 7% polarization that the curves must 
be smoothed out to a large degree. This, in fact, explains 
why no differences in structure intensity were observed 
at different orientations. These results, giving energy 
shifts at D and beyond, imply that Kronig’s theory 
holds pretty well for electrons of 75-ev energy or greater 
and that the structure D to ¢ is true extended structure 
determined by the crystal lattice. Germanium is not a 
simple cubic crystal and does not have 90° symmetry 
in general ; thus, shifts in fine structure for 90° rotation 
of the absorber are not inconsistent with the crystal 
structure. 

— Turning now to a comparison of the results for Ge 
and the Ge-Si alloy, one would expect to find differences 


AND Si... T: 
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in the positions of the structure such as that observed 
for a’ and #’ because the conduction band structure 
of the two crystals should be different.’ The shift in 
the K-edge for the Ge-Si alloy of 1.2 volts to lower 
energy, if real, would indicate that the absolute energy 
value of the first conduction band for the alloy lies 
lower than for the pure metal. Since the energy gap 
between the valence band and the first conduction 
band for 7% Si in Ge is slightly greater than for pure 
Ge,’ our result would mean that the top of the valence 
band would shift slightly more than 1.2 volts to lower 
energies in the alloy. However, we cannot be sure of 
the true value of the shift of the K-edge. Certainly it 
is no more than 1.2 ev. However, it is to be noted that 
the alloy sample was thicker than the sample of pure 
Ge by 15 to 20% and this increased thickness makes it 
difficult to speak with certainty concerning the relative 
location of the edges.* The shifts in position for a’ and 
B’ are certainly larger than would be expected from a 
thickness effect alone, indicating real differences in the 
conduction bands for Ge and the Ge-Si alloy. 
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Energy bands are derived for a hypothetical crystal composed of carbon atoms arrayed in a single face 
centered-cubic lattice by the method of orthogonalized plane waves (OPW). The bands are compared with 
those of diamond which have been obtained by Herman. It is shown that the hypothetical crystal is an 
almost perfect metal. A potential for atomic carbon in the *P ground-state is computed within the framework 
of Slater’s free-electron-exchange approximation. An analytical approximation to this potential is provided. 
Results of a general symmetry analysis, appropriate for application of the OPW method to any f.c.c. lattice, 
are given. The cohesive energy of the metallic crystal relative to that of diamond is discussed within the 








approximation employed. 


I. INTRODUCTION 


GENERAL discussion of cohesion in solids has 
been given by Wigner and Seitz.’ As these 
writers have noted, the cohesive energy of diamond 
relative to that of its neighboring group III and group 
V elements is far too large in comparison with the 
corresponding relation of the other group IV elements 
to their respective neighbors to be explained on the 
basis of the qualitative picture they present. When the 
work described here was begun, it was hoped that by 
studying the energy-band structure of a hypothetical 
crystal composed of carbon atoms arrayed on a ‘“‘suit- 
ably chosen” lattice and comparing the results with 
i Supported by the U. S. Air Force, through the Office of 
Scientific Research of the Air Research and Development 
Command. 
'E. P. Wigner and F. Seitz, in Solid State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 
1955), Vol. 1, p. 97. 


those obtained by Herman? for diamond, one might 
somehow be able to gain insight into the reasons behind 
this circumstance.® The crystal we have selected is one 
in which the atoms are situated on a single face- 
centered-cubic lattice. The f.c.c. symmetry was chosen 
because it is one of the simplest types exhibited by 
metals and its reciprocal lattice is the same as that for 
diamond within a scale factor. The last feature facili- 
tates comparison of the energy eigenvalues at points 
of relatively high symmetry in the Brillouin zone. The 
lattice constant was chosen in such a way that the mean 
? F. Herman, Phys. Rev. 88, 1210 (1952). 
3 F. Herman, Phys. Rev. 93, 1214 (1954). 
4F. Herman, Ph.D. thesis, Columbia University, 1953 (un- 
published), available on microfilm through University Microfilms, 
University of Michigan, Ann Arbor, Michigan. 
The cohesive energy of diamond has been calculated by 
Schmid who has used an approach based upon the concept of 


molecular bonds rather than energy bands. [L. A. Schmid, Phys. 
Rev. 92, 1373 (1953).] 
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electron density of the metallic structure is the same as 
in diamond. The procedure has the following advantage : 
Many of the terms which appear in the Hartree-Fock 
expression for the total energy of a solid, in addition 
to a sum of the one-electron energies, depend only on the 
average electron density in first approximation.* Hence, 
the difference between the total energies of the two 
lattices can be estimated qualitatively by comparison 
of the energy bands which are occupied by electrons at 
T=O°K. Since the f.c.c. lattice has only one atom per 
unit cell» whereas diamond has two, the condition 
imposed leads to a lattice constant for the metal which 
is smaller than that for diamond by a factor, 2-4. Cor- 
respondingly, the metal has a larger reciprocal lattice. 
Thus, simply by considering the energies associated 
with the empty lattices’ of both systems, one expects 
the energy bands of the f.c.c. structure to be wider 
than the bands of diamond. The results of the detailed 
analysis show that this condition actually obtains. 

Herring’s method* of orthogonalized plane waves 
(OPW) has been employed since it is the same pro- 
cedure which Herman has used in the case of diamond. 
Thus, inaccuracies in the results obtained for the two 
structures are expected to cancel more nearly than 
would be the case had we used some other technique 
such as the cellular approximation. As will be shown, 
however, our detailed procedure, which is outlined in 
Sec. II, differs sufficiently from Herman’s that we are 
unable to draw rigid quantitative conclusions about the 
relative stability of the two lattices. We are able to 
demonstrate only that if the f.c.c. structure were stable 
for our choice of lattice constant, it would-be a nearly 
perfect metal. That the pseudostructure is metallic 
cannot be considered surprising, although the result 
could not have been predicted with complete confidence 
prior to carrying out the analysis. Additional comments 
concerning the conclusions to be drawn from the analy- 
sis will be given in Sec. V. 


II. CRYSTAL POTENTIAL AND ASSOCIATED 
OPW PARAMETERS 


Unless explicitly stated otherwise, atomic units are 
assumed. (Unit of energy=1 rydberg.) A one-electron 
crystal potential is constructed from atomic wave 
functions given by Jucys® for carbon in the *P ground- 
state configuration, (2s)?(2p)?. The free-electron-ex- 
change approximation of Slater” is employed through- 
out the analysis. The atomic potential for carbon is 
denoted by V.(r), where r is the radial coordinate. A 
numerical tabulation of the function, —rV,(r) is ob- 
tained by substituting values of the radial charge 


® See, for example, the discussion presented in the book by 
F. Seitz, Modern Theory 0 fang 9 (McGraw-Hill Book Company, 
Inc., New York, 1940), Chap. X 

7 Empty- lattice energies are illustrated in Fig. 5 of reference 3. 

8C. Herring, Phys. Rev. 57, 1169 (1940). 

9A. Jucys, Proc. Roy. Soc. (London) A173, 59 (1939). 

wy, C Sle later, Phys. Rev. 81, 385 (1951). 
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density and the quantity, 2Z,(r) in an expression for 
V.(r) which is derived readily from Slater’s results. 
The radial charge density is computed eusily from 
Jucys’ wave functions. The function, 2Z,(r), which is 
equal to the Coulomb potential for the atom multiplied 
by —r, has been tabulated by Freeman." The tabula- 
tion of —rV,(r) is approximated to within 5% by the 
following analytical expression”: 


—7V o(7) = 1.741674" 4-4.5226-2 9" 4-5.7376 94", (1) 


It should be remarked that the procedure described 
does not represent a self-consistent solution for the 
field of atomic carbon in the approximation of Slater. 
With one exception, the crystal potential V.(r) is 
approximated by the relation 


V-(r)=LVa(|r—R,|), (2) 


where R, denotes the position of an atom in the lattice. 
Equation (2) represents a further approximation within 
the framework of the free-electron-exchange method 
since it contains the implicit assumption that the ex- 
change term in the crystal potential can be obtained by 
superposing atomic exchange potentials. The nature of 
the approximation has been discussed by Woodruff."*:"* 
He has given arguments which indicate that, except 
for a single case, Eq. (2) represents a reasonably good 
approximation when one is interested in computing the 
Fourier coefficients of potential, »(K), which constitute 
one of three types of parameters involved in the OPW 
method. K represents a principal vector in the reciprocal 
lattice. The exceptional case occurs when K= (0,0,0). 
When K differs from the null vector, Eq. (2) can be 
employed to express »(K) in the form 


o(K)= (1/0) fdr V.(r)e—*™*, (3) 


where Q» is the volume of a unit cell and the symbol 
J.dr implies an integration over all of space. Equation 
(3) is valid for crystals having only one atom per unit 
cell, but can be generalized easily to include lattices 
with diamond-like symmetry. From Eq. (1) and Eq. (3) 
the Fourier coefficients can be expressed by a rela- 
tively simple relation of the form, 


V(K)=—(4n/9)S By/(b2+K), KX (0,00), (4) 


1 A. J. Freeman, Phys. Rev. 91, 1410 (1953). 

2 The method outlined has also been employed by the writer 
to approximate the Slater potential for atomic argon. [R. C. 
Casella, Phys. Rev. 104, 1260 (1956).] 

8 TO. Woodruff, Phys. Rev. 103, 1159 (1956). 

“T. O. Woodruff, Ph.D. thesis, California Institute of Tech- 
nology, 1955 (unpublished). Portions of this work are described 
in a review article by T. O. Woodruff, in Solid State Physics, 
edited by F. Seitz and D. Turnbull (Academic Press, Inc., New 
York, 1957), Vol. 4 (to appear shortly). The writer is grateful to 
Dr. Woodruff for access to his manuscript prior to publication. 
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where B;, are the constants multiplying the exponentials 
in Eq. (1) and 6; are the constants occurring in the 
exponents of the same expression. 

When K=(0,0,0), Eqs. (2), (3), and (4) are no 
longer valid. Following Herman* and Woodruff,” the 
(additive) Coulomb and exchange contributions to 
v(0,0,0) are treated separately. Since the Coulomb por- 
tion of the atomic potentials, —2Z,(|r—R,|)/|r—R, | 
can be superpcsed in constructing the ccrresponding 
portion of the crystal potential, the Coulcmb contribu- 
tion, v‘°)(0,0,0) obeys a relation similar to Eq. (3) in 
which V(r) is replaced by —2Z,(r)/r. That is, 


V©(0,0,0)=— (4/94) far r[2Z,(r)/rj. (5) 


Equation (5) has been integrated numerically, yielding 
2‘) (0,0,0) = —1.5156. An expression for the exchange 
contribution v‘*)(0,0,0) is derived by noting that »(K) 
can always be written in the form 


o(K)= (1/04) f dr V.(r)e™-. (6) 


cell 


By replacing V.(r) in Eq. (6) with Slater’s exchange 
correction, as applied directly to the crystal potential, 
and adopting Woodruff’s assumption that the valence 
charge density may be considered constant in deter- 
mining an approximate value of v‘*)(0,0,0), one obtains 
the expression 


v)(0,0,0) = — (4rC/Qp) f ab 


XPLU.(r)/r?+42X/Q)}*. (7) 


In Eq. (7), C=6[3/(32z*) ]*, U.(r) is the radial charge 
density due to the core electrons, X is the number of 
valence electrons per atom, and 7 is the radius of a 
sphere having a volume equal to %. By numerical 
integration of Eq. (7), »v°°(0,0,0)=—1.4398. It is 


Taste I. Fourier coefficients of potential, r(K), for the metallic- 
carbon and diamond lattices. Comparison with Herman’s results* 
for diamond. K denotes a principal vector in the reciprocal lattice. 
2a equals the edge length of the basic cube (i.e., a denotes the 
lattice constant). Unit of energy=1 rydberg. 











|v(K)| 
K K: o(K) (diamond) 
(in units [in units (metallic {v(K)| (after 
of x/a) of (x/a)?] lattice) (diamond) Herman) 
000 0 — 2.9554 2.9554 2.8686 
111 3 —0.63588 0.6454 0.6400 
200 4 —0.50501 0 0 
220 8 —0.28409 0.4183 0.4188 
rEg! 11 —0.21590 0.2269 0.2013 
pee 12 —0.20007 0 0.0016 
400 16 —0.15503 0.2329 0.2272 
Pe! 19 —0.13282 0 1418 0.1256 
420 20 —0.12678 0 0 
422 24 —0.10734 0.1631 0.1532 








easily demonstrated that application of the method to 
diamond-like crystals yields results which may be 
obtained formally by replacing Qo with Q, and ro with 
r, wherever they occur in Eq. (5) and Eq. (7). Q. 
denotes the volume per atom in the crystal and 1, is 
the radius of a sphere having a volume equal to Q,. 
Aside from notational differences, the resulting ex- 
pression for v‘°)(0,0,0) is identical with Woodruff’s. 
The agreement is not unexpected since his assumption 
of uniformly distributed valence charge underlies the 
method employed in deriving Eq. (7).!® Since Q is 
equal to 22, for the metallic lattice and since the lattice 
constant has been chosen in such a way that the volume 
per atom is the same as in diamond, the foregoing 
implies that v(0,0,0) is the same for both lattices in the 
approximation employed. The results of the present 
treatment are summarized in Table I, which contains 
numerical values of several of the Fourier coefficients 
associated with both the metallic and diamond lattices. 
The latter are compared with Herman’s values* of »(K), 
which were determined from Jucys’ wave functions'® 
for atomic carbon in the °S bonding configuration 
(2s) (2p)*. 

In addition to the Fourier coefficients two other 
types of parameters must be determined in order to 
ascertain the energy bands by the OPW method. They 
are the atomic eigenvalues, E,, associated with the 
core states and orthogonality coefficients, A»(k+K), 
where k is the reduced wave vector. Since the orthog- 
onality coefficients are introduced in the process of 
orthogonalizing plane waves to core states, they are 
determined by the core orbitals.'’ For carbon the 
parameters reduce to E;, and A,,(k+K). Following 
Parmenter'* and Woodruff,” new values of E;, and the 
1s atomic orbital ¢;, are determined instead of using 
the quantities obtained originally by Jucys.? The mean 
value of a trial wave function, C(a)e~*" with respect to 
an atomic Hamiltonian containing V,(r), as given by 
Eq. (1), is computed and a is varied so as to obtain an 
extremum. C(a) is determined by the condition that 
¢is be normalized. From the variational procedure, 
¢1s= 7.6434 exp(—5.683r) and E;,=— 21.448, whereas 
Jucys has obtained £,,=—22.658. Although his value 
is presumably the more accurate one, it is believed 
more consistent to employ quantities which are derived 
from the same atomic potential that is used to construct 
the crystal potential. The argument is weakened, how- 
ever, by the fact that the exchange contribution to 
2(0,0,0) is treated in a manner which is inconsistent 
with the procedure employed in determining the other 
Fourier coefficients of potential. Values of the orthog- 
onality coefficients are presented in Table II. 


18 See reference 13, p. 1 

16 A. Jucys, J. Phys. WU. s S.R. ) 11, 49 (1947). 

17 For a mathematical definition of the orthogonality coefficients 
see, for example, Eq. (4.1), reference 13. 

“wR. H. Parmenter, Phys. Rev. 86, 552 (1952). 
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TaBLe II. Orthogonality coefficients, A:.(k+K). k is the re- 
duced wave vector and K is a principal vector in the reciprocal 
lattice. a denotes the lattice constant. Values are presented for 
the metallic lattice at the symmetry points, [k= (0,0,0)], 
X({k=(x/a)(1,0,0)], and L[k=(x/a)(4,4,3)] and at the point, 
k= (/a)(},0,0), which lies along the symmetry axis, A in the 
Brillouin zone. For diamond, values are given at I’. Notation is 
after Bouckaert e¢ al.* In the table, k+K is given in units of x/a. 








Ais(k+K) Ai,atT 
atr 


aad 
4. 
A 


Au(k+K) 
at X 











k+K 
atT (diamond) t X 
000 0.16915 0.11961 100 0.15558 
111 0.13291 0.10241 011 0.14358 
200 0.12339 0.097495 120 0.11486 
220 0.093973 0.080993 ahi 0.10719 
S24 0.078305 0.071219 ee 0.088265 
rhe | 0.073946 0.068352 300 0.088265 
k+K Au(k+E) k+K Au.(k+K) 
at L at L along A along 4 
4 } 4 0.15881 400 0.16559 
i —4-} 0.13546 —411 0.14079 
—3 -} 0.11691 -}00 0.14079 
$3 3 0.10192 $11 0.12117 
- = 0.10192 420 0.12117 
$-§ 3 0.089643 $00 0.10539 
—}20 0.10539 








* See reference 21. 


Ill. SYMMETRY ANALYSIS 


As is well known, advantage can be taken of the 
lattice symmetry to simplify the secular equations which 
result when stationary mean values of a crystal Hamil- 
tonian are computed with respect to trial functions 
expanded in a finite number of OPW. Since the tech- 
nique is described adequately elsewhere,” details are 
omitted. Briefly, one first constructs symmetry com- 
binations (SC) of plane waves (PW) which are de- 
generate in the empty lattice. The SCPW transform 
according to irreducible representations of the group 
of the wave vector. Then the SCPW are orthogonalized 
to the core states to obtain orthogonalized SCPW 
(OSCPW). Finally, the trial functions are expanded in 
in terms of the OSCPW. It can easily be shown that 
OSCPW can be constructed by formally replacing each 
PW in a given SCPW by its corresponding OPW. 

Since, to the writer’s knowledge, SCPW for f.c.c. 
lattices do not occur elsewhere in the literature,” several 
are presented in an Appendix for PW belonging to 
low-lying levels in the empty lattice and having reduced 
wave vectors located at the points I’, X, and ZL in the 
Brillouin zone. The notation is that of Bouckaert ef al." 


19 See reference 3, 4, and 14. The method appears in a particu- 
larly convenient form in Woodruff’s thesis, reference 14. A similar 
procedure oriented toward the Wigner-Seitz method is given b 
F. C. Von der Lage and H. Bethe [Phys. Rev. 71, 612 (1947). 

* Recently Heine has determined the energy bands of alumi- 
num. [V. Heine, Proc. Roy. Soc. (London) A24@, 340, 354, 361 
(1957).] An earlier application of the OPW method involving an 
f.c.c. lattice (copper) was made by M. Fukuchi, Progr. Theoret. 
Phys. (Japan) 16, 222 (1956). Since there is only one valence 
electron per atom in copper vs three in aluminum and four in 
the carbon metal, it may be presumed that the earlier work re- 
quired a less extensive symmetry analysis. 
al ee, Smoluchowski, and Wigner, Phys. Rev. 50, 58 


(1936) 
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From the information in the Appendix, one can con- 
struct explicit representation matrices and thus obtain 
SCPW associated with other levels in the empty lattice. 
Of course, the SCPW presented are not unique and one 
could equally well start with an equivalent set belonging 
to equivalent irreducible representations. 

Generally, the plane waves in a set which are de- 
generate in the empty lattice transform reducibly into 
each other under the operations of the group of the 
wave vector. It is convenient to know which irreducible 
representations are contained in the reducible repre- 
sentations associated with each set of plane waves 
which have relatively low empty-lattice energy. The 
information for f.c.c. lattices is presented in Table III.” 


IV. RESULTS 


The secular equations which result from the sym- 
metrized OPW method have been factored to obtain 
the one-electron energies of the crystal with the aid of 
the Illiac digital computer at the University of Illinois. 


TABLE III. Occurrence of irreducible representations (i.r.) of 
the group of the wave vector in the empty lattice spectrum. The 
table is divided into three parts, each of which may be regarded 
as a matrix. Rows are labeled by the wave vector, k+K, of a 
typical plane wave in a degenerate set having the same reduced 
wave vector, k, and empty lattice energy, | k+K|?*. [K is a prin- 
cipal vector in the reciprocal lattice.] Columns are labeled by 
the i.r. belonging to the group of k. The mnth entry gives the 
number of times the i-r., “‘n,” is contained in the reducible repre- 
sentation having plane waves in the set ‘‘m” as a basis. Omission 
of an entry implies the omitted entry is zero. The three parts 
correspond to k at T', X, and L respectively in the reduced zone. 
Notation is after Bouckaert et al.* k+K is given in units of x/a, 
where a is the lattice constant. 























k+K TMT Tis Vos Vx re Mes Pius Pir Tv Tr: 
..0: .& 1 
Bea ise 1 1 1 1 
a 1 1 1 
- 2 oe 1 1 1 1 1 
tn Pee 1 2 2 1 1 1 1 1 
> I ie 1 1 1 1 
& 6 1 1 1 
> Dieu 1 2 2 1 1 1 1 1 
k+K Xi Xw Xe Xs Xe Xe Xe Xe Xe Xv 
0 0 0 1 1 
Sut J 1 1 1 
ae hae 1 1 1 1 1 1 
Bie Th 1 1 1 1 1 1 
es eee 1 1 1 1 1 1 
a 1 1 
Sit”, 1 2 1 1 1 
ae: 2:0 1 1 1 1 1 1 
k+K Li Le Le Ls Le Le 
ie et Be 
3-4-4 1 1 1 1 
4—} -} 1 1 1 1 
ee a ee 
Si giemea 1 1 1 
$—3} 3 1 1 2 2 1 1 
§ —3 -} 1 1 1 1 








® See reference 21. 


™ A corresponding table for diamond-type lattices is given by 
Herman. (Table VIII, reference 4.) . 
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TaBLE IV. Convergence of eigensolutions. E; denotes an energy 
eigenvalue obtained by factorization of a secular determinant of 
rank i. Generally, only the lowest root is presented for each sym- 
metry type considered. When two roots having the same sym- 
metry are given, symbols (I) and (II), designating the lower and 
higher roots respectively, are attached to the symmetry symbols 
heading the columns. When two symmetry combinations belong- 
ing to the same irreducible representation are degenerate in the 
empty lattice, the rank of the associated secular determinant, in- 
creases from i to i+2 (see Table III). Notation is after Bouckaert 
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Fic. 1. Energy bands of the metallic-carbon and diamond 








lattices. Above, the reduced wave vector, k lies along the [100] 
direction. Below, k lies along the [111] direction. The curves for 
diamond (after Slater and Koster”) appear to the left of those for 
the metal. They have been redrawn in the same scale employed 
in the diagrams associated with the metal. The origins in the 
energy scales of the two systems are displaced relative to each 
other in order to demonstrate the results of the “procedural dif- 
ferences” discussed in Sec. V. The small circles appearing in the 
illustration of the bands. of the metal designate energy values 
determined by the OPW method (cf. Table IV). Continuous 
curves represent the results of interpolation with the LCAO 
procedure. The curves labeled A; must approach the zone bound- 
ary (=7) with zero slope in the case of the metal. The curvature 
is sufficiently rapid near the boundary, however, that the bands 
appear to have finite slopes in the diagram. Portions of the 
interpolated curves are repeated in the extended zones to facilitate 
comparison with the energies (broken curves) of effectively free 
electrons having an effective mass equal to 1.13. The Fermi 
energy is denoted by Er. §=k,, n=kya, and {=k,a, where kz, ky, 
and k, are the x, y, and z components of k and a is the lattice 
constant. 


The results are displayed in Table IV, which illustrates 
the degree of convergence attained, and in Fig. 1 where 


the energy bands are shown as functions of k for values. 


of k lying along the [100] and [111] directions. The 
energy bands are obtained by interpolating with the 
LCAO method, as proposed by Slater and Koster,” 
between nine OPW-determined solutions at points of 
relatively high symmetry. Portions of the extended 
zones are included and the interpolated results are 
compared with a parabola (broken curve) corresponding 
to the energies of effectively free electrons having an 
effective mass, m*, equal to 1.13 in units of the free- 
electron mass. This effective mass m* is determined by 
the relation 1/m*=(1/m*), where (1/m*) is the average 


*8 J. C. Slater and G. F. Koster, Phys. Rev. 94, 1498 (1954). 


et al.* Unit of energy =1 rydberg. 


























ri(I) Ms Tas ri (Il) Ty 4:(1) 
E, —2.4107 1.1612 1.7710 2.0448 —2.0795 
E, —2.5063 0.7941 1.7364 1.9431 2.0402 
E; —2.5363 0.5854 1.8768 2.0325 —2.1424 
E, —2.5370 1.7175 1.8743 
Es; —2.5372 0.3635 1.7007 1.8703 — 2.2137 
Es —2.5373 0.2835 1.8699 
E; 0.2592 — 2.2206 
Ai(IT) Xi(1) Xv Xw Xi(II) X; 
Ey —1.0962 —1.0713 0.0869 0.5288 
E2 —1.2941 —1.1077 —0.0980 0.4320 0.5220 
E; 0.1733 —1.3134 —1.2577 -—0.1566 0.4003 0.4949 
E, — 1.3376 —0.2509 0.3959 0.4852 
Es 0.1147 — 1.2964 
Es —1.3387 —1.3254 —0.3383 0.3860 
E; 0.0146 
Lil) jo te a? 
E, —1.5535 —1.2852 0.7013 1.5413 
E, —1.6546 —1.3020 0.5399 1.3163 1.5358 
E; —1.6837 —1.3789 0.4720 1.3126 1.5211 
E 
E —1.6952 —1.4841 0.2599 1.3001 1.4943 
Es —1.6952 —i.4950 0.1728 1.2897 1.4816 








* See reference 21. 


value of the quantity (E—Er,)/(k+K)? as obtained 
directly from the OPW-determined values of E at four 
points in the extended zones: k+K=(z/a)(},0,0), 
(x/a) (1,0,0), (x/a) ($,0,0), and (x/a) (3,3,3). The quan- 
tity 2a equals the edge length of the basic cube in the 
f.c.c. lattice. 

The Fermi level, Er, is determined by the relation™ 


Epr— Er,= (1/m*) (5/3) (2.21/r,”), (8) 


where r, is defined by the condition that (49/3)r, 
equal 2,/4, the mean volume per valence electron. 
From the foregoing, 7,=1.32 and Ery=—0.66. From 
Fig. 1, it is seen that the deviation from free-electron 
behavior is small for values of E(k+K) which do not 
exceed Ep. That is, the f.c.c. carbon lattice may be 
considered a nearly perfect metal with m*=1.13, if one 
ignores the relatively small energy discontinuities at 
the boundaries of the first zone and assumes that the 
behavior of the energy bands for arbitrary directions of 
k is typified by their behavior for k along the [100] 
and [111] directions as long as E does not exceed Ep. 
The assumption is plausible for two reasons. First, the 
behavior for k along the [100] and [111] directions is 
nearly the same. Second, the bands A; and A, do not 
split as k is allowed to leave the symmetry axes, A and 


* See reference 6, Eq. (23), Chap. X. 
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A respectively. As E approaches Er, however, the as- 
sumption is probably no longer valid since the band 
labeled A; and A; in Fig. 1, splits into two bands for 
general values of k.”' For some values of k one of the 
“split-off” bands probably extends below Er. That is, 
for E less than but nearly equal to Er, deviations from 
effectively free-electron behavior are expected to be 
somewhat greater than is indicated in Fig. 1. Spin- 
orbital effects are neglected throughout the analysis. 


V. COMPARISON WITH DIAMOND 


Herman’s solutions for the one-electron energies in 
diamond at the points I’, X, and L in the Brillouin zone 
have been interpolated with the LCAO method by 
Slater and Koster. The illustration of their results is 
reproduced*® in Fig. 1 to facilitate comparison with the 
results of the present study. Recently, Bassani’* has 
extended Woodruff’s results* for the energy bands in 
silicon at k=(0,0,0) to the point k= (/a)(1,0,0) and 
has interpolated between the two sets of energy values 
with the LCAO method. In contrast with the differ- 
ences between the diamond and metallic-carbon lat- 
tices, his results show that the bands of silicon and 
diamond exhibit remarkable similarities. 

From Table IV, the value of Er;, the lowest level 
in the bands of the metallic lattice, is approximately 
equal to —2.54, whereas Herman has obtained the 
value, — 2.44, for the corresponding level in diamond.” 
The near coincidence of the levels mainly results from 
the condition imposed in selecting the lattice constant 
of the metal, but partly «rises from differences between 
the method employed by Herman and that described 
in Sec. II. A measure of the extent to which the pro- 
cedural differences affect the results has been ascer- 
tained by redetermining the solution Er, for the case 
of diamond, using values of »(K), Ai.(k+K), and the 
value of E,,(— 21.448) determined in exactly the same 
way as are the corresponding quantities for the metallic 
lattice.** From solution of a secular equation of third 
order, Er;= — 2.76. Since eigenvalues belonging to I’ 
converge with relative rapidity, it is believed that the 
value of Er; would not be altered appreciably if one 
were to extend the calculation by including a larger 
number of OSCPW in the trial function. A similar in- 
vestigation of the energies, Eros, Eris, and Ere, which 
converge more slowly, indicates that if the bands were 
determined more accurately by the procedure given in 
Sec. II, the results would probably be about the same 


2 From Fig. 5, reference 23. (The curves have been redrawn in 
the same scale used in illustrating the bands of the metallic 
lattice.) 

26 F, Bassani, Phys. Rev. 108, 263 (1957). The writer is grateful 
to Dr. Bassani for access to his results prior to publication. 

27 Herman’s results may be obtained approximately from values 
of the interpolation constants for diamond which are quoted by 
Slater and Koster, reference 23. 

8 See Tables I and II, Sec. II. Expressions for the matrix ele- 
ments have been obtained from those for silicon at the origin of 
the Brillouin zone, as given in Woodruft’s thesis, reference 14. 
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as those obtained by Herman, except for a general 
lowering of the levels by approximately 0.3 rydberg. 
This result is indicated in Fig. 1, where the origin of 
the energy scale for the diamond bands is displaced by 
—0.32 relative to that for the metal. Part of the dis- 
crepancy obviously results from the fact that in the 
present analysis E;,, ¢:., and the radial atomic charge 
density are derived from a field associated with the 
ground state of atomic carbon, whereas Herman has 
used corresponding quantities arising from the °S. 
bonding state. It is believed that the deviations result- 
ing from this circumstance generally lie within those 
which result from different treatments of the Fourier 
coefficients of potential, particularly »(0,0,0), and of the 
core parameters. 

The mean one-electron energy per electron in the 
metallic lattice, (Ey), has been obtained from a modi- 
fied form of Eq. (8) in which Ff is replaced by (Ey) and 
the factor, 5/3, appearing in the right side of the equa- 
tion, is omitted. It is found that (Ey)=—1.42. Since 
the electrons in the valence band of diamond are far 
from free, a procedure analogous to that employed in 
determining (£.y) does not seem an appropriate way to 
obtain the corresponding quantity, (Ep). (Ep) is 
estimated in the following rather crude manner: The 
density-of-states function, g(£) is calculated by con- 
sidering the valence band to be composed of three 
overlapping sub-bands. The density of states, g;(£) 
associated with the ith sub-band is assumed to be a 
constant for values of E lying within the sub-band and 
to vanish elsewhere. The first sub-band is considered to 
extend from Er, to Ex, and the second, from Ezz to 
an energy lying about 0.1 rydberg above Eros. (See 
Fig. 1.) The third, which contains twice as many elec- 
trons as either of the other two, extends from Ex, to 
Eros. The value of g; within the ith sub-band is deter- 
mined by requiring that it contain the proper number 
of electrons per unit volume of the crystal. g(£) is 
constructed by summing the quantities g;(Z) which do 
not vanish in a given range of E. Then (Ep) is computed, 
in the usual way, by averaging E with respect to the 
weighting function, g(Z). When the edges of the sub- 
bands are determined from the values obtained by 
Herman, it is found that (Ep)=—1.4. That is, it is 
not possible to determine which of the two systems has 
a lower mean value of one-electron energies in the 
approximation employed. If the procedural differences 
described earlier are taken into account, one might 
argue that (Ep)—-(Eyw)~—0.3, which would imply 
that the diamond lattice is more stable. On a purely 
theoretical basis, however, this argument clearly is 
open to question. A qualitative investigation of the 
differences between the other terms appearing in the 
expressions for the cohesive energy of the metallic 
lattice and of diamond indicates that their inclusion 
would lower the total energy of diamond relative to the 
metal. It appears difficult to determine the extent of the 
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lowering without a more accurate calculation than seems 
feasible at present. 

Although we are forced to conclude that the band 
approximation is not capable of dealing in a quantita- 
tive way with the difference in the cohesive energy of 
diamond and a metallic form of carbon—a result which 
is scarcely surprising—it seems safe to close with a few 
speculative comments. The analysis presented here 
indicates clearly that a lattice of carbon having a close- 
packed lattice would behave as an ideal metal. Thus, it 
seems reasonable to suppose that the cohesive energy 
of such a metal would fit in a contiguous manner into 
the cohesive energies of the sequence Li (36.5 kgcal/ 
mole), Be (76.6 kgcal/mole), B (96 kgcal/mole) and lie 
near 120 kgcal/mole at largest. Such behavior would be 
consistent with the behavior of the quadrivalent solids 
in the other rows of the periodic system (see Fig. 2 of 
reference 1). This conclusion implies, in turn, that the 
unusually large cohesive energy of diamond, namely 
170 kgcal/mole, is the result of an unusual matching 
of the lattice structure and electronic properties which 
is not achieved again among similar monatomic solids 
although it is achieved in the tungsten group. When 
viewed from the standpoint of the band diagrams, one 
presumably can say that the extra cohesive energy of 
diamond is associated with an unusual lowering of the 
center of gravity of the four occupied bands relative to 
the position of the occupied levels in the metallic form. 
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APPENDIX. SYMMETRY COMBINATIONS OF PLANE 
WAVES FOR F.C.C. LATTICES 


A PW, normalized” in a periodic crystal and having 
wave vector, k+K, is designated by W(k+K). A set 
of PW having the same empty-lattice energy, |k+K|?, 
is denoted by {k+K}. A SCPW belonging to the vth 
row of the jth irreducible representation of the group 
of k is designated by S,“({k+K}). It may be written 
in the form 


S/O ({k+K})=2xb,9(K)W(k+K). (9) 


The summation indicated in Eq. (9) extends over all 
K in the set {k+ K}. The expansion coefficients, b,“” (K) 


* The notation follows that employed in Sec. III. 








TaBLE V. Expansion coefficients, b,“)(K), occurring in sym- 
metry combinations of plane waves appropriate for the application 
of the OPW method to f.c.c. lattices. [See Eq. (9).] The table is 
divided into three parts corresponding to the values of k at the 
points T, X, and L in the Brillouin zone. Notation is after 
Bouckaert ef al.* In the table rows are labeled by the wave vector, 
k+K, of the “gone wave, W(k+K). Columns are headed by two 
symbols which are separated by a comma: The first denotes the 
irreducible representation, j, and the second designates the value 
of v. The entry in the j, vth column and (k+ K)th row is the value 
of b,“(K) which is multiplied by W(k+K) in the process of 
constructing S,)({k+K)}) in accordance with Eq. (9). Omission 
of an entry implies the omitted entry is zero. k+-K is given in 
units of x/a, where a is the lattice constant. A negative component 
of k+K is written with a minus sign over the absolute value of 
the component. 
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® See re’erence 21. 


occurring in several SCPW associated with low-lying 
levels in the empty lattice are presented in Table V. 
Generally, SCPW constructed directly from the in- 
formation given in the table do not appear in nor- 
malized form, 
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Distortion of the Lattice around an Interstitial, a Crowdion, and a Vacancy in Copper* 
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A general method for calculating lattice distortions around 
point defects is proposed. Atoms in a sufficiently large region I 
around the defect and in a ‘“‘boundary” region II around region I 
are treated as discrete particles. A set of proper elastic solutions 
is joined to the displacements of the atoms in region II. The 
equilibrium state of the lattice is determined by successive solution 
of sets of linear algebraic equations. Actual calculations have been 
done with the help of the Illiac digital computer for an interstitial, 
a crowdion, and a vacancy in copper. The changes in volume of 
the crystal arising from these defects are found to be 1.7, 1.1, 
—0.53 and 2.0, 1.3, —0.45 atomic volumes respectively for the 


two Born-Mayer repulsive potentials we have used. [See Eqs. (7).] 
In addition to the distortion of the lattice around an isolated 
defect, we treat the distortion around an interstitial-vacancy pair. 
The electronic contributions to the formation energies of the 
defects considered are estimated in a way similar to that used by 
Fumi in the case of a vacancy. However, the change in the effective 
charge of the defect with lattice dilatation is also taken into 
account. The formation energy of a crowdion is found to be about 
0.6 ev higher than that of an interstitial. The calculated values of 
the change in volume are discussed in connection with recent 
experimental results on radiation damage in copper. 





I. INTRODUCTION 


HE nature of the lattice defects produced in noble 
metals during radiation-damage experiments at 
low temperatures is still an open question.' At least in 
the case of irradiation with electrons it is supposed that 
interstitial atoms and lattice vacancies are produced 
rather than larger defects such as supercooled displace- 
ment spikes. The following questions arise: Where are 
the interstitial atoms located in the lattice and how has 
the lattice relaxed? Is there a unique interstitial con- 
figuration with a formation energy markedly lower than 
other equilibrium configurations or are there several 
configurations (perhaps rather a continuum) with 
nearly the same energy of formation? 

In this paper we treat particularly the distortion of 
the face-centered-cubic (f.c.c.) copper lattice and deter- 
mine the change in volume of the crystal for two par- 
ticular hypothetical models of an interstitial and for a 
vacant lattice site. The first interstitial model to be 
considered was introduced by Huntington and Seitz?; 
it is called ““B” in their papers and simply “interstitial” 
here. In this configuration the interstitial atom lies at 
the center of an elementary cube of the f.c.c. lattice. 
The second model is the ‘‘crowdion”’ first proposed by 
Paneth,’ where the interstitial atom lies in a closest 
packed row of the lattice. 

Knowing the change in volume caused by one Frenkel 
pair (vacancy plus interstitial) when the interstitial is 
in one of the assumed configurations, one can determine 
the resistivity Ap associated with one atomic percent of 
Frenkel pairs from the experimental values for the 
change in volume and increase in resistivity of an 
irradiated specimen. On the other hand, Ap may be 
obtained by using the simple theory of displacement.‘ 

* Assisted by the Office of Naval Research. 

1 The present status of the entire topic is surveyed in an article 
by F. Seitz (to be published 

2H. B. Huntington and F. Seitz, Phys. Rev. 61, 315 (1942). 

3H. Paneth, Phys. Rev. 80, 708 (1950). 

4F. Seitz and J. S. Koehler, in Solid State Physics, edited b 


F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), 
Vol. 2, p. 305. 
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By comparing the two values thus obtained for Ap with 
one another, it may be possible to decide whether one 
of the two proposed interstitial configurations actually 
occurs. 

To the writer’s knowledge the only calculations for 
crystal distortions due to defects which take into 
account the atomic structure of the crystal in the 
vicinity of the defect are those of Huntington,’ Fues 
and Stumpf,® and Kanzaki.’ Kanzaki’s method is based 
entirely on the discrete nature of the lattice. His main 
point is the adoption of an expansion of the displace- 
ments, as in the dynamical theory, in normal coordi- 
nates. In the method developed by Fues and Stumpf 
the solution of the problem is reduced to the successive 
solution of systems of linear algebraic equations. The 
distortion of the lattice far from the defect is written as 
the superposition of displacement fields of point forces 
in the elastic continuum. These solutions are centered 
on several atoms near the defect. Huntington deter- 
mines the distortion of the lattice around an interstitial 
atom in copper by treating atoms in the vicinity of the 
interstitial atom as discrete particles and by fitting 
proper elastic solutions to the atomic displacements. 

The method proposed in this paper contains some 
features of the methods of Huntington and of Fues and 
Stumpf. The atoms in a sufficiently large region I 
around the defect and in a region II around region I are 
treated as discrete particles. A set of proper elastic 
solutions is joined to the displacements of the atoms in 
region II. The thickness of this “boundary” II between 
the nonelastically deformed region I and the elastically 
deformed continuum depends on the range of the atomic 
forces. The equilibrium state of the lattice is determined 
by successive solution of sets of linear algebraic equa- 
tions. (The procedure for deriving these equations 
differs from that in reference 6.) At each step one 
calculates the displacements of the atoms from the 


5H. B. Huntington, Acta Meta. 2, 554 (1954). 
6 E. Fues and H. Stumpf, Z. Naturforsch. 10a, 136 (1955). 
7H. Kanzaki, J. Phys. Chem. Solids 2, 24 (1957). 
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“equilibrium positions” given in the previous step. In 
this way rapid convergence is attained. Application of 
the method to concrete problems is much less compli- 
cated and requires considerably less numerical effort 
than the methods of Kanzaki and of Fues and Stumpf. 

In addition to the distortion of the lattice caused by 
an isolated interstitial, a crowdion, and a vacancy we 
treat the distortion around an interstitial-vacancy pair. 

We also estimate the formation energies of the defects 
considered. The procedure is closely analogous to that 
used by Fumi® for the case of a vacancy. However, the 
effect of the lattice dilatation on the electron scattering 
is also taken into account. 


II. GENERAL METHOD 


Essentially this method for calculating lattice dis- 
tortion around point defects involves a combination of 
the atomic with the continuum treatment of the crystal. 
Let the energy of the crystal disturbed by the defect be 
given by U(v;, vo, ---), where the v; are the displace- 
ments of the atoms from suitably chosen starting 
positions. The lattice relaxation is determined by 
minimizing U in a variational approach. The displace- 
ments from the original lattice positions of the atoms 
outside a sufficiently large region (called region I) 
around the defect are small and vary slowly from atom 
to atom. They correspond to an elastic solution v(r), 
where v is the displacement and r the position vector. 
By elastic solution we shall mean a solution of the 
elastic differential equations for the displacements. We 
expand v(r) in elastic solutions u;(r), ---, u,(r), which 
are members of a complete set, with coefficients 
ey ***% er 

v(r)=yita (4) +: +ynUn(4). (1) 
Proper solutions u, can be built, for example, from the 
derivatives of the fundamental integral of the elastic 
differential equations for the displacements. Then the 
u, are displacement fields due to dipole, quadrupole, 
-++, forces centered on the point defect. Only solutions 
u, which vary relatively slowly from atom to atom out- 
side region I will be taken into account in the expansion 
(1). The number x of these solutions depends on the size 
chosen for region I and increases with increasing 
size of I. 

Through relation (1) the crystal energy U becomes a 
function of the displacements v;, ---, v; of the atoms 
1, ---, 7 inside region I and of the coefficients y1, «++, Yn 
of the elastic solutions u,. Minimizing U with respect 
to these arguments leads to the conditions: 


0U 








—=0, (i=1,---,j), (2a) 
OV; 
ou ou ou 
ee “Un (P41) + “Un(Fj+2)+---=0, 
O¥m OV541 Vi-2 
(m=1,---,m), (2b) 


8 F. G. Fumi, Phil. Mag. 46, 1007 (1955). 
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where j+1, j+2, denotes the atoms outside 
region I. In general the forces — dU’/dv, acting on the 
atoms depend on the positions of all the atoms in the 
crystal. In the case of a nonpolar crystal however it 
seems reasonable to assume that the effects of region I 
are negligibly small in a region sufficiently far from I. 
We denote this distant region by III and designate the 
boundary-region between I and III by II. With this 
assumption the atoms of region III are automatically 
in equilibrium for all elastic deformations of regions II 
and III, because all contributions to the forces acting 
upon atoms there arise from the elastically deformed 
regions. That is to say the forces — 0U’/dv, in region III 
vanish. Therefore the infinite sum in Eq. (2b) reduces 
to a finite sum containing only terms associated with 
the atoms in region II. 

Equations (2a), (2b) for the unknowns y,, ---, vj and 
1, ‘**, Yn can be reduced to a set of linear algebraic 
equations in these »nknowns, if one approximates all 
forces —0U/dv, by expressions containing only linear 
terms in the displacements. In the case of an interstitial 
atom in a noble metal the displacements of neighboring 
atoms from their original lattice positions are so large 
that an expansion of the corresponding exponential core 
repulsive forces in these displacements converges very 
slowly. This difficulty can be avoided by choosing 
starting positions, from which the displacements are 
calculated, different from the original lattice positions 
and which lie sufficiently near to the equilibrium posi- 
tions. In an actual calculation proper starting positions 
can be obtained by trial. 

The accuracy of the method is improved as the size 
of region I is increased. By successive solution of the 
systems of linear algebraic equations arising from 
Eqs. (2a), (2b), and (1) it is possible to determine the 
equilibrium positions of all atoms to any desired degree 
of accuracy, subject only to the limitations imposed by 
the size chosen for region I. At each stage the coefficients 
of the linear algebraic equations are calculated from the 
linear expansions of the forces —0U’/dv, in the dis- 
placements of the atoms from their “starting positions” 
obtained in the previous step as “equilibrium positions.” 

The main problem in determining lattice distortion 
is to find a sufficiently good approximation to the 
forces —dU/dv, when expressed as functions of the 
lattice relaxation. Fortunately in the case of noble 
metals the overwhelming contributions to the forces 


Fic. 1. Interstitial 
configuration in the 
face-centered-cubic lat- 
tice. Elementary cubes 
of the f.c.c. lattice are 
drawn. Q=interstitial 
atom. A, B, Y, S, Zz, 
V, C=atoms of region I. 
P, U, E, Z, D=atoms of 
region IT. 
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probably arise from the repulsive interactions between 
adjacent closed-shell ions. In our actual calculations we 
take into account only these repulsive forces. Region IT 
then contains only one layer of atoms. The stability of 
the lattice arises from the treatment of region III as 
an elastic continuum. 


III. LATTICE DISTORTION DUE TO AN 
INTERSTITIAL AND A VACANCY 


In Fig. 1 the f.c.c. lattice is shown with an interstitial 
atom ( in the “interstitial” configuration. The displace- 
ments of the lattice particles will have cubic symmetry 
with respect to the center Q and the axes parallel to 
the crystal axes. A number of typical atoms around the 
interstitial atom with nonequivalent displacements 
have been denoted by the letters A, B, Y, etc. (A, B, Y 
are first, second, third neighbors). 

In the case of a noble metal the most important con- 
tributions to the forces arise from the repulsion between 
closed shells of adjacent ions. According to the Born- 
Mayer theory the repulsive potential between a pair of 
ions has the form, 


V=Voexp[ (ro—Tv’)/p J. (3) 


Vo and p are the constants of the potential, 7» and r;,’ 
are the distances between neighboring atoms 7 and » in 
the undeformed and in the deformed crystal, respec- 
tively. As indicated in Sec. II we start from certain 
positions of the lattice particles, which are in general 
different from the original lattice positions. The radius 
vector from atom y to atom i, both lying in their starting 
positions, is denoted by r,,. The displacements of the 
atoms are designated by v; and v, respectively. There- 
fore, ri,’ in (3) is equal to 


rie = | Tat Vi—V>| =| Piet Viel, (4) 
with 
Vis= Vi-— Vp. 

We expand the repulsive force —dV/dr;,’ upon atom i 
arising from atem v in a Taylor series in v;, and neglect 
terms involving quadratic or higher powers of Vj. 
Summing over all next-nearest neighbors v of atom 3%, 
one obtains for the repulsive force —dU,/dv; acting 
upon atom i (U, is the sum of the repulsive potentials), 





ou, Vo 
_ <eeiee > Ci t+Lvir’ — Cir(Cir- Vir’) | 
OV; p» 
Tiv 1 
— Cin Cin: Vis — exp|-(r0— ro} (5) 
: p p 
with 


Cy= Fio/ Tis and v,,/= Vir/Tiv. 


For the potentials we use 7,, is very much greater than p, 
so that we can neglect the second term in (5) in com- 
parison with the third. 

The elastic solutions are joined to the atoms P, U, 
E, Z, D, and the atoms equivalent to these. Equations 
(2a) need to be set up only for the nonequivalent atoms 
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A, B, Y, X, S, V, and C of our region I, since con- 
sideration of other atoms yields no further independent 
equations. There are no repulsive forces from atoms of 
region I acting on the atoms outside P, ---, D in the 
elastic region. Therefore, by definition, they lie in 
region III, provided one neglects long-range effects 
arising from region I. Region II contains the atoms 
P, U, E, Z, D, and atoms equivalent to them. In setting 
up Eqs. (2b) with terms (0U,/dv,)-um(r,) one can 
make use of the fact that the scalar products are equal 
for equivalent atoms. There are 24 atoms of the type 
P, E, Z, D, and 48 of the type U. 

Now we determine the elastic solutions u, for our 
interstitial problem, assuming an isotropic elastic ma- 
terial. The general elastic solution can be represented as 
the sum of a gradient and a curl. Since we have full 
cubic symmetry the curl must vanish and the solution 
has the form grady, y having full cubic symmetry. In 
this case y must be a solution of Laplace’s equation. 
Therefore y can be expanded in solutions with radial 
parts r-“+» and angular parts which are the Kubic 
Harmonics of type a and of order / given by Von der 
Lage and Bethe.’ We use only the first two of these 
solutions. They are written in the form, 


w= (a/2)*t/r, | 
ws= (a/2)"10* grad (1/r)*[(x'+-y+2)/r'—8)}, 


where a is the iattice constant, and r is the radius vector 
from atom Q with length r and components x, y, 2 with 
respect to the cubic axes. By including solution uz we 
can, for example, allow for the fact that atom E will be 
pushed outwards by a larger amount than atom P. 
With the factor 10? in ue, the displacements of atom P 
due to u; and wu, have the same order of magnitude. 
The elastic solutions generated by the Kubic Harmonics 
of higher order cannot be used with our special choice 
of region I because they vary too rapidly from atom to 
atom outside region I. 

We finally obtain from Eqs. (2a), (2b), together with 
Eqs. (1) and (5), a system of 13 linear algebraic equa- 
tions with 13 unknowns, including the coefficients 1, 2 
of the elastic solutions (6). The equilibrium state of the 
lattice is determined by iteration as described in Sec. IT. 
The linear algebraic equations were solved on the 
Illiac. The results for copper shown in Table I refer to 
the two Born-Mayer potentials V; and V2 [see for- 
mula (3) ], 


Vi=0.053 exp[13.9(ro—177’)/ro_] ev per ion pair, 
V2=0.032 exp[17(ro—11x’)/r0] ev per ion pair. 


(6) 


(7) 


V; was proposed by Huntington” and V2 by Huntington 
and Seitz. (V2 is given in the corrected form reported 
in reference 10.) The displacement vectors of the atoms 
A, B, Y, and V are designated by (a,0,0), (6, —8, 5), 


( °F. C. Von der Lage and H. A. Bethe, Phys. Rev. 71, 612 
1947). 
10H. B. Huntington, Phys. Rev. 91, 1092 (1953). 
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TABLE I. Lattice distortion, volume change of the crystal, and formation energy for an interstitial, a vacancy, and a crowdion in 
copper. Results are given for Born-Mayer potentials V; and V2 [Eqs. (7)]. In the first column are shown the results obtained by 
Huntington.* (Displacements of the atoms in units of a/2, where a is the lattice constant. Volume changes in units of 2=a*/4=one 





atomic volume. All energies are in ev. ) 


























Interstitial Vacancy Crowdion 
Vi Vi Ve Vi Ve Vi V2 
Components of displacements a 0.210 0.246 0.257 4 0.023 —0.019 a’ 0.599 0.605 
b —0.013 —0.008 f) —0.002 —0.002 y’ 0.395 0.413 
yi 0.052 0.048 0.053 x 0.218 0.237 
ys; 0.052 0.052 0.057 aM 0.043 0.049 
1 0.017 0.020 C3" 0.031 0.039 
Ds 0.016 0.018 2’ =6 — 0.041 —0.048 
Coefficients of elastic solutions y: 0.320 0.177 0.213 y, —0.054 —0.046 yn’ 0.354 0.416 
v2 0.072 0.105 v2" 0.046 0.047 
v3" 0.124 0.130 
Total volume change Avr 3.01 1.67 2.01 —0.53 —0.45 1.10 1.25 
Volume change Av’ 2.01 1.11 1.34 —0.35 —0.30 0.73 0.83 
Closed-shell repulsive energy AU, 2.3 2.1 3.6 3.4 
Electron energy AEe: 0.2 0.5 0.9 1.0 —04 —0.2 
Formation energy Ey 2.5 2.6 0.9 1.0 3.2 3.2 











® See reference 5. 


(y1,0,y3), and (21,0,v3), with components referring to the 
cubic axes. The displacements of atoms X, S, C are 
not included in Table I; they are found to be quite 
different in direction and magnitude from displacements 
proportional to u;. For purposes of comparison the 
table contains the results obtained by Huntington® 
using repulsive potential V;. Huntington’s calculation 
differs from ours not only in the general procedure 
employed, but also in the following respects: He joins u; 
to atoms X, S, V, C; higher order solutions than u, are 
not considered ; displacements of atoms B are neglected 
and the displacements of atoms Y are restricted to the 
directions given by the radii vectors from atoms A to Y. 
Table I also contains the values of the change in 
volume of the crystal caused by an interstitial. These 
values are calculated from the coefficients y; of the 
elastic solution u; by using a formula due to Eshelby" 
which takes into account the effect of the image dis- 
placement field produced by the surface tractions, 


Av= 2ry,0[3(1—v)/(1+) ], (8) 


where » is Poisson’s ratio, 2= a*/4 is one atomic volume 
in the f.c.c. lattice, and v in copper is taken to be §. In 
addition to the total change in volume Av the table 
contains the volume Av’=2ry:2 which is displaced 
through any closed surface, containing the defect, in 
an infinite matrix. 

The change AU, of the closed-shell repulsive energy 
given in Table I is measured relative to the repulsive 
energy of the regular lattice plus the “‘interstitial” atom 
lying at the surface. Only repulsive “bonds” of the 
atoms of region I were considered in calculating AU,. 
The change in energy of the exterior of region I is 
determined by calculating the elastic energy from the 


"J. D. Eshelby, J. Appl. Phys. 25, 255 (1954). 





elastic solutions. This contribution is found to be always 
smaller than 2.5% of AU,. 

The procedure for calculating the crystal distortion 
due to a lattice vacancy in copper is in close analogy 
to that used in the case of an interstitial. Region I is 
defined to include the first and second nearest neighbors 
of the vacant lattice site. The elastic solution u, is 
joined to the next-nearest atoms to region I. The 
results are shown in Table I. The displacement vectors 
of a first and a second nearest neighbor lying in the 
positions (1,1,0)a/2 and (2,0,0)a/2 are represented by 
(A,A,0) and (6,0,0) respectively. 


IV. LATTICE DISTORTION AROUND A CROWDION 


We consider a crowdion lying in a closest packed 
(110)-row of the f.c.c. lattice. In Fig. 2 the atoms 
G’, X’, Y’, A’, A, Y, X, G lie along the axis of the 
crowdion, atom A’, for example, being the extra atom. 
Atoms at the corners of rectangles centered on the 





Fic. 2. Crowdion configuration in the face-centered-cubic lattice. 
Elementary cubes of the f.c.c. lattice are drawn. The axis through 
G’ and G is the crowdion axis. 0=center of inversion. A, B, Y, X, 
C, Zand A’, ---, Z’=atoms of region I. F, G, F’, G’, --- =atoms 
of region IT. 
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crowdion axis and lying in (110)-planes are labeled 
F’, C’, B’, B, C, F. The point O that was occupied by 
atom A before the interstitial atom A’ was introduced, 
is a center of inversion in the deformed lattice. The 
lattice would also be in equilibrium if one put the extra 
atom A’ at a point where the crowdion axis is cut by 
one of the rectangles drawn in Fig. 2. In this case the 
extra atom itself is a center of inversion. In general 
these two configurations will have different formation 
energies, one being the stable and the other the saddle- 
point configuration. 

We have treated only the configuration shown in 
Fig. 2. The deformed lattice is invariant with respect to 
reflections in (110), (110), and (001)-planes passing 
through the point O. In our calculation region I was 
defined to include the atoms A, Y, X, B, C, Z, and atoms 
equivalent to them. Of the three elastic solutions which 
are joined to the next-nearest atoms to region I, two 
correspond to two “double forces without moment”!* 
acting at the point O along the (110) and (001)-axes, 
respectively. (In a “double force” the distance between 
the points at which the two forces of opposite direction 
are applied is infinitely small.) The other elastic solution 
corresponds to two point forces in the directions (110) 
and (110) acting at the original lattice positions of 
atoms X and X’ respectively. This solution is more 
appropriate than that corresponding to a double force 
at O in the (110)-direction, because the crowdion is 
much extended along its axis. Higher order elastic 
solutions corresponding to quadrupole, ---, forces are 
neglected. The elastic solutions for the two double 
forces in an isotropic elastic material,!* designated by 
u,’ and u;’, are written in the form, 


uy’ (r) = (a/2)*(1/r)?[2(1—2v) cosbe, 


+ (3 cos*@—1)r/r]}. (9) 


Here \= 2, 3. The quantities e, are the unit vectors in 
the directions (110) and (001), respectively. The 
- quantity r is the radius vector from 0, @ is the angle 
between r and e,, and » is Poisson’s ratio. The other 
elastic solution denoted by uw,’ is. the superposition of 
the solutions u(r) for the two point forces,!* with 


u(r) = (a/2w) (a/2)?(1/r)[(3—4v)e+cosér/r]; (10) 


where e is the unit vector in the direction (110) and 
(110), respectively, and r is the radius vector from the 
original lattice position of atom X and X’, respectively. 
The quantity 6 is the angle between r and e, and w is the 
distance between the original lattice positions of the 
atoms X and X’. 

The lattice relaxation was again calculated in the way 
described in Sec. II. The number of linear algebraic 
equations is 13, the unknowns being the components of 
the displacements of the atoms A, Y, X, B, C, Z and the 
coefficients 71’, yo’, and 3’ of the elastic solutions uy’, 





2 See, for example, A. E. H. Love, Mathematical Theory of 
Elasticity (Cambridge University Press, New York, 1952). 
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u,’, us’. Results for potentials V; and V2 obtained with 
the help of the ILLIAC are included in Table I. Only 
components of the displacements of atom A with respect 
to O and of atoms Y, X, C, and Z’ with respect to their 
original lattice positions are shown. The displacement 
vectors are represented by (a’,0,0), (y’,0,0), (x’,0,0), 
(c1’,c2’,c3’), and (0,2’,0), with components referring to 
axes in the (110), (110) and (001)-directions. At large 
distances from O the elastic solution u,’ corresponds to 
that of a double force at O in the direction (110). The 
factor (a/2w) is introduced in Eq. (10) so that the 
coefficient ;' of u,’ can be compared directly with the 
coefficients y2’ and 7; of the solutions ue’ and u;’ for 
double forces. 

The change in volume of the crystal due to a crow- 
dion depends both on the shape of the crystal and on the 
position of the crowdion in the crystal. The values for 
Av and Av’ shown in Table I refer to a crowdion lying 
at the center of a sphere whose surface is free or lying 
inside an infinite matrix. The relation Av= Av’3(1—v)/ 
(1+) originally derived by Eshelby for the case of the 
elastic solution u, and surface of an arbitrary shape still 
holds in this particular case. 

It should be pointed out that in calculating the 
change AU, in the repulsive energy only repulsive 
“bonds” of the atoms of region I were considered. 


Vv. FORMATION ENERGY 


The procedure for calculating the change in the 
electron energy when an interstitial or a vacancy is 
created in a monovalent metal is closely analogous to 
that used by Fumi! in the case of a vacancy. However, 
the effect of the change in volume Av’ of the metal 
arising from the strain field around the defect is also 
taken into account. The metal is represented as a large 
spherical box in which the positive charge of the ions is 
distributed uniformly and the electrons are free. In 
order to create a vacancy an ion is removed from the 
center of the sphere and spread over its surface, whereas 
in the case of the creation of an interstitial a charge 
equal to one ion is removed from the surface and 
brought into the center. Then a change Av’ in the 
volume of the sphere is produced by applying the 
elastic solution Av’r/4xr’. The change in the energy of 
the conduction electrons is calculated in two steps. In 
the first step the electrons are distributed uniformly 
over the contracted or expanded metal containing the 
vacancy or the interstitial, respectively. Upon com- 
paring the total kinetic energy of the electrons with the 
total kinetic energy in the normal metal, it turns out 
that the energy of the electrons has altered by 


2 Av’ 
aF,'=—E-(z-—). 
5 1) 


(11) 


Here Z=—1 for a vacancy and Z=+1 for an inter- 
stitial, 2 is one atomic volume, and E, is the Kermi 
energy. In the second step the change in energy AE,;"’ 
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caused by the redistribution of the electrons is deter- 
mined. In the case of a spherically symmetric self- 
consistent potential V(r) around the defect, AZ,,” is 
given by 


h2 kr 
ue, ihadeaer f kZ(k)dk, (12) 
m 0 
with . 
ia ae (21+-1)m(k). (13) 


T 


In these equations kr is the momentum of the electrons 
at the Fermi level, and 7;(k) is the phase shift of the 
radial / waves for a free electron having energy h?k?/2m*. 
Fumi has shown that the potential V(r) can be elimi- 
nated with the help of the Friedel sum rule if one uses 
the Born approximation to calculate the phase shifts. 
The Friedel sum rule” states that 


Z(kr)=Z’', (14) 


where —eZ’ is the “displaced charge” around the 
defect, Z’ being the number of electrons locally at- 
tracted or repelled from the defect to give complete 
screening of the Coulomb potential (e is the positive 
elementary charge). Fumi’s result for AZ.;”" in the 
Born approximation, which was originally applied to a 
vacancy, can be generalized easily to the case of a 
defect with a displaced charge —Z’e. The result is 


AEe"=—3EpZ'. (15) 


It would be wrong to set Z’ equal to +1 or —1 in 
the case of an interstitial or a vacancy, for the change in 
volume Av’ of the metal alters the displaced charge in 
the defect region. If — Ze is the displaced charge when 
there is no volume change Av’, 


Z'=Z—(Av'/Q). (16) 


This can be seen in the following way. The displaced 
charge is equal to the negative of the net excess charge 
which remains in the defect region when the electrons 
are distributed uniformly over the metal. Around the 
defect draw a sphere of a radius sufficiently large that 
the elastic solution Av’r/4zr'’ is valid outside it. It is 
clear that if the net excess charge inside this sphere is Ze 
before volume change, the net excess charge inside the 
expanded (or in the case of a vacancy, contracted) 
sphere is Z’e, since the amount of positive charge inside 
the expanded sphere is unchanged whereas the charge 
of the uniformly distributed electrons inside this ex- 
panded sphere has altered by — Av’e/Q. 
Combining Eqs. (15) and (16), we have, 


2 Av’ 
AE,,""= --(z-—). 
3 2 


(17) 


13 J. Friedel, Phil. Mag. 43, 153 (1952); J. Friedel, in Advances 
in Physics, edited by N. F. Mott (Taylor and Francis, Ltd., 
London, 1954), Vol. 3, p. 446. 


From Eqs. (11) and (17) one obtains for the total 
change in energy AE,, of the electron gas, 


4 Av’ 
smete(2), ag 
15 Q 

Fumi found that if he approximated V(r) for a 
vacancy by a square-well potential with a radius equal 
to rs, the radius of the Wigner-Seitz sphere, a more 
exact calculation gave AE,;’"=0.57Er instead of 2Er/3 
as it is obtained from Eq. (17) for Av’=0. However, 
a self-consistent calculation by Huntington" has shown 
that the displaced charge around a vacancy extends 
over distances much larger than rs. We repeated Fumi’s 
calculation, taking the radius of the square-well poten- 
tial equal to 27s and values of Z’ in the Friedel sum 
rule (14) given by Eq. (16), and found the values of 
AE,,"" to be nearly the same as those given by Eq. (17). 

The values of AE, calculated from Eq. (18) are 
displayed in Table I. The Fermi energy in copper was 
taken to be Er=5.1 ev. This value is derived using an 
effective mass of m*=1.38 which was deduced from 
measurements of the heat capacity of copper reported 
by Rayne.” 


VI. LATTICE DISTORTION AROUND AN 
INTERSTITIAL-VACANCY PAIR 


Blewitt ef al.!* found that the ratio of the energy 
released and the decrease in resistivity during the 
annealing of copper bombarded with neutrons near 
10°K appears to be much smaller than might be 
expected on the assumption that interstitials and 
vacancies annihilate one another. A possible explanation 
of this “energy paradox’! might be that interstitials and 
vacancies come so close together, without actually re- 
combining, that the resistance due to the associated 
pairs is much less than that due to the dissociated 
pairs. To check this proposal one must first find the 
stable pair configuration with the smallest distance 
between the interstitial atom and the vacancy. 

We have treated in detail the configuration in which 
the vacancy lies at the position Y relative to the inter- 
stitial atom Q (see Fig. 1). The calculation of the lattice 
distortion follows the general procedure described in 
Sec. II. As starting positions in the first step we choose 
the equilibrium positions of the atoms around an iso- 
lated interstitial atom at Q. Atom Q and most of the 
atoms equivalent to atoms A, B, Y are allowed to relax 
(atom Y itself is absent), whereas the atoms farther 
away from (Q are considered as fixed. Consideration of 
these more distant atoms would give only small correc- 
tions. We obtain sets of 15 linear algebraic equations 
which have been solved on the ILLIAC. The result is 
that there exists no equilibrium state of. the lattice for 


4H. B. Huntington, Phys. Rev. 61, 325 (1942). 

18 J. A. Rayne, Australian J. Phys. 9, 189 (1956). 

16 Blewitt, Coltman, Noggle, and Holmes, Bull. Am. Phys. Soc. 
Ser. II, 1, 130 (1956). 
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the pair configuration considered: the atom A moves 
into the vacant lattice site at Y. 

The interference effects in the electron scattering 
arising from possibly stable interstitial-vacancy pairs 
with a distance between the defects larger than that 
between atoms Q and Y are estimated in the Born 
approximation. The scattering potentials are approxi- 
mated by square-well potentials. By using Friedel’s sum 
rule the strengths of the potentials can be expressed in 
terms of the effective charges of the defects. It turns out 
that if one uses reasonable values of the well-radii and 
takes the distance between interstitial atom and vacancy 
to be at least as large as the distance between atom Q 
and atoms X and C respectively, the decrease in re- 
sistance is always less than about 10% of the resistance 
of the dissociated pair. 

It should be pointed out that the configuration with 
the vacancy at B and the interstitial atom at Q may be 
stable. However, in order to reach this configuration 
during annealing, the system must pass through an 
unstable configuration which leads to recombination. 


VII. DISCUSSION 


The values of the change in volume of the crystal 
due to an interstitial, a vacancy, and a crowdion in 
copper, shown in Table I, have been determined by 
taking into account only the repulsion of closed shells 
of the ions. With our present knowledge it does not seem 
possible to decide which of the two proposed Born- 
Mayer repulsive potentials V; and V2 [see Eqs. (7) ] is 
the better one. 

A further uncertainty arises from the neglect of other 
types of forces. The error introduced may not be 
negligibly small, as can be seen from the following. 
The volume change arising from an interstitial has been 
calculated by taking into account the dependence of the 
electron energy AZ, upon this volume change. [See 
Eq. (18).] By minimizing the sum of the closed-shell 
repulsive energy AU’, and the electron energy AE, 
with respect to the latiice relaxation we obtain approxi- 
mate volume changes of 1.5 and 1.80 for the two Born- 
Mayer potentials instead of about 1.7 and 2.02 as 
derived by minimizing AU, alone. (Q=one atomic 
volume.) In addition to this effect there may be others 
because, even if it is correct to assume that contribu- 
tions to the formation energy other than AZ, and AU, 
are small compared with these two, it is possible that 
the derivatives of small contributions with respect to 
the lattice relaxation are comparable in magnitude with 
the derivative of AZ,). 

A third possible source of error is the use of elastic 
solutions for an isofropic continuum. In the case of 
copper one should consider the elastic anisotropy. 
Elastic solutions u, can be constructed, for example, 
from the approximation to the fundamental integral of 
the anisotropic elastic differential equations given by 
Kroner.” 


7 E. Kroner, Z. Physik 136, 402 (1953), 
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It is reasonable to suppose that the deviation of the 
actual lattice distortion from that derived from the 
closed-shell repulsion alone will be relatively small in 
the case of an interstitial or a crowdion, because the 
exponential repulsive forces are large and vary much 
more rapidly with interionic separation than other 
possible forces. In the case of a vacancy, where the 
distances between adjacent ions are nearly the same as 
in the normal lattice, the error may be large. In fact, 
Huntington" and Seeger and Bross"* conclude that there 
is no lattice relaxation around a vacancy. Huntington 
finds that the electrostatic forces between the shielded 
vacancy and its first neighbors are repulsive and 
balance the Born-Mayer forces. However, one should 
also take into account the effect of the electron energy 
AE., (Eq. (18) ] upon the lattice relaxation. It turns out 
that the corresponding forces on the first neighbors, 
which are directed towards the vacant lattice site, are 
large enough to outweigh the electrostatic repulsive 
forces determined by Huntington. Now Seeger and 
Bross consider only the effect of AE.;’ [Eq. (11) ] upon 
the lattice relaxation; according to their calculations 
this acts to prevent a contraction of the lattice. We 
have seen in Sec. V, however, that the derivative of the 
contribution AE,;”" to AE,; with respect to the volume 
change is of opposite sign and larger in magnitude than 
that of AE,,’. From this it appears probable that there 
is a contraction of the lattice around a vacancy. 

In the following, the calculated values of volume 
change are used in connection with experimental results 
on radiation damage. Simmons” has measured the 
lattice expansion of copper held near 10°K during 
bombardment with deuterons. He derives a ratio of 
resistivity change to relative volume expansion that is 
equal to 2.3X10-* ohm-cm. We shall assume that the 
deuteron damage consists of Frenkel pairs with inter- 
stitials in an “interstitial” configuration. Resistivities 
arising from one atomic percent of interstitials, vacancies 
and pairs are designated by Ap;, Ap,, and Ap, respec- 
tively. Taking 1.50 as a lower limit and 1.672 as an 
upper limit for the volume change due to an intersti- 
tial, —0.53Q for the volume change arising from a 
vacancy, one obtains from the experimental result a 
pair resistivity Ap in the following range, 


2.2<Ap< 2.6 vohm-cm. 


From the results of the quenching experiments of 
Bauerle and Koehler” on gold, one derives 


Ap, =1.4 wohm-cm, 


if one assumes that the volume change due to a va- 
cancy in gold is the same as that determined for copper. 
On theoretical grounds, Ap, for copper and gold would 
be expected to be closely similar for similar lattice 


18 A. Seeger and H. Bross, Z. Physik 145, 161 (1956). 

hal O. Simmons, thesis, University of Illinois, 1957 (unpub- 
lished). 

2 J. E. Bauerle and J. S. Koehler, Phys. Rev. 107, 1493 (1957). 
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strains. From these values of Ap and Ap,, one deduces 
that Ap; lies in the range 


0.8< Ap;<1.2 wohm-cm. 


Using the volume changes calculated in the case of 
repulsive potential V2, one obtains resistivities larger 
than those determined above for potential V;, namely 
3.15 Ap<3.6, Ap,=1.7, and 1.4<Ap;<1.9 pohm-cm. 

Recently Harrison calculated values for the re- 
sistivities of interstitials and vacancies of Ap;=0.15 
and Ap,=0.6uohm-cm. His values are derived by 
assuming strains around the defects which differ from 
those obtained here. Nevertheless the order of magni- 
tude of the resistivities would probably be the same 
when calculated from Harrison’s theory using the 
strains found by us. Comparison of these low values of 
the resistivities obtained by Harrison with the values 
found above might be interpreted as indicating that 
the deuteron damage in copper does not consist of 
interstitial-vacancy pairs. There are, however, other 
theoretical values of Ap; and Ap, which lie inside the 
ranges obtained above from the deuteron irradiation 
experiments.” The electron irradiation experiments 
reported by Corbett et al.% provide further evidence for 
these higher resistivities. If the results of these experi- 
ments are interpreted by the simple theory of displace- 
ment‘ under conditions in which the latter is reliable, 
it appears probable that Ap> 1.88 wohm-cm.! 

Crowdions have been proposed by several authors 
for a variety of reasons. (See, for example, Lomer and 
Cottrell,“ and Blewitt et al.25) Using the values of the 
volume change obtained for the crowdion configuration 
treated in Sec. IV (see Table I) instead of those due 
to an interstitial in the above considerations of deuteron 
damage, one obtains resistivities for one atomic percent 
of crowdions of nearly zero and 0.2 wohm-cm, respec- 
tively, for the two repulsive potentials. 

The formation energies calculated for a vacancy in 
copper (see Table I) are somewhat lower than the 
experimental value, which lies near 1.1 ev.. The reason 


*1 W. A. Harrison (to be published). 

2 The entire topic is surveyed by F. J. Blatt, in Solid State 
Physics, edited by F. Seitz and D. Turnbull (Academic Press, 
Inc., New York, 1957), Vol. 4, p. 321. See also L. M. Roth, thesis, 
Radcliffe College, 1956 (unpublished). 
ass Denney, Fiske, and Walker, Phys. Rev. 104, 851 

24 W. M. Lomer and A. H. Cottrell, Phil. Mag. 46, 711 (1955). 

25 Blewitt, Coltman, Klabunde, and Noggle, J. Appl. Phys. 28, 
639 (1957). 





for the discrepancy might be that the volume con- 
traction around a vacancy is somewhat smaller than 
that determined from the closed-shell repulsion alone. 
The electron energies AZ,, for crowdions shown in 
Table I are calculated from Eq. (18) which is derived 
for a spherically symmetric defect. Upon using these 
values of AE,;, the formation energy of a crowdion is 
found to be about 0.6 ev higher than that derived for 
an interstitial for both repulsive potentials. It should be 
emphasized that all values for the formation energy are 
very rough estimates. It appears that it would be very 
difficult to decide definitely from more detailed calcu- 
lations whether the interstitial or the crowdion con- 
figuration is preferred energetically. 

We see from the above considerations that it is not 
yet possible to decide from the calculated volume 
changes, in combination with the experimental and 
theoretical results considered here, whether interstitials 
or crowdions are actually produced by charged-particle 
irradiation. This is due mainly to the uncertainty in 
the theoretical values of the resistivities of the defects 
considered and of the volume change arising from a 
vacancy. 

We should point out a further consequence of the 
calculations. It has been suggested that the sharp drop 
of about 40% in the radiation-induced resistivity near 
35°K during the annealing of copper which had been 
irradiated with deuterons at about 12°K” is due to 
the trapping of interstitials in vacancies. (Compare the 
discussion in Sec. VI of the stored energy measurements 
made by Blewitt ef al.!* in the case of neutron damage.) 
However, in Sec. VI we estimated that the decrease in 
resistivity due to the association of interstitials and 
vacancies, without their actually recombining, is always 
less than about 10%. It therefore appears probable that 
this explanation is not correct. 
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Structure in the Thermoelectric Power of Dilute Indium-Lead Alloys* 
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Liquid nitrogen and ice temperature measurements of the thermoelectric power of dilute indium-lead alloys 
indicate that there is detailed structure superimposed on the smooth trend of the data. 

Similar measurements are being made on the indium-thallium system to determine whether the structure 
is due to electronic or lattice effects. Those completed in the range of 4 to 9 atomic percent thallium indicate 
that the thermoelectric power varies linearly with composition in this interval. Hence it is presumed that 
the structure of the indiuin-lead data in this interval is of electronic origin. 





ECENT work! on the variation of the thermo- 
electric power with composition in dilute mag- 
nesium alloys indicates that the electronic and laitice 
contributions to the thermoelectric power may be 
separated by considering the two effects to be algebrai- 
cally additive. (By lattice contribution, one refers to 
changes in electronic relaxation times due to ion-core 
potential perturbations which are caused by alloying. 
The thermoelectric power referred to is with respect to 
the pure solvent metal, magnesium in this case.) Hence, 
for instance, one obtains the electronic contribution for 
a magnesium-indium alloy of a given atomic percent 
composition by subtracting the total thermoelectric 
power of a magnesium-cadmium alloy of identical 
atomic composition from that of the magnesium- 
indium alloy. According to this scheme, the total 
thermoelectric power of a magnesium-cadmium alloy 
represents the major lattice contribution associated with 
the solutes of “Period V.” 
Similar measurements have been started on the 
dilute alloys of indium. At present, only the data for 
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Fic. 1. Variation of the relative thermoelectric power (uv/°K) 
vs atomic percent composition for the indium-lead system. 
Arrows indicate the two-phase region for the f.c.t. (c/a> 1)—f.c.t. 
(c/a<1) o<t) pias transformation. 

° Work su ere in part by the Office of Naval Research. 

¢ Standard Oil Company of Ohio Fellow. 

1 Salkovitz, Schindler, and Kammer, Phys. Rev. 105, 887 (1957). 
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the indium-lead system are reasonably complete 
(Fig. 1). The smoothed curves (minus the detailed 
structure) are somewhat similar to those of the 
magnesium-lead system.’ The detailed structure does 
not appear to have been observed in any of the mag- 
nesium systems investigated. 

The observed structure is considerably larger than 
can be accounted for by the experimental uncertainties 
examined to date. Possible sources of error such as 
chemical composition, mechanical history, and thermal 
history have been examined for a number of individua! 
specimens. The average reproducibility of a given 
sample is roughly +0.01 uv/°K for the low-temperature 
data. Although efforts are continuing to discover other 
possible systematic errors capable of producing the 
observed structure, it is believed that the effect is real. 

The maxima occurring beyond thirteen atomic 
percent lead can be attributed to the f.c.t. (face- 
centered-tetragonal) (c/a>1)-f.c.t. (¢/a<1) phase 
transformation? which takes place in this composition 
range. The remaining peaks are presumably due to 
electric and/or lattice effects. 

There seems to be a one-to-one correspondence 
between the peaks of the 77°K data and 273°K data, 
except for the peak occurring at roughly four atomic 
percent lead, which appears to be almost totally 
washed out by 273°K. The positions of structural 
extrema appear to shift to lower lead concentrations 
at the higher temperature. There is some fragmentary 
evidence that another small peak may exist in the 
0 to 3 atomic percent region. 

Measurements are now proceeding on the indium- 
thallium system. Those completed in the range 4 to 9 
atomic percent thallium (at one atomic percent 
intervals) reveal no structure and indicate that the 
thermoelectric power varies linearly with composition 
in this range. Hence the structure of the indium-lead 
system in this composition range is presumably exclu- 
sively electronic in origin. Further measurements are 
required before drawing detailed conclusions. 


( 3 = Graham, Williamson, and Raynor, Acta Met. 3, 586 
1955). 
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Normal and Superconducting Heat Capacities of Lanthanum* 
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The heat capacities of three samples of lanthanum have been measured in the temperature range 1.6 to 
to 6.5°K. A four-constant formula was found which represented to high precision the resistance-temperature 
relation of the carbon composition resistance thermometer from 1.6 to 7.2°K. Two superconducting transi- 
tions were found in each sample: one at 4.8°K and the other at 5.9°K. These are associated respectively 
with the hexagonal close-packed and face-centered cubic modifications of the metal. Below 2.5°K, a mag- 
netic field of 10000 gauss was found insufficient to quench completely the superconducting phase. The 
values of the normal heat capacity constants for the purest sample, averaged over the two crystal structures 
present, were determined by a thermodynamic analysis of the data to be y= (24.1+0.6) X10~ cal/mole 
(°K)?, @=142+3°K. The data are further analyzed for evidence of a law of corresponding states among 


superconductors. 





I. INTRODUCTION 


HE properties of superconducting lanthanum are 

of special interest in two respects. First, even 
among the samples of relatively high purity, the 
reported transition temperatures are scattered in the 
range 4.4 to 6.0°K.'~* Second, a study of lanthanum 
may be expected to cast light on the relationship 
between superconductivity and crystal structure, since 
bulk samples of the metal at low temperatures consist 
of a mixture of hexagonal close-packed and face- 
centered cubic material. 

Among the other elementary superconductors, tin 
and bismuth exhibit superconductivity in only one of 
their allotropic forms. White tin (tetragonal) has a 
transition at 3.74°K whereas gray tin (diamond 
structure) is not a superconductor at all, at least down 
to 1.32°K.° Bismuth has been shown to be supercon- 
ducting below 7°K only at pressures greater than 20 000 
atmospheres.* The onset of superconductivity in this 
instance is attributed to a transformation of the lattice 
to a more close-packed structure. In the case of 
lanthanum both the a (h.c.p.) and 8 (f.c.c.) phases are 
close-packed, and, according to an empirical criterion 
of Born and Cheng,’ both would be expected to become 
superconductors. More recently the alloy® BisxRh and 





* Assisted by the Office of Naval Research, the National Science 
Foundation, and the Linde Air Products Company. 

t Present address: Philco Corporation, Tioga and C Streets, 
Philadelphia 34, Pennsylvania. 

t Permanent ‘address: The City College of New York, New 
York, New York. 

§ Permanent address: Barnard College, Columbia University, 
New York, New York. 

1 Ziegler, Young, and Floyd, J. Am. Chem. Soc. 75, 1215 (1953). 

? Parkinson, Simon, and Spedding, Proc. Roy. Soc. (London) 
A207, 137 (1951). 

3 James, Legvold, and Spedding, Phys. Rev. 88, 1092 (1952). 

955; M. Rosenberg, Trans. Roy. Soc. (London) A247, 441 
(1955). 

5G. Sharvin, J. Phys. (U.S.S.R.) 9, 350 (1943) and Chem. 
Abstr. 40, 3320 (1946). 

° Pp. F. Chester and G. O. Jones, Phil. Mag. 44, 1281 (1953). 

7M. Born and K. C. Cheng, J. phys. radium 9, 249 (1948). 

§ Alekseevskii, Zhdanov, and Zhuravlev, J. Exptl. Theoret. 
Phys. U.S.S.R. 28, 237 (1955) [translation : Soviet Phys. JETP 1, 
99 (1955) ]. 
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the alloy® BizPd were shown to have two forms that 
are superconducting, each form with a distinctive 
transition temperature. There is also evidence that 
hexagonal MoC may have a cubic allotropic form with 
a somewhat higher superconducting transition tem- 
perature.!° 

Ziegler, Young, and Floyd! have examined lanthanum 
filings for the relationship between crystal structure and 
the superconducting transition temperature. X-ray 
studies showed that annealing caused the filings to 
transform partially from the hexagonal to the cubic 
structure. Apparently none of these samples was in one 
crystal form only. Magnetic measurements to determine 
the transition temperature of a sample of unannealed 
filings which were found to be predominantly in the 
h.c.p. phase both before and after the measurement, 
gave a value of 3.9°K. This sample was considered 
however to be highly strained and the transition tem- 
perature of the unstrained h.c.p. metal was not deter- 
mined. Other samples, annealed to produce predomi- 
nantly f.c.c. material, gave for the purest specimens a 
transition temperature of approximately 5.4°K. 

In the only previously reported heat capacity meas- 
urements of lanthanum in the liquid helium range 
Parkinson, Simon, and Spedding? found a single 
transition at 4.37°K. Their sample, which had a purity 
greater than 99.94%, showed both h.c.p. and f.c.c. 
lines on x-ray analysis. They took, however, only 30 
measurements below 6°K and no normal data below 
the transition temperature. 


Il. EXPERIMENTAL 


This report deals with heat capacity measurements 
made on three samples of lanthanum in the temperature 
interval from 1.6 to 6.5°K. These samples were all 
obtained from Professor F. H. Spedding, Director of 
the Institute for Atomic Research at Ames, Iowa, and 


® Alekseevskii, Zhuravlev, and Lifanov, J. _ Theoret. Phys. 
27, 125 (1954), and Sci. Abstr. 58, 37 (1955 

io B. T. Matthias, in Progress in Low ee Physics, 
edited by C. J. Gorter (North-Holland Publishing Company, 
Amsterdam, 1957), Vol. 2, p. 147. 
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were the purest specimens available. The specimens 
were in the form of cylinders 34 in. long and ¢ in. in 
diameter and contained approximately 1.1 moles. La I 
was measured as received (La Ia), after annealing in 
vacuum for 7 hours at 700°C (La Ib), and again after 
further annealing for 48 hours at 750°C (La Ic). Pre- 
liminary measurements were made on La IJ as received. 
Further measurements were not made on this specimen 
because of accidental contamination during annealing. 
The third sample, La III, was annealed in vacuum for 
48 hours at 800°C before the heat capacity was meas- 
ured. After each annealing the samples were rapidly 
cooled to room temperature in an atmosphere of helium 
gas. 

La III was the purest sample and the most careful 
measurements were made on it. In an analysis by 
Spedding the only impurities detected in this sample 
were 20 ppm of nitrogen and 200 ppm of carbon. The 
oxygen content was unknown but low. No other rare 
earths were detected spectrographically on a 21-foot 
grating using emission spectra. The most likely im- 
purities were considered to be tantalum, calcium, and 
iron but these were not detected. However the ana- 
lytical procedure could not detect less than 500 ppm 
of tantalum and 50 ppm of calcium or iron. 

The adiabatic calorimeter, used previously in this 
laboratory for the measurements on Nb, Ta, and V, 
has been described in detail elsewhere."!? The tem- 
perature of the lanthanum samples was measured by 
means of half-watt Allen-Bradley carbon resistors. 
After the insulation was ground off, a coat of Glyptal 
was baked on and they were then cemented with 
Glyptal into a transverse hole centrally located in the 
sample. 

For the heat capacity measurements on La I, energy 
was supplied to the sample with the aid of heaters 
consisting of about 200 ohms of 3-mil constantan wire 
wound noninductively on the sample and thermally 
bonded with Glyptal. Three-foot lengths of B. and S. 
No. 40 copper wire were used for connecting wires 
which were attached to separate current and potential 
leads in the helium bath. For La II and La III the 
heaters were approximately 4000 ohms of 1-mil con- 
stantan wire. This larger resistance made possible the 
use of higher resistance connecting wires (No. 35 con- 
stantan) with a consequent improvement in tlie thermal 
isolation of the samples. Current and potential leads 
of No. 40 constantan were brought directly to the 
thermometer. 

The heating intervals ranged from 0.03 to 0.10 deg 
with the smaller intervals appropriate to the lower 
temperatures. The ratio of power input to the back- 
ground heat leak was at least 10, and for most of the 
points was considerably greater. To obtain normal data 
a magnet producing a field of 5000 gauss over the 
region of the sample was used for La I and La II. A 


1 Worley, Zemansky, and Boorse, Phys. Rev. 99, 447 (1955). 
12 Brown, Zemansky, and Boorse, Phys. Rev. 92, 52 (1953). 








larger magnet was used with La III giving a minimum 
field of 10 000 gauss. 

The thermometer used for the measurements on 
La III was calibrated against the vapor pressure of 
helium from 1.6 to 4.8°K, and against the supercon- 
ducting transition temperature of a specimen of Pb wire 
of 6-mil diameter and purity 99.999%. The 1955 Leiden 
scale” was used to convert helium vapor pressures into 
temperatures, and the transition temperature of Pb 
was taken at 7.22°K. The calibration points were then 
fitted to the formula 


logR= A+B/T—C logT+DT?, (1) 


where R is the resistance of the carbon resistor, T is the 
temperature, and A, B, C, and D are constants. These 
constants were chosen to make the formula fit at 
7.22°K, 4.22°K, and at two temperatures below the 
point of helium. The remainder of the 19 experimental 
points did not deviate by more than 0.0025 deg in the 
range 1.6 to 4.2°K nor by more than 0.005 deg in the 
range 4.2 to 4.8°K. 

This same thermometer was also used for the meas- 
urements on La Ic. The other thermometers used for 
La I were calibrated only in the range 1.6 to 4.2°K. 
These points were fitted to the formula of Eq. (1) and 
this calibration formula was used up to 6.5°K. No 
attempt was made to improve the accuracy of the 
thermometry for this sample and the data are used only 
to show the qualitative effects of annealing. The ther- 
mometer used in the measurements on LaII was 
calibrated from 1.6 to 4.8°K and fitted to the same 
formula. 

The molar heat capacity was calculated from the 
relation 

C= 1#?Ru/(JNAT), (2) 


in which 7 is the current passing through the heater of 
resistance Ry for a time 7, J is the mechanical equiva- 
lent of heat, V the number of moles in the sample, and 
AT is the increase in temperature brought about by the 
Joule heating. All quantities except AT were measured 
to 0.1% or better. Errors enter into AT in two ways: 
in deducing the resistance change of the thermometer, 
AR, from the heating curve, and in converting AR into 
a temperature change. The uncertainty in deducing AR 
for LaI is 2 to 3%. With improved thermal isolation 
this was reduced to less than 1% for La II and La III. 
The uncertainty in converting AR to AT becomes pro- 
gressively larger with increasing temperature beyond 
4.8°K as the thermometer calibration becomes less 
certain. The mean value of the transition temperatures 
reported in the literature for Pb is 7.217°K™ and the 
mean deviation is 0.015 deg. Assuming that the cali- 


13H. van Dijk and M. Durieux, in Progress in Low Temperature 
Physics II, edited by C. J. Gorter (North-Holland Publishing 
Company, ‘Amsterdam, 1957), :P- 461. In the region of calibration 
the 1955 Leiden da Thin differs from the Clement scale, Tssz, 
by less than 0.004 d 

4 Boorse, Cook, aa Zemansky,"Phys. Rev. 78, 635 (1950). 
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bration of the La III thermometer is without significant 
error below 4.6°K, an error in thermometry of 0.03 deg 
at 7.2°K would lead to a maximum error in the cal- 
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Fic. 2. The effect of heat treatment on the heat 
capacity of sample La I. 


culated heat capacity no greater than 2% at 6.5°K 
and about 1% at 6°K. For La I and La II the uncer- 
tainty is considerably greater due to the more limited 
region of thermometer calibration. 

An additional source of error is introduced by the 
heat capacity of the Glyptal. This may be estimated for 
temperatures above 4°K from the data of Pearlman 
and Keesom” and is at most 0.4% of the heat capacity 
of the lanthanum. The heat capacity of the thermom- 
eter, as estimated from the data of Bergenlid ef al.* for 
graphite, is everywhere much less than 0.1%. 

It is felt that the total uncertainty in the heat 
capacity of La III is less than 1% of the mean line 
below 4.8°K, increasing to about 2% at 6°K and 3% 
at 6.5°K. 


Ill. RESULTS AND DISCUSSION 
A. Zero-Field Data 


The results for La III are shown in Fig. 1 in which 
C/T is plotted against T for zero field and for fields of 
4000 and 10 000 gauss. Two abrupt changes at 4.8 and 
5.9°K are apparent in the zero-field data. It may be 
seen that the application of a field of 4000 gauss in the 
temperature range above 4.2°K lowers the heat capacity 
and completely suppresses the two abrupt changes. 
Moreover, the application of a field of 10000 gauss 





15 N. Pearlman and P. H. Keesom, Phys. Rev. 88, 398 (1952). 
16 Bergenlid, Hill, Webb, and Wilks, Phil. Mag. 45, 851 (1954). 
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Fic. 3. C/T versus T? for lanthanum. Open circles—results in zero field for La IIT; half-filled circles (bottom-half black)—results 


in 10000 gauss for La ITI; solid circles—results in zero field for 
for La II; crosses—results in zero field of Parkinson, Simon, and 


produces no further change. This behavior is uniquely 
characteristic of superconductivity and allows both 
anomalies to be identified as superconducting transi- 
tions. 

The heat capacity of La I after various heat treat- 
ments is shown in Fig. 2. The annealing increases the 
magnitude of the upper discontinuity at the expense of 
that of the lower. Evidently 5.9°K is the, transition 
temperature of the 6 phase and 4.8°K the transition 
temperature of the a phase of these samples. 

It is not surprising that the two transitions were not 
clearly seen by the earlier magnetic and resistance 
measurements because of the possibility of magnetic 
shielding or electrical short circuiting of the normal, by 
the superconducting material in the temperature inter- 
val between the two transitions. In the magnetic 
measurements of Ziegler, Young, and Floyd one transi- 
tion of width 0.8 deg was observed while all other 
transition widths were 0.3 deg or less. In the resistance 
measurements of James, Legvold, and Spedding* there 
were two instances in which transitions were found to 
be as broad as 0.9 deg. These unusually broad transi- 
tions could be explained as the overlapping of two 
separate transitions in cases in which the magnetic 
shielding or electrical short circuiting of the normal 
hexagonal material was incomplete. The results of the 


La II; half-filled circles (right-half black)—results in 5000 gauss 
Spedding. 


calorimetric work of Parkinson, Simon, and Spedding 
are shown in Fig. 3. A possible higher temperature 
transition might easily have been overlooked in these 
data owing to the scarcity of points in the region where 
it would be expected. These investigators deduced 
values of the normal heat capacity constants y and @ 
from their data in the range 4.4 to 6.0°K. Since their 
data in this range may relate to a mixture of super- 
conducting and normal material rather than to the 
normal state alone, their values of y and © are doubtful. 

Within the precision of the data the superconducting 
heat capacity of La III in millicalories/mole (°K) may 
be represented by the expression C,= —0.367+0.485T* 
in the interval from 1.6 to 2.8°K, and by C,= —0.08T 
+0.4507* from 2.8 to 4.5°K. The transition tempera- 
ture of the a phase, T,, and of the 6 phase, Tg, as well 
as the transition widhts, AT, and ATs, are given in 
Table I for each of the three samples. The transition 
temperatures are taken as the midpoints of the tran- 
sitions. 

B. Normal Data 


It is expected that at a sufficiently low temperature 
the normal heat capacity of a metal can be represented 
by the Debye-Sommerfeld relation, 


Cr=yT+ (464/0°)T*. 
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TaBLE I. Transition temperatures and transition widths 
of superconducting lanthanum. 











_ ATa Tg AT 
Sample (°K) (deg) (°K) (deg) 
La Ia 4.8 0.2 5.9 oo 
La Ib 4.75 0.3 5.9 0.2 
La Ic 4.7 0.2 5.9 0.2 
La II 4.7 0.4 5.8 0.3 
La III 4.80 0.33 5.91 0.26 








The first term in this expression represents the elec- 
tronic heat capacity, and the second term the heat 
capacity of the lattice. When values of C/T are plotted 
against 7°, as in Fig. 3, this dependence appears as a 
straight line. Inspection of the La III data shows a 
deviation from linearity, as well as excessive scatter at 
the lowest temperatures. It is presumed that this 
scatter arises from the appearance of the intermediate 
state. Previous magnetic measurements‘ have shown 
that lanthanum is a hard superconductor remaining in 
the intermediate state in the presence of magnetic 
fields several times greater than the critical field as 
deduced thermodynamically from heat capacity meas- 
urements. The presence of the intermediate state at 
the lowest temperatures would be expected to produce 
a spuriously high heat capacity due to the absorption 
of latent heat, and has been shown" to cause excessive 
scatter in heat capacity data. 

A guide for the extrapolation of the normal line was 
obtained through the procedure of matching the normal 
and superconducting entropies above the upper transi- 
tion. Since in the absence of a magnetic field the 
transitions take place without latent heat, the third 
law of thermodynamics requires that these entropies be 
equal. In order to compare the entropies it is necessary 
to extrapolate both the normal and superconducting 
curves to the absolute zero of temperature. The method 
of extrapolation of the superconducting curve is not 
critical since the extrapolated portion contributes only 
1% to the total entropy. 

In order to extrapolate the normal line, use is made 
of the Debye-Sommerfeld relation on the assumption 
that there is an interval of temperature low enough so 
that the lattice heat capacity follows a T* dependence 
yet high enough to be above the region in which the 
intermediate state may appear. The crossover tem- 
perature (C,=C,) of 2.95°K was assumed to lie in this 
interval. Hence the contribution of the normal entropy 
at 2.95°K is given in terms of the constants y and 0 by 


2.95 2.95 
f C,/T T= f [y+ (464/0)72aT 


464 (2.95) 
= 2,95y-+— ’ 
eo 3 





and the remainder of the normal entropy at 6°K is 
given by f29s(C,/T)dT. This latter value is deter- 






mined from the data by the use of a planimeter. The 
total normal entropy at 6°K must be equal to the 
superconducting entropy at 6°K, the value of which 
is determined by a planimeter measurement of the data. 
This gives an expression involving only the unknowns 
y and @: 


464 1 28 C, * C.-C, 
2.95y-+—(2.95)*—= f + | ———aF @ 
3 eo 4 T 20 «4x 


A second relation is obtained by inserting the measured 
value of the normal heat capacity at 2.95°K in the 
Debye-Sommerfeld relation. The values of y and 0 
which satisfy these two simultaneous equations are 
respectively 24.110~ cal/mole (°K)? and 142°K. 

It should be noted that each of these values is an 
average for the two crystal structures present. Letting 
x represent the fraction of sample La III which was in 
the a phase, then at the lowest temperatures the 
measured normal heat capacity may be expressed by 
the relation 





464 464 
Cyn a( 17+ r)+(-2)(nr+—r), (5) 
e.' Q,° 


or 
464 x 1-~x 

P+ T=Lovet (1a yre] +464 — + Jr. 

(3 02 0, 


(6) 





where the subscripts a and @ refer to the crystallographic 
phases. From Eq. (6) it follows that 

Y=xVat (1—x)y~, (7) 
and 


1 x i1-x 


—=——+—,, (8) 
@ 0,3 0, 








The solid line in Fig. 1 is the Debye-Sommerfeld 
curve for these values of y and @. The fact that this 
curve fits the data smoothly in an interval including 
2.95°K lends confidence to the assumptions made in 
extrapolating the normal data. The deviation of the 
data from this curve above 3.8°K or ©/37 indicates 
that the Debye © value decreases, as is to be expected.!” 

The calculated values of y and © may be shown to 
be rather insensitive to systematic errors in thermom- 
etry. Thus, if T’ represents the measured temperature 
and T the true temperature, then the measured heat 
capacity C’ is related to the true heat capacity C as 
follows: 


C’'=dU/dT'=(dU/dT)(dT/dT’)=CdT/adT’. (9) 
The measured entropy S’ at T, may be expressed as 


17M. Blackman, Repts. Progr. in Phys. 8, 11 (1941). 














follows: 
T.’ Te 
S'= f (C'/T)\dT’= i) (C/T)(T/T)aT. (10) 


The error introduced in the entropy comes from the 
departure of the ratio T/T’ from unity. Since this 
factor is unity to within less than 0.2% up to 4.8°K 
as a result of direct calibration against the vapor 
pressure of helium, and since the error is probably no 
larger than 0.03 deg at 7.2°K or 0.4% in T/T", the 
uncertainty in the entropy at 7, due to thermometry 
may be taken as 0.2%. 

The maximum scatter in the data is about 1% from 
the mean, while the average deviation from the mean 
line is about 0.3%. An additive error due to the heat 
capacity of the Glyptal will cancel from the last term 
in Eq. (4). In the other terms the error from this source 
is taken as 0.5%. On the basis of these estimates of 
uncertainties, y= (24.1+0.6) X 10~ cal/mole (°K)? and 
@O= 142+3°K. 

The critical field at absolute zero, Ho, of a single 
superconductor is related to the heat capacities by the 
formula 



























vH¢ awe 
roma J (C.—C,)aT, 
8x 0 


(11) 


where v is the molar volume. A planimeter measurement 
of the La III data, using the Debye-Sommerfeld low- 
temperature extrapolation of the normal line, gives, 
when substituted in Eq. (11), a formal value for Ho of 
910 gauss. However in this case the right-hand side of 
Eq. (11) may be expressed in terms of the contributions 
from the two crystal forms, as follows: 


Tg Ta 
f (C,-C,)dT = f (Ceo—Caa)dT 
0 0 


Tg 
+(1—2) f (Cus—Cas)@T, (12) 


or 
vH 0 


—_— =x 


Vall oa" 








+(1—x) _— 


8x or. 


(13) 


C. Comparison with Theory 


These data, which refer to a mixture of two super- 
conductors, do not lend themselves readily to com- 
parison with theoretical prediction because of the am- 
biguity in separately determining the parameters of the 
two modifications of lanthanum. Such a comparison 
may be made however, based on the assumption that 
the two modifications of lanthanum conform to a law 
of corresponding states of the form 


Ceu= yT. f(t), 


where C,, is the superconducting electronic heat 
capacity and ‘=7/T, is the reduced temperature. 


(14) 
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If C,, is expressed in the form 


Cua=C.—Cat7T, (15) 
then at T, Eq. (14) reduces to 
AC/(yT.)= f(1)-1, (16) 


where AC= (C,—C,)r-r, is the molar discontinuity in 
the heat capacity at T,. If AC, and ACs represent the 
measured discontinuities in the zero-field data of La IIT 
at J, and 7s, then the molar discontinuities will be 
AC,/x and ACg/(1—«x). Equation (16) then implies the 
equalities 

AC. ACs 


Ts ( i- —x)vsT 5 


Together with Eq. (7), this leads to xya=13.1X10~, 
(1—x)yg=11.0K10~, and f(1)—1=1.80. This is close 
to the Koppe value of 1.71 and agrees well with the 
ratios found for other superconductors.!* It is somewhat 
higher than the value 1.32 predicted by the microscopic 
theory of Bardeen, Cooper, and Schrieffer’: as applied 
to a rather idealized model of a metal. 

Equation (11) may be written, using Eqs. (14) and 
(15), 





=f(I)—-1. (17) 


-{ [yT.f()—yT]}dT 


1 
=7T?2 f f()dt—IyT?, (18) 
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=f soa 


Again assuming f(/) to be the same for both forms of 
lanthanum, we have the equalities 


(1—2x) V Hog? 
8x (1—x)yeT#? 
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(19) 
8ryT - 


Val oa" 





=f soa-1. 


SrxyVal 2 


Upon using the values for xyq and (1—x)yg deduced 
from Eq. (17), the above equation together with Eq. 
(13) leads to the values 04 Ho.?=8.30X 10, (1—«) v3 
X Hog?= 10.56X 108, and fo! f(t)di— 4=0.259. The value 
predicted by the Bardeen, Cooper, and Schrieffer theory 
is 0.234. 

The general form of f(/) predicted by the Bardeen 
theory, as well as by earlier energy gap models,” is, for 
low values of the reduced temperature, 


ae fQ=ae™'. (21) 


18 Worley, Zemansky, and Boorse, Phys. Rev. 87, 1142 (1952). 
The more recent data available for several of the metals listed 
here yield essentially the same values of the ratio. 

19 Bardeen, Cooper, and Schrieffer, Phys. Rev. 106, 162 (1957). 

»” Bardeen, Cooper, and Schrieffer, Office of Ordnance Research 
Technical Report No. 9, 1957 (unpublished). 

oar L. Ginsburg, Fortschr. Physik 1, 101 (1953); H. Fréhlich, 

Roy. Soc. (London) A223, 296 (1954); J. Bardeen, Phys. 
oy 97, 1724 (1955). 
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The superconducting electronic heat capacities of V” 
and Sn” have been shown to exhibit such an exponential 
temperature dependence for ‘<0.7 with the values 
a= 9.17 and b= 1.50. The superconducting heat capacity 
of lanthanum goes nearly as 7* at the lowest tempera- 
tures but with a negative intercept. In order to remain 
positive down to the absolute zero it must fall less 
rapidly, in a manner suggestive of Eq. (21). An attempt 
to fit the data of La III to the corresponding relation, 


Coo= Val qae*2/7+ (1—x)yaT ae "8/7, (22) 


2 Corak, Goodman, Satterthwaite, and Wexler, Phys. Rev. 
102, 656 (1956). 
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discloses small but systematic deviations. An approxi- 
mate fit from 1.6 to 3.4°K, using the values a=9.20 
and 6= 1.58, deviates by as much as 5% from the data. 
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Double Electron Capture and Loss by Helium Ions Traversing Gases* 


SAMUEL K. ALLISON 
Enrico Fermi Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received August 28, 1957) 


A beam of pure He*+ ions was passed through a cell in which 
the gas pressure could be varied, and the emergent beam was 
examined for its He? and He* content. With helium and air in 
the cell, it was observed that He® persists to pressures so low that it 
could not have been formed except by double electron capture 
by He** in a single collision. In hydrogen the double capture 
event is much less probable. 

The analogous experiment was performed with a helium 
atomic beam, and at 250 kev and 450 kev in air He**, formed 
by double electron loss, was detected. In hydrogen and helium 
only upper limits for double electron loss could be established. 

These results, with values of the sums (¢29+¢2:) and (¢9:+¢02) 
measured in previous researches, made it possible to compute 
values of o29 and go, as in the following table. 


I. INTRODUCTION 


HIS paper reports measurements of cross sections 

for charge-changing collisions of moving helium 
ions in gases. A kinetic energy range from 150 to 450 
kev is covered, the corresponding velocities ranging 
between 1.22 and 2.12 times the Bohr electron velocity 
in the hydrogen atom, 2.18X10* cm/sec. In this region 
the charge-equilibrated helium beam must be considered 
at least a three-component system; the charge states 
He’, He*, He** all appear in the beam in fractions 
greater than 1%. For He® the most probable charge- 
changing events are He’—Het and He°—He**, the 
cross sections for which are called oo; and oo. For the 
other charge states the most probable charge changes 
on collision correspond to the cross sections 049, o12, 
720, 21. 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 





NUMBER 1 JANUARY 1, 1958 
Cross sections in units of 10-7 cm? per atom 
Hydrogen Helium Air 
kev o20 o20/o2 v2 o20/o2 o20 = §=6on0/on 
Double electron capture 
150 1.1 0.04 5.7 0.30 11.8 0.24 
250 0.87 0.06 27 0.19 5.2. 0.15 
350 0.20 0.03 1.1 0.10 2.1 0.09 
450 0.12 0.05 1.1 0.15 1.3 0.08 
Double electron loss 
o02 o02/o01 a2 oo2/e01 o02 o02/o01 
250 =0.140.1 ~0.02 0.2402 ~0.02 0.5404 0.02 
450 <0.1 <0.01 <0.2 <0.01 132404 0.06 


A table of the six charge-changing collision cross sections for 
helium ions is presented. The equations needed to compute the 
change in the charge composition of a helium ion beam due to 
passage through a gas film are given. 


The capture of two electrons by He* in a single 
collision, leading to a negative helium ion, has been 
observed at kinetic energies as high as 160 kev, with 
oi ranging from 0.01X10-" cm? in helium gas to 
0.6X10-" cm? in krypton,' but such events occur with 
a probability of the order of 0.10% of that of the 
others mentioned. No attempt was made in these 
experiments to observe negative helium ions. 

Charge-changing cross-section measurements for 
helium beams have been described in two prior publi- 
cations from this laboratory?* and the equipment used 





 Dukel’skii, Afrosimov, and Fedorenko, Zhur. Eksptl. i Teort. 
Fiz. (U.S.S.R.) 30, 792 (1956) [translation: Soviet Phys. JETP 
3, 764 (1956) ]. The phenomenon of double electron capture had 
previously been observed in the case of protons, Ya. M. Fogel’ 
and R. V. Mitlin, Zhur. Eksptl. i Teort. Fiz. (U.S.S.R.) 30, 450 
(1956) ) [translation : Soviet Phys. JETP 3, 334 (1956) ]. 

*S. Krasner, Phys. Rev. 99, 520 (1955). 

3 Allison, Cuevas, and Murphy, Phys: Rev. 102, 1041 (£956) ; 
this will be referred to as ACM 
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was similar to that of this earlier work. In our previous 
work the total attenuation of a single charge-component 
helium ion beam in a strong magnetic field was observed 
as minute amounts of gas were admitted. The attenu- 
ation takes place because any ion which changes its 
charge changes the radius of curvature of its path in 
the field and fails to enter the small aperture of a 
detector so placed as to collect the entire beam under 
high vacuum conditions. Such total attenuation experi- 
ments measure the sums 


B=o,0t+ on, 


and do not in themselves give individual cross sections. 

In order to compute the individual cross sections 10 
and o;2, ACM made use of additional information, 
namely the equilibrated ratio He+/He** as observed 
by Snitzer‘ and by Stier, Barnett, and Evans? in helium 
ion beams which have attained an invariant charge 
composition by traversing sufficiently thick gas films. 
Let Fox, Fic, Fo. represent these equilibrated fractions; 
Allison and Warshaw® have shown that 


P \ee/ F 240 = (021+ 010 20) / (Bo02+-0 12001). (2) 


ACM assumed that a2 could be neglected with respect 
to the other cross sections, so that 


o2= (YF 20)/F ie (3) 


and thus they obtained values of 12, and of oi by 
subtraction from 8. The extension of the experiments 
reported here shows that no serious errors in 49 and 012 
were made by this neglect of oo2; if it has a value as 


a=antor, Y=o2+ 021, (1) 


high as the upper limit of approximately 0.3X10-" cm? - 


for Hz and He gases at 150 kev, the ACM values of o12 
are reduced to about the lower limit of the range of 
uncertainty given by them (see Table V and ACM and 
Table VI of this paper). 

ACM did not obtain separate values of a2 and ox 
from their observed sum ¥ through an analogous use of 
the equilibrated ratio Fo,/F2.. In the energy range of 
this work, the values of Fo, Fi., and F2, are quite 
insensitive to changes in e, where 


€=020/ (o20+021), (4) 


and auxiliary experiments must be performed to 
measure o20 and g2; as separated quantities. This paper 
describes such measurements, and analogous ones 
leading to the determination of 


€' =002/(o0+002). (5) 


II. MATHEMATICAL TREATMENT OF 
CHARGE EQUILIBRATION 


The differential equations involved in describing 
changes in the charge composition of a three-component 


4E. Snitzer, Phys. Rev. 89, 1237 (1953). 

5 Stier, Barnett, and Evans, Phys. Rev. 96, 973 (1954). 

®In the review article of S. K. Allison and S. D. Warshaw, 
Revs. Modern Phys. 25, 779 (1953), these quantities are called 
1, 2, ¢3, and other authors have followed this notation. 
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system were stated in the review by Allison and 
Warshaw, and a solution appropriate to certain bound- 
ary conditions was presented.’ We need more general 
solutions for our present purpose, so the equations will 
be restated with slight improvements in notation. We 
deal with dimensionless quantities F; which are the 
fractions of the total flux of ions which are in charge 
state i/e|, where |e| is the magnitude of the electronic 
charge. Then the independent differential equations 
of interest are 


dF \/dx= Fo(00:—021) — Fi1(¢2+8)+o2, (6) 
dF o/dx =F \(010— 020) — Fo(o20+a) +020. (7) 

F, can always be found from 
F,=1—(FotFi), (8) 


since we are neglecting the presence of negative helium 
ions. represents the number of atoms of gas per cm? 
which the beam has traversed. If, as in the usual 
experimental situation, the beam passes from high 
vacuum into, and exits into high vacuum from, a 
compartment of length / cm which contains a gas having 
£ atoms per molecule, at pressure p dynes/cm’, then 


(p)=Llép/RT, (9) 


where LZ is Avogadro’s number, R the gas constant 
(8.31107 erg/mole °C), and T the absolute tempera- 
ture. 

It is convenient to introduce four new constants 
which are linear combinations of the cross sections: 


cu = (o2+8), 


b= (¢01—¢21), 


f=oy—o2, 

£=— (cwte), 

such that the differentia] Eqs. (6) and (7) become 
dF, /da=aF \+-bFo+021, 
dF o/dx= {F\+gF ot 020. 


The solution of such equation sets is standard practice. 
The solutions may be summarized as follows: 


F; — Fiat [P (2,1) exp (+g) 


(10) 


(11) 


+N(z,i) exp(—mq)] exp(—34 D ais), (12) 

in which 
q=+3L(g—a)?+40/]}, (13) 
LX ois= — (a+), (14) 


P(z,t) is a function of the cross sections applicable to 
the composition of the beam (index z) at r=0, and to 
the type of ion (7) whose participation in the beam is 
being discussed, and N(z,i) is the analogous coefficient 
of the negative exponential. 

Initial conditions of special interest are those in 
which the ions of the beam, traveling in high vacuum 
before entering the charge-changing compartment, are 





7 Certain typographical] errors in the solution were pointed out 
by J. A. Phillips and J. L. Tuck, Rev. Sci. Instr. 27, 97 (1956). 
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TABLE I. Coefficients P and N for Eq. (12). 








Original state 


(x =0) P(z,4) 


N (2,4) 





A. To calculate changes in the fraction of He* present in a beam in which originally all the ions had the same charge. 


1 
all He® P(0,1) wt (b+s—gq)Fie] 
q 
1 
all Het P(1,)= Lleol Fia) +0F en] 
q 
1 
all He** PRM a iale pen) 
q 


1 
N(0,1) = ~—imiet (6+s+9)Fie] 
q 
1 
N(1,1) 7 Leta) (1—Fie) +bF oe] 
q 


1 
N(2,1) = ——[Fie(st+q) —bF oe] 
29 


B. To calculate changes in the fraction of He® present in a beam in which originally all the ions had the same charge. 


P (2,0) =P(2,1)(s+q)/b 


z=V, 1, 


zlel 


N (2,0) =N(z,1)(s—q)/b 


z=V, 1, 


C. To calculate changes in the fraction of He** present in a beam in which originally all the ions had the same charge. 


zle| 


z=V, 1, 


P(z,2) = —P(z,1)(b+s+q)/b 


N(z,2) = —N(z,1)(b+s—q)/b 


z=V, 1, 








all of the same charge. Thus, P(0,1) represents the 
appropriate coefficient for the growth of Het in a 
beam which was originally 100% He’. 

In all cases of physical interest, }}> is>g, so that in 
the limit > the term in Eq. (12) involving expo- 
nentials becomes zero, leaving 

F;,= lim F;. 


Tn 


(15) 


In terms of the cross sections, the equilibrated fractions 
F,. are 


Fon = (fo21— a620)/D= (Bo20+o10021)/D, (16) 
F.= (bo20— go21)/D= (ao21+001020)/D, (17) 
F2,=[o20(a—b)+g(a+on)— f(bt+o2)]/D, (18) 
where 
D=ag—bf=o12(a+020)+o10(y+o02) 
+ac2too102. (19) 


Table I gives the expressions for P(z,i) and N(z,i) 
appropriate to the different beam constituents and to 
the three unmixed initial states. In this table the symbol 

s=}(g—a) (20) 


appears. The following relations between the N’s, P’s, 
and F’s are useful in checking the internal consistency 





Fo Fox+[P(2,0) exp(1q) +N (2,0) exp(—2q) ] exp(—43x D ais) 


of a set of numerical values: 
F,.= —[P(z,t)+N(z,i)], 2; 
1—F,.=[P(2,i) +N (z,i)], 


Ill. EXPERIMENTAL METHOD 


Since the previous ACM measurements have given 
us, for instance, y=o20+o21, experimental measurement 
of « [Eq. (4) ] would establish the individual values of 
g29 and og. The quantity « may be measured by 
allowing a beam of Het* ions to pass through a gas 
cell, and lowering the gas pressure until one observes 


Fo 720 € 

iim(—) =—= 

r0'\ F, 02 1-—e 
in the emergent beam. Stated in other words, we create 
in the path of the Het+* beam a “‘film” of gas so thin 
that the probability of two successive collisions of a 
moving helium ion with a target of atomic size is 
negligible. Then if He® appears in the emergent beam 
in appreciable ratio to He*, it must have been created 
in a single encounter in which He*+ has captured two 
electrons. 

The physically obvious result expressed in Eq. (23) 
may be formally deduced from Eq. (12) and provides 
an illustration of the use of Table I. Since we begin 
with a pure He*++ beam (z=2), by Eq. (12) we have 


(21) 
(22) 


2=1, 





(23) 





Fy Fre +[P(2,1) exp (xg) +N (2,1) exp(—xq)] exp(—4x E ous) 


In passing to the limiting value at r=0, as a first step 
we expand the exponentials and retain only the first 
power of the exponents. Using Table IB to eliminate 
P(2,0) and N(2,0), and making use of Eq. (21), we 


(24) 





obtain 


(25) 





im 
x0 


(~) _ Foe( DX o1s—5)—fF 1x 


F, - Fie(} L oist+s)—bF oe 
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The parenthetical expressions in the numerator and 
denominator may be reduced through Eqs. (14) and 
(20), and the result of Eq. (23) obtained using Eqs. 
(16) and (17). 

The ratio lim,4o(Fo/F;) will be a sensitive test for 
the presence of double electron capture, since it will be 
zero if such events do not occur, and infinity if double 
capture were the only charge-changing collision experi- 
enced by He**. 

Actually the experimenter is faced by the necessity 
of a compromise; if he makes the gas film very thin to 
approach as nearly as possible the limit r=0, his 
accuracy will suffer because not enough He® and Het 
are produced for reliable detection. On the other hand, 
if he increases the film thickness to produce more He® 
and Het, the observed Fo/F,; ratio becomes a less 
sensitive detector of the presence of double capture. 
As a preliminary to the experiments on double capture 
in air, a set of curves was calculated to indicate a good 
range of x. In estimating the initial stages of charge 
equilibration of a pure He*+* beam, it can provisionally 
be assumed that e’ of Eq. (5) is zero; then the experi- 
ments of ACM provide us with oo1, o10, 712, and y. We 
assume various values of ¢ and calculate from Eq. (24), 
without approximating the exponentials, the expected 
behavior of the Fo/F with changing x for each assumed 
e. Such a family of curves is shown in Fig. 1. 

For rapid physical interpretation of all the graphs in 
this paper, we have replaced by the equivalent 
product (pl), given [see Eq. (9) ] by 


(pl) = (wRT)/(LE). (26) 


We shall speak of the product (pl) as the “thickness” 
of the gas film, using » in microns of mercury and / in 
centimeters. The temperature is considered to be 
293°K. Numerically, in these units, we have 

r= 3.30X 10 (pl), 


x=6.61X10"(pl). 


monatomic gas: 
onatomic g (26a) 


diatomic gas: 


@2) 


Fic. 2. Schematized drawing 
of apparatus for producing and 
analyzing charge-changing col- 
lisions of He** ions in gas films. 
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Fic. 1. Observed and calculated He®/He* ratios produced in 
a He*+ beam by charge-changing collisions in thin air films. The 
best fit requires a finite o29 with e=o29/(o20+o21) =0.19. 


The curves of Fig. 1 were computed for a 150-kev 
helium beam in air. The cross sections used in the 
computation were, from ACM, oo=34.1,t o10= 20.4, 
o12=1.2, and y=62 in units of 10-'” cm*. Curves were 
computed for e=0, 0.25, 0.50, and later, as indicated 
by the experimental results, for «=0.19. For e=0.19, 
P(2,0)=—1.104, N(2,0)=0.738, P(2,1)=0.979, and 
N(2,1)=—1.595 in Eq. (24). The curves of Fig. 1 
show clearly the enhanced sensitivity of the ratio to 
the presence of double electron capture at low (pl) 
values, and the relative insensitivity as equilibrium is 
approached. 

It is clear that double electron loss can be searched 
for in a similar manner, namely by preparing a beam 
of pure He’® and finding experimentally 


, F, T02 é 
im() =" ‘ 
O\F, 01 1—¢’ 


IV. APPARATUS 





(27) 


Figure 2 shows a schematized drawing of the appa- 
ratus as it was used in the double-capture experiments. 


soln hs 





t See Table VI for better values of a and 1; the result of this computation is, however, unaffected by such a change. 
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TABLE II. Description and dimensions of items shown in Fig. 2, 
as used in double electron capture experiments. 








A. Description of items 
Item in 











Fig. 2 Description 
1 Equilibration cell for production of He+* from Het. 
2 To thermocouple vacuum gauge. 
3 Needle valve No. 1. 
4 To cold trap* and oil diffusion pump A. 
5 Magnet for selecting Het*. (Angle of deviation is 
tan~0.10.) 
6 Beam traverse tube A. 
7 To cold trap and mercury diffusion pump B. 
8 To cold trap and McLeod gauge. 
9 Intermediate pressure compartment A. 
10 To cold trap and McLeod gauge. 
11 Needle valve No. 2. 
12 By-pass to cold trap and oil diffusion pump C. 
13 Charge changing cell. 
14. ~—- To cold trap and oil diffusion pump C. 
15 Intermediate pressure compartment B. 
16 Parallel-plate ionization chamber for beam monitoring. 
17 Beam traverse tube B (steel). 
18 To cold trap and oil diffusion pump D. 
19 Magnetic analysis chamber (see Krasner,” Fig. 4). 
20 Movable shutter for interrupting He® beam. 
21 Location of gold foils for equilibration before detection. 
22 Secondary electron emission beam detectors (see 
Montague’). 
23 To cold trap and McCleod gauge. 
24 To cold trap and oil diffusion pump D. 
B. Dimensions 
Traverse Aperture 
Item in length Item in diameter 
Fig. 2 in cm Fig. 2 in cm 
S3S2 10.8 Ss 0.159 
S2Si 2.2 Se 0.159 
5:0 4.7 Si 0.150 
OL, 26.7 Ii 0.226 
Lil, 8.3 I, 0.091 
LiL; 20.6 L; 0.091 
Dsl, 8.3 I, 0.226 
LL; 17.8 
LL 12.7 








* All cold traps were cooled with liquid nitrogen. 
> See reference 2. 
¢ J. H. Montague, Phys. Rev. 81, 1026 (1951), Fig. 2. 


A Cockcroft-Walton accelerator (kevatron) provided a 
He* beam in the kinetic energy range 150 to 450 kev, 
and had associated with it a beam sorting magnet 
which deviated the He* 22.5° into the measuring 
equipment. Table II describes the various parts and 
gives significant linear dimensions and aperture 
diameters. 

A He** beam for double-capture measurements was 
produced in the equilibration compartment (1) where 
a gas film with (pl) between 50 and 100 was created, 
using the same gas as was being admitted through 
needle valve No. 2 to the charge-changing cell (13). 
The limiting apertures on the He++ beam, selected 
from the mixed, equilibrated beam by the second 
sorting magnet (5) were at the entrance and exit of the 
charge-changing cell (L2 and L3). 

In the double electron capture experiment it was 
necessary to compare the intensities of two differently 
charged beams (He® and He*) as measured in different 
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secondary-electron detectors. The question arises as to 
whether the number of secondary electrons per incident 
ion is the same if the kinetic energies are equal but the 
ionic charges are not. This problem, the solution of 
which is part, but not all, of the detector calibration, 
was removed by equilibrating each beam in a thin gold 
foil (0.19 mg/cm?) just before it enters the detector. 
Thus, the detector sees the same ionic mixture irre- 
spective of the original beam composition, since the 
beams being compared have the same velocity. Other 
aspects of the detector problem are considered in the 
following section. 

The currents from the detectors, which were biased 
—45 volts to saturate the secondary electron current,* 
were of the order of 10— ampere, and the currents from 
the ionization chamber (16) were 10~" ampere except 
in experiments on the He*+*+ beam produced from 150- 
kev He* ions, where currents were lower by a factor 10. 

To minimize the effect of the changes in the stray 
magnetic field on the secondary electron current from 
the detector, the design was such that from every point 
on the electron emitting surface which could be struck 
by the helium beam, the secondaries could complete 
the electrical circuit by a short vacuum path (0.5-0.8 
cm) parallel to the lines of force of the magnetic field. 

The detector currents fluctuated not only because of 
the intensity fluctuations in the kevatron beam but also 
because, due to the very high angular selectivity of the 
small apertures through which the beam was magneti- 
cally directed, the slightest energy fluctuation in the 
kevatron varied the intensity at the detector and 
monitor. Thus, it was necessary to integrate both 
monitor and detector currents with respect to time for 
reliable readings. A Brown electrometer and a vibrating- 
reed electrometer with multiple scale recorders were 
used on the monitor and detector, respectively. The 
instruments read the rate of rise of voltage on high 
quality capacitors into which the currents flowed. A 
specially constructed switch shifted the vibrating-reed 
electrometer from one detector to the other. 

In the experiments on double electron loss, traverse 
tube A (Fig. 2, item 6) was replaced by a straight 
tube, so that the entire system from S$; to Ls was in 
the same straight line. The magnet at (5) was used to 
discard the He++ and He* constituents from cell (1), 
allowing the pure He® beam to pass through the 
aperture at 1). 

Other parts of the apparatus, not specifically men- 
tioned here, were as described in previous publications.” 


V. TESTS FOR SYSTEMATIC ERRORS, AND 
EXPERIMENTAL PROCEDURES 


The history of attempts to measure electron capture 
and loss cross sections shows that in this field system- 
atic errors are very likely to occur. There is no theory 


*Of course the charged ions in the equilibrated beams con- 
tributed to the detector current, but detector bias curves showed 
that more than 90% of the current was caused by secondaries. 
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reliable enough to enable the rejection of experimental 
results as being too improbable. Therefore many tests 
of the internal consistency of the measurements were 
made. 


A. Detector Sensitivity 


In the double-capture experiments it was necessary 
to calibrate the two detectors as to their secondary- 
electron-emitting efficiencies. The F2/F, determination 
for double loss was simpler; here both beams could be 
magnetically deviated and thus alternately measured 
in the same detector. It was however, necessary to 
investigate whether the detector used was sensitive to 
the necessary magnetic field changes. 

The two detectors were geometrically identical and 
were distinguished by spots of orange and black paint 
respectively. They were constructed at different times, 
however, and it is not certain that the same sheet of 
beryllium copper was used for the secondary-emitting 
surface. ; 

Test 1. Interchange of detectors—In one such test, a 
250-kev Het+*+ beam was pdssed through an airfilm 
with pl~3 micron cm and the total (magnetic field 
zero) mixed beam measured in the orange detector at 
the 0° port. Then the magnet (at 19, Fig. 2) was 
switched on and the He** constituent directed to the 
black detector at the 30° port. The apparent value of 
F, was 0.47. The beam valve to the kevatron was then 
shut and the detecting system filled with helium. The 
detectors were pulled out of their sockets and inter- 
changed, with perhaps 15 seconds exposure to the air. 
In ten minutes the vacuum was re-established and 
readings could be taken again; now the apparent value 
of F; was 2.27. It is only necessary to assume that the 
effect of the magnetic field, if any, on the detector 
response was the same for both to deduce that the 
orange detector was the better secondary electron 
emitter by a factor (2.27/0.47)'= 2.2, and that the true 
value of F, was essentially one, within 10%. 

This calibration did not demonstrate that the de- 
tectors were unaffected by the magnetic field, and is 
open to the criticism that the secondary-electron- 
emitting surfaces might be altered in their brief exposure 
to air. 

Test 2. Separation and reassembly of beam constituents. 
—As an illustration of this type of test, we describe 
one carried out under the same beam conditions as just 
previously mentioned in the example of Test 1. With 
the orange detector at the 0° port, the integrated 
response for a given monitor integration was propor- 
tional to 100, with no magnetic field on (at 19, Fig. 2) 
and the entire mixed beam entering. The magnetic 
field was then established and varied so that first the 
He**+ and then the He* constituent was directed to the 


black detector at the 30° aperture; the integrated. 


responses were 47 and 5 units respectively. The He® 
beam, left in the orange detector, gave 1.3 units; for 
simplicity this was divided by the factor 2.2 obtained 
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in Test 1, and added to the sum of He++ and He* in 
the black detector, making the total black detector 
response to the three parts of the beam 52.6 units. 
Comparison with the response of the orange detector 
to the total beam indicates that it is the more sensitive 
by a factor 1.9, in reasonable agreement with Test 1, 
and showing that the effect of the magnetic field on the 
detector response is less than 15%. 

Every beam-ratio experiment where both detectors 
were involved was immediately preceded by a detector 
sensitivity test of type 2. Interchange of detectors, as 
in Test 1, was occasionally used. The factor in favor of 
the orange detector varied from 1.5 to 2.1 over the 
kinetic energy range of the experiments and the 10-week 
interval during which the final readings were taken. 

For the F:/F, measurements for the double electron 
loss, both the He++ and Het beams were alternately 
measured in the black detector at the 30° port. The 
beam shutter shown in Fig. 2 was removed and the 
orange detector placed in the 60° port, and occasionally 
the He++ beam was measured there. Applying the 
known sensitivity factor gave F2/F, ratios agreeing 
with the single detector measurement. 


B. (pl) Measurements 


Although most of the charge-changing collisions took 
place in cell 13 of Fig. 1, collisions affecting the result 
were possible in the entire length OL;, a distance of 
81.7 cm. The total film thickness was computed from 
the individual (p/) values indicated by McCleod gauge 
readings at the three locations shown in Fig. 2, plus an 
estimate of the (pl) in compartments (9) and (15). 
The latter estimate could be made as a result of previous 
experience with this equipment; and was a small 
correction. 


C. Lowest (pl) Attainable 


The method of taking data and their interpretation 
was much affected by the fact that even with both 
needle valves shut there was enough residual gas (pl~3 
micron cm) to cause more than 1% of He* to appear 
from a pure He*+ or He® beam selected at (5), Fig. 2. 
If it was necessary to open needle valve No. 1 to obtain 
more He** or He®, the pressure rose in the region OL, 
and a higher fraction of the pure beam was converted 
prior to the intentional interposition of the gas film 
by opening needle valve No. 2. 

The interpretation of measurements in air was less 
complicated than in other gases, since it could be 
assumed that the residual gas was air itself. The 
behavior of the Fo/F; ratio from a pure He+* beam as 
air film thickness is reduced is shown in the experi- 
mental points of Fig. 1. The result must be defended 
against the following criticism. Is the persistence of 
He® at the low (pl) values merely the result of equi- 
libration of part of the He*+*+ beam by scattering from 
metal aperture edges in its long path? In refutation it 
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Fic. 3. Observed and calculated He**+/Het ratios produced 
in the He® beam by charge-changing collisions in thin air films. 
The best fit requires a finite oo2, with €’ =o02/(o92+001) = 0.06. 


can be calculated that the amounts of (He°+He*) 
observed at the lowest (pl) values can be accounted for 
as having been produced in the gas film. As an example, 
consider the experimental value of Fo/F,=0.28 at 
(pl) =5.4 in Fig. 1. Here the measured intensities were 
He®=0.34, He+=1.22, He++=6.12 so that (Fot+F;) 
=1.56/7.6=0.20. From Eqs. (26a), r=3.57X10", and 
using the P and N values given in the discussion of 
Fig. 1 we can compute Fp and F; from Eq. (12). We 
find (Fo+F;)=0.21+0.02, which accounts for the 
observation, and similar agreement was obtained for 
the low (/) points in other cases. 

Further evidence lies in the fact that as the gas film 
thickness was increased (see Fig. 1), the ratio Fo/F; 
changed only slowly although there could be no doubt 
that the gas was increasing the intensities of both the 
He® and He* constituents. One would not expect an 
F,/F, ratio contributed by aperture edge effects to be 
the same as that produced in the thin gas films. 





F, F 20 +LP(0,2) exp(xqg)+N (0,2) exp(—2g)] exp(—3a & ais) 
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D. Backgrounds 


The background under the He* or He** peaks could 
always be obtained by shifting the beam out of the 
detector aperture by a small change in the magnetic 
field at 19, Fig. 2. The background under He° was 
obtained by cutting off the beam with the shutter (20) 
which was so arranged that it did not intercept the 
other beams. 


E. Gases 


Measurements were taken in hydrogen, helium, and 
air. Oxygen in the electrolytic hydrogen was combined 
by a catalyst and the water frozen out. Government 
grade A helium was used. No purification was attempted 
for air. All calculations were made for 20°C. The gases 
continually flowed past the needle valves, at slightly 
above atmospheric pressure. 


VI. INTERPRETATION OF MEASUREMENTS 
AND RESULTS 


A. Air 


Double electron capture experiments in thin air films 
were interpreted as indicated in Fig. 1. Curves showing 
F,/F against (pl) were calculated as indicated in Sec. 
III for various assumed values of ¢, and the best fit to 
the experimental points decided the value of this ratio. 
Data were taken at 150, 250, 350, and 450 kev with 
results as shown in Table ITI. 

Investigations of the probability of double electron 
loss from He® were carried out at 250 and 450 kev. 
These investigations followed the double electron cap- 
ture experiments, so that a2 and o2; were separately 
known in addition to the cross sections given by ACM. 
Calculations of expected values of F2/F, were carried 
out using 


(28) 





Fy Fie+{P(0,1) exp(1%g) +N (0,1) exp(—2q) ] exp(—3x > ois) 


Figure 3 shows such a family of curves for 450-kev 
helium ions in air, using a=43.9,t o1=4.0, o12=6.6, 
o29= 1.3, o23=16.9 in units of 10-” cm? and values of 
oo2 obtained for «’=0, 0.04, 0.06, and 0.08 in oo2.=€'a. 
As anticipated by ACM, the cross sections oo: are 
relatively small. The accuracy is poor in Fig. 3 largely 


TABLE III. Experimentally determined values of ¢=020/(o20+o21), 
€’ =002/(¢01:+002) for helium ions in air. 











, 


Kinetic energy 
(kev) € € 





150 0.190+0.02 tee 
250 0.130+-0.02 0.02+0.02 
350 0.079+0.006 vee 
450 0.072+0.006 0.06+0.02 











because only 7% of the original He+ beam can be 
converted to He® in the first place. The evidence is, 
however, that e’=0.06+0.02; see Table III. 


B. Hydrogen and Helium 


Deduction of values of ¢ and ¢’ from data in these 
light gases was carried out in a manner different from 
that described for air. This was necessitated by the 
fact, mentioned previously, that there was always a 
residual air film producing its contribution to the 
conversion of the Het+ or the He® beam. 

The procedure will be illustrated by giving as an 
example the interpretation of the data on double elec- 
tron capture in helium gas by a 250-kev He*+ beam. 

















DOUBLE ELECTRON 


The following measurements were made: 


Run 1 Run 2 
a, the number of atoms of air per 1.4810" 1.48 10" 
cm? in the residual gas film. 
ap, number of helium atoms per 5.0310" 10.99 10" 
cm? added to the air film 
(Fo/F1)r observed from the 0.196+0.015 0.214+0.015 


helium-air mixture 


For the interpretation a table of é;; values per average 
atom in the gas mixture was computed, using 


= (watatnon)/ (watt). 


Using the ACM cross sections and assuming go2 in 
helium to be zero, we obtain 





Run 1 Run 2 
&:(10-7 cm?/atom) 19.0 16.4 
Gor" 0.17 0.09 
10 7.5 6.9 
G12 1.45 1.24 
4 21.9 19.4 





If we now assume various values of ¢ for helium, we 
can calculate values of (Fo/F,)r to be expected from 
the two gas mixtures, using Eq. (24). The result 
appears in Fig. 4. The dashed curves are computed 
curves for the two mixtures, and the solid intervals in 
them show where they pass through the regions of the 
experimental observations. The projections of these 
arcs on the ¢ axis give the value for pure helium, and 
the result is 0.165+0.015. The correction for residual 
air is in this case negligible; if the mixturé had been 
treated as pure helium the result for « would have been 
0.170. In certain hydrogen-air mixtures, however, the 
correction was not small. 

An exactly analogous procedure was used to find ¢’ 
for hydrogen and helium from (F2/F\)r measurements. 


TABLE IV. Results on double electron capture in hydrogen 
and helium. ¢=020/(¢20+¢21). 











He** Atoms Atoms 
Ion air gas 
kinetic per per 
energy cm? cm? € 
(kev) Gas X10" X10" (Fo/Fi)r € adopted 
134 544 0.144001 0.04 
0S ES ON S8B OR Os goo 
He 135 457 036 40.04 0.24 923 +0.02 
148 11.05 0.10 +001 0.054 
om Hz 148 19.96 0.12 £001 0.068 0.06 +0.01 
148 5.03 0.204002 0.1 
He 148 11.00 0.204002 0.16 216 +0.02 
1.82 12.08 0.05940.006 0.027 
ib H: 4/82 21.46 0.060-0.006 0.031 0.028+0.003 
203 478 0.09840.01 0. 
He 203 9.56 0.12 40.01 0.10 9.090+0.01 
1.06 30.15 0.049-40.005 0.041 
pa H: 106 52.49 0.0610.006 0.059 9-050+0.01 
He 203 1290 0.12 £0.01 0.11 943 4009 
© 203 29.13 0.15 +002 016 ™ . 
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€ For Helium Gos 
Fic. 4. (Fo/F:)r is the ratio He®/He* observed in a He** 
beam undergoing charge-changing collisions in helium gas with 


air impurity. Corresponding values of ¢e=o20/(¢20+o21) in pure 
helium lie on the axis of abscissas. 


Results for « and ¢’ in hydrogen and helium are given 
in Tables IV and V. A collected table of the six o’s for 
helium, based on ACM, Stier, Barnett, and Evans,® 
and work in this laboratory is given as Table VI. 


VII. DISCUSSION 


The fraction o20/¢2, the probability for double 
electron capture relative to that for a single capture 
collision, is shown in Fig. 5. We note at once the relative 
improbability of double electron capture in hydrogen. 
At 150 kev the probability of both electrons trans- 
ferring from a helium atom to a Het? ion is 5.7/19 or 
0.3 that of single transfer. For the hydrogen molecule, 
although the double capture event would be exothermic 
to the extent of 28 electron volts, the ratio is only 
2.2/52.8 or 0.04. It is not clear, however, that the big 
difference in behavior is due to a resonance interchange 
of electrons between He® and He**, because in air the 
double to single capture ratio is also high, about 0.19 
at this 150-kev energy. The difference between Hz and 
air is probably due to the greater electron density in 
oxygen and nitrogen atoms in the target area. In 
helium, both the electron density and resonant effects 
may contribute. 


TABLE V. Results on double electron loss in hydrogen 
and helium. €’ =002/(a01+002). 











Helium Atoms Atoms 
ion air gas 
kinetic per per 
energy cm? cm? e 
(kev) Gas X104% X10" (F2/Fi)r é adopted 
H 3.23 24.2 0.022 
250 " 323 41.7 0.024 tee 0.02+0.02 
3.36 6.96 0.038 0.047+0.02 
He 3736 14.31 (0.030 + 0.02040.02 9-00.02 
4.85 52.1 0.052 <0.01 
He 435 101.3 00s? <0.01 <0.01 
5.91 24.1 0.070 <0.01 
He 591 425 0.069  <0.01 <0.01 
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TaBe VI. Charge-changing collision cross sections for helium ions in units of 10~!” cm* per atom of gas. 











Kinetic 

energy 

(kev) oo” oor” 10 12 o20 on 

bie Hydrogen 
150 5.8+0.3 wae 6.8 +0.7 0.24+-0.04 1.1 +0.5 26.4+3 
250 5.7+0.3 0.1+0.1 3.2, +0.2, —0.7 0.64+-0.04 0.87+0.3 13.6, +2, —1 
350 6.0+0.3 <0.1* 1.2 +0.2 0.98+0.10 0.20+0.18 6.8+0. 
450 7.0+0.4 <0.1 0.70+0.3 0.80+0.08 0.12+0.05 2.4+0.3 
Helium 
150 8.9404 tee 12.4, +3, —1 0.64+0.10 5.7 +0.6 19 +4 
250 9.7+0.5 0.2+0.2 6.2 +0.7 1.0, ie 2 — 07 2.7 +0.3 14, +2, -1 
350 8.4+0.4 <0.2* 3.1 +0.5 1.1 +0.2 10.6+1.2 
450 8.2+0.4 <0.2 1.5, +0.3, —0.7 1.9, ‘<0k em 03 1.1 +0.2 7.5, +1.5, —0.1 
Air 

150 21.0+1 0.2+0.2* 20 +2.2 1.2 +0.2 11.8 +1.0 50 +5 
250 22.741 0.5+0.4 12 +1.5 3.1 +0.2 5.2 +0.6 35, +0, —2.5 
350 21.2+1 0.8+0.5* 7.3 41.3 5.1 +0.4 2.1 +0.2 25, +0, —3 
450 23.241 1.340.4 4.0 +1.0 6.6 +0.4 1.3 +0.1 17 +1.5 














« Estimated by interpolation or extrapolation of measured values. 


» Based on recent, unpublished determinations of (¢01+¢02) which are more reliable than those in reference 2. 


Figure 5 gives some evidence of a shallow minimum 
in the o20/¢2; ratio in helium at about 350 kev. Too 
much reliance should not be placed on this behavior 
since the evidence for it depends only on one experi- 
mental point. 

Recently Gerasimenko and Rosentsveig*® have com- 
puted the double electron capture probability for fast 
He** ions in helium gas. Their method of computation 
is one which lacks accuracy at the relatively low kinetic 
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*V. I. Gerasimenko and L. N. Rosentsveig, Zhur. Eksptl. i 
Teort. Fiz. (U.S.S.R.) 31, 684 (1956) [translation: Soviet Phys. 
JETP 4, 509 (1957) }. 


energies measured here, but indicates a rapid decrease 
in o29 as the velocity increases, with a value about 
6X10-!7 cm? (twice that observed) at 250 kev. 

Double electron loss by negative ions moving through 
gases has been observed by Dukel’skii and Fedorenko.” 
In the present experiments, positive evidence for such 
a loss from helium atoms in motion is confined to 
450-kev He’ ions in air, and with a larger experimental 
error, 250-kev He’ ions in air. Only upper limits could 
be assigned to oo2 in hydrogen and helium. In air the 
ratio oo2/¢0; increases roughly by a factor of 3 between 
250 and 450 kev, but oo; itself is relatively constant. 
The fact that the double loss can be detected in air but 
not in H, or He is undoubtedly due to the more intense 
electric fields in the inner regions of oxygen and nitrogen 
atoms. 

My thanks are due Mr. John Erwood for maintaining 
we equipment and assisting in taking readings. 


wy. M. “Dukel’ skii and N. V. Fedorenko, Zhur. Eksptl. i 
Teort. Fiz. (U.S.S.R) 29, 473 (1955) (translation : Soviet Phys. 
JETP 2, 307 (1956) ]. 
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Determination of Electron Polarization by Electron-Electron Scattering : Y°° and Au!®*} 


N. BenczER-KOLLER, A. SCHWARZSCHILD, J. B. VisE, AND C. S. Wu 
Columbia University, New York, New York 


(Received September 3, 1957) 


The polarization of the 8 particles from Y® and Au" has been investigated by using electron-electron 
scattering. The reliability of this method and the precautions necessary in its application are discussed. It 
was found that for both Y® and Au" the polarization is (—»/c). 





INTRODUCTION 


NE of the consequences of nonconservation of 

parity in @ decay is the possibility of longitudinal 
polarization of 8 particles. The sign and magnitude of 
the polarization can be predicted from the theoretical 
assumptions about the relationship among the coupling 
constants of the various beta interactions. Conversely, 
the determination of electron polarization from beta 
decay will provide direct information on the beta inter- 
actions. Frauenfelder and his co-workers' have demon- 
strated by nuclear Coulomb scattering (Mott scat- 
tering) that the polarization of 6 particles from Co” 
is (—v/c) to an accuracy of 20%. This finding has 
been confirmed and extended to other beta radio- 
isotopes by various laboratories.’ Recently Frauenfelder 
and his group* demonstrated the usefulness of free 
electron-electron scattering (Mller scattering) as a 
means of measuring the electron polarization. This 
method is based on the dependence of the cross section 
of electron-electron scattering on the relative spin 
orientation of the electrons.‘ The difficulty of discrimi- 
nating against the overwhelming background due to 
Coulomb scattering can be overcome by using fast 
coincidence techniques together with good energy and 
angular resolution at a particular energy and angle. 
Frauenfelder and his group applied this method to 
P® and Pr' and found the polarization was again close 
to (—v/c). However, when this method was applied 
to Au’®, the polarization observed was negligible, which 
confirmed their previous findings of the low polarization 
of 8 particles from Au'* using the nuclear Coulomb- 
scattering method. This low polarization of Au®* was 
also reported recently by DeWaard and Poppema.’ 


t Work partially supported by the U. S. Atomic Energy Com- 
mission. 
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We have reinvestigated the polarization of Au by 
electron-electron scattering, since the deductions from 
this result would have profound implications on the 
choice of beta interactions. 


EXPERIMENTAL ARRANGEMENT 


In the electron-electron scattering arrangement, the 
scattering foil was a piece of Supermendur,® 0.0002 
inch thick, 1.5 inches wide, and 2 inches long. The foil 
was mounted on a stainless steel frame, making an angle 
of 30° with respect to the 6 beam. It was magnetized 
along its length by a pair of Thompson coils. The 
distance from the source to the center of the foil could 
be varied from 11 to 29 cm. The 8 beam was collimated 
by a set of Lucite and lead baffles. A lens, consisting 
of two permanent strong-focusing magnets, was also 
used to focus the high-energy electrons. The whole 
assembly, which is shown schematically in Fig. 1, was 
housed in a Lucite chamber and pumped to a pressure 
of ~0.1 mm Hg. The detectors were plastic scintillators 
(1.5 inches in diameter) mounted on 6810A photo- 
photomultipliers, and were placed such as to subtend 
an angle of 35°+11° at the center of the magnetic foil. 
The thickness of the scintillators was selected to be 
equal to the range of the maximum-energy electrons. 
Fast and slow coincidence circuits with time resolution 
of r=3 millimicroseconds were used. The energy 
selection was made by single-channel analyzers. 


\. 





ALUMINUM OR ~~ « 
SUPERMENOUR FOIL TO SOURCE 
Fic. 1. Schematic diagram of the experimental setup. The 
source and detectors are separated from the vacuum by 0,001-in. 
thick aluminum windows. 





5H. L. B. Gould and D. H. Wenny, Elec. Eng. 76, 208 (1957). 


85 







































































86 BENCZER-KOLLER, 
PEPIN ER st 
y) SAAGMAGNETIC FOIL 
y € le—STAINLESS STEEL 
y) VY) FRAME 
J 
Vttls 
7” (b) 
Vy Foi 
——FRAME 
, 
Y 
Yd 
(c) 
aa eaeas, 
= FOIL 
y) Y 
# /\— FRAME 
# 
y Y 
LLL 











Fic. 2. (a) Image of the Au™*® source (3 in. in diameter) formed 
on a photographic plate placed in the foil position, when the 
source is 29 cm from the film. (b) Image of the source when it is 
11 cm from the film. (c) Image of the source at a distance of 29 
cm with the strong-focusing magnets in position. 


BETA SOURCES 


The Y® source had an activity of about 50 mC and 
had a thin foil of monel (~100 mg/cm?) in front of the 
source. The Au™® source was a piece of gold foil, 0.0002 
inch thick, which was activated in the Brookhaven 
reactor. The activity at the beginning of the run was 
about 50 millicuries. 


COLLIMATION AND FOCUSING OF THE 
ELECTRON BEAM 


The collimation of the electron beam was investi- 
gated by replacing the magnetic foil by a photographic 
film. With the collimating system placed midway 
between the foil and the source (separation ~29 cm), 
a well-defined image was formed at the center of the 
plane where the magnetic foil was located as shown in 
Fig. 2(a). When the source-foil distance was reduced 
to 11 cm, the image was broadened beyond the width 
of the foil as shown in Fig. 2(b). 

The scattering effects from the magnetic coils and 
the Lucite chamber were determined by removing the 
magnetic foil from the frame and observing the decrease 
in single and coincidence counting rates as compared 
to that with the magnetic foil in place. When the source 
was 29 cm from the foil, the single-channel counting 








anata GA a 


SCHWARZSCHILD, VISE, AND WU 


rate with no magnetic foil dropped to less than 10% 
and the coincidence rate fell to less than 3% of the value 
with the foil in place. 

A lens consisting of two permanent strong-focusing 
magnets was used to improve the relative intensity of 
electrons of high energy to those of low energy. By 
adjusting the distance between the magnets, it was 
possible to increase the electron intensity in the high- 
energy region and at the same time suppress the in- 
tensity of low-energy electrons. Figures 3(a) and 3(b) 
show the electron spectra of Au"*® as measured by a 
scintillation spectrometer with and without the strong- 
focusing magnets. The ratio of these two spectra is 
shown in Fig. 3(c), which shows that the intensity of 
the electrons in the energy region from 500 kev to 
maximum energy was increased by a factor of four. 
Since these high-energy electrons are the ones involved 
in the electron-electron scattering, while the low- 
energy electrons only give unwanted Coulomb’ scat- 
tering, the utilization of the strong-focusing magnets 
gave a marked improvement in the true-to-accidental 
coincidence ratio and therefore a great reduction in the 
time required to take data. 

However, in order to make sure no spurious effects 
were introduced through the use of strong-focusing 
magnets, the photographic technique was again used 
to investigate the beam cross section. Figure 2(c) shows 
the well-defined image formed at the center of the foil. 
In aligning the strong-focusing magnets, we found that 
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Fic. 3. (a) Electron spectrum of Au’. (b) Electron spectrum 
of Au’®8 with the strong-focusing magnets. (c) Ratio of spectrum 
“b” to spectrum “a.” 











TABLE I. Summary of the experimental results. 


DETERMINATION OF ELECTRON POLARIZATION 
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Accepted 
energy of 6 5 
scattered With Without 
Scattering electrons focusing focusing Polarization 
foil (AE) (Mev) (w/c) magnets magnets P 
0.6-0.9 0.95-0.98 (+6.9541.60)% (—0.9340.21)0/c 
Supermendur {oss (+ 7.424 1 .00)% (—0.99+0. 14)v/c 
cym os (zi), 0.020 and up (+5.3640.52)% (+5.9240.28)% 
Emax = 2.2 Mev rien 0.6-0.9 0.95-0.98 (—0.8941.11)% (+0.26-40.96)% 
' 0.020 and up (+0.1540.35)% (—0.0840.25)% 
0.3-0.5 0.89-0.94 (+6.65+1.33)% (—1.0240.19)0/c 
Supermendur {oso (+6.0741.58)% (—0.9540.25)0/c 
( Agit\ys (He), 0.020 and up (+0.3340.27)% 
Emax=0.96 Mev oie 0.3-0.5 0.89-0.94 (—0.2141.30)% (+1.4242.30)% 
uminum 
0.020 and up (—0.79+0.25)% 








care had to be exercised in the orientation of the 
magnets. 

Furthermore, the Mller scattering measurements 
were made with and without the strong-focusing 
magnets; the results for these two arrangements are 
in good agreement for both Y® and Au" as shown in 
Table I. The uncertainties in the determination of P 
are calculated from the standard deviations of 6 only. 


EXPERIMENTAL PROCEDURE 


Measurements were taken for five-minute time 
intervals alternately with magnetic field in one direc- 
tion and then reversed. The magnetic foil was always 
first magnetized at 37 oersteds; then the field was 
reduced to 2.5 oersteds and remained at that value 
during the run. The B-H curve of the Supermendur 
foil used is shown in Fig. 4. This shows the remanence 
to be as high as 11000 gauss. When the small field 
(2.5 oersteds) was applied, it certainly insured a mag- 
netic induction of about 13000 gauss throughout the 
run. The B-H curve was measured by using the bal- 
anced two-coil method and a Genera! Electric fluxmeter. 
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Fic. 4. Hysteresis curve of the sample of Supermendur used, 
as measured before and after the experiment. 


No detectable change in B-H curve could be found 
before and after the run. 

Before each run, the scattered 6 spectra in both 
detectors were taken and the energy scale was cali- 
brated using the Compton edge of the Bi?” and Cs'*7 
y lines (1.059 Mev, 0.568 Mev, and 0.661 Mev). The 
channel settings on both pulse-height analyzers were 
then adjusted accordingly. In the Y® case, the channels 
were set at 0.6-0.9 Mev. In the case of Au’, in order 
to avoid Compton electrons, both channels were set at 
0.3-0.5 Mev. The Compton electron spectrum of the 
0.411 Mev y line of Au'* was measured by putting a 
Lucite plug in front of the Au’®® source. The scattered 
electron and Compton electron spectra are shown in 
Fig. 5. The base lines of the single-channel analyzers 
were always adjusted slightly above the Compton limit. 
Both channel readings were recorded in each run and 
the decay curves of the isotopes were compared with 
the known half-life. 

The fast coincidence circuit was adjusted to accept 
all pulses from electrons above 0.020 Mev. The fast 
coincidences were also recorded for each run. A 5.9% 
effect was observed in the fast coincidence for Y” but 
no such effect was observed in the fast coincidence for 
Au!’, The observed difference between Y® and Au’ 
is probably due to the fact that Y” is a pure 8 emitter 
while Au® has a gamma ray in cascade with the beta 
particles and therefore the true Mller scattering effect 
is masked if the energy selection of the electrons is not 
sharp. Toward the end of the first run, as the activity 
of Au™* decreased, the source had to be moved toward 
the foil to a distance of 11 cm. The effect was reduced 
to about half of that observed previously because of 
the poorer geometry. Further investigation of the 
scattered electron spectrum with the source at 11 cm 
from the foil revealed the presence of an unusually 
large contribution of Compton electrons. This em- 
phasizes the importance of sharp energy selection and 
of good collimation. 
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Fic. 5. (a) Scattered electron spectrum of Au. (b) Scattered 
Compton electron spectrum of Au’ taken with a 2-cm thick 
Lucite absorber in front of the source. 


RESULTS 


Using Supermendur foil, several runs were made 
on both Y” and Au™® with and without the strong- 
focusing magnet. The results are tabulated in Table I. 
To check any instrumental effects, the Supermendur 
foil (4 mg/cm?) was replaced by an aluminum foil of 
approximately the same thickness (3.4 mg/cm?). No 
asymmetry effects in any of the cases tested, were ob- 
served. Furthermore the same number of coincidences 
were recorded per unit time for both the aluminum and 
the Supermendur foils, while the number of single-chan- 
nel counts dropped by a factor of 2 for the case of the Al 
foil. This is roughly consistent with the prediction that 
Mller scattering is proportional to Z while Rutherford 
scattering is proportional to Z?. 

In the table, the observed effect, 5, is defined as 
20N()—N (tN) VIN (+N (NDI. V(t) and N(N) 
designate the coincidence counting rates when the spin 
of the target electrons is parallel or antiparallel to the 
direction of the incoming electron beam; P is the 
amount of longitudinal polarization and was calculated 
from 


1—¢$5/a 


1+¢p/b0 


The quantity f is the fraction of polarized electrons 
per atom and can be calculated from the magnetic 
induction of the scattering foil from the following 
relationship: 


P=—(8/2)X fXcosdX 


B=H+4x[26f8No], 
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where 8=0.9270X10-* gauss cm’; No=8.46X 10” 
cm~*; H was 2.5 oersteds when B was 13000 gauss. 
The value of f thus estimated is 0.051. 

The ratio ¢,/,. of the cross sections for scattering of 
longitudinally polarized Dirac particles is given by 
Bincer.* ¢,/¢. is minimum for the case where the 
relative kinetic energy transfer w=}, and increased 
as w decreases. The angular acceptance of our detector 
is such that for w<4 the scattered electron with the 
greater energy will be emitted at too small an angle to 
be seen by the detectors. ¢,/¢. changes rather slowly 
from w=} to w=}. Thus an average value for $)/¢a 
was used in the above calculations. Our results show 
that the 8 particles from Au™* have just as high a 
degree of longitudinal polarization as that of the 6 
particles of Y®. Furthermore, the longitudinal polari- 
zation is close to (—v/c) and its helicity (spirality) is 
that of a left-hand screw.* 


CONCLUSIONS 


The expression for the longitudinal polarization of 
8 particles can be written in terms of the coupling 
constants of various interactions. For the 8 decay of 
Y®, which is a unique first forbidden transition (A/=2, 
yes) and proceeds through the Gamow-Teller interac- 
tion only, two polarization should be (—»v/c) according 
to the two-component theory of the neutrino where 
Cr=—Cr’, if it is further assumed that C4a=C4’=0. 

Au" is a first forbidden transition with AJ =0, yes. 
The calculation of polarization for such a case could 
be complicated. Fortunately the value of aZ/2p for 
Au’ is >>Wpo. Furthermore, the 8 decay yields an 
allowed spectrum and shows small 6—vy (ordinary) 
anisotropy (<5%). This implies that the polarization 
should be (—»/c) for an (.S-7) interaction in the two- 
component theory of the neutrino.* Our result is in 
good agreement with this prediction. 

Recently “twin” neutrinos’ have been proposed for 
which one assigns Cs=Cs’; Cy=—Cy’; Cr=—Cr’, 
and C4=C4’. According to this scheme and using the 
8—y (circular polarization) angular correlation results 
on Au’ ® where nearly the full amount of S-T inter- 
ference was observed, the observed polarization in 
Au®® should be much less than (v/c) for an (S-7) 


* We wish to acknowledge our thanks to Dr. P. Cavanagh of 
the Atomic Energy Research Establishment at Harwell, England, 
for informing us of their polarization results on Au’ by Mott 
scattering method. Their results are in excellent agreement with 
those reported here. Further confirmation of Au’®* polarization 
results was reported recently by Dr. H. Dewaard of the Natuur- 
kundig Laboratorium der Rijks-Universiteit, Groningen, Nether- 
lands, and by Dr. H. Lipkin of the Weizmann Institute of Science 
at the Israel International Conference on Nuclear Structure of 
September, 1957. 

6 Alder, Stech, and Winther, Phys. Rev. 107, 728 (1957); M. 
Morita and R. S. Morita, Phys. Rev. (to be published). 

7]. Preston, Can. J. Phys. (to be published); M. Mayer and 
V. L. Telegdi, Phys. Rev. 107, 1445 (1957). 

8 F. Boehm and A. H. Wapstra, Phys. Rev. 106, 1364 (1957) ; 
F. Boehm and A. H. Wapstra, Phys. Rev. 107, 1462 (1957). 
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interaction. Our results are not in agreement with this 
prediction. 
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The neutron differential elastic scattering cross section of O'* has been measured at and in the vicinity of 
the 1-Mev resonance as well as at higher nonresonant energies. A phase-shift analysis of the results gives the 
54, Py, py, and dy phase shifts up to 2.4-Mev neutron bombarding energy. The bound single-particle states 
of O"7, as well as the s- and d-wave phase shifts, determine the parameters of a phenomenological potential 
well which describes the average interaction of the neutron with the O"* core. This potential has a depth 
around 40-45 Mev, which varies slightly for different single-particle configurations, and hasa diffuse boundary 
with a Thomas-type spin-orbit energy term. It is consistent with the potentials which in other work are found 


to fit data of much higher mass. 


INTRODUCTION 


]\ recent years, measurements of the differential 
elastic scattering of neutrons in the region in which 
resonances occur have been pursued from two different 
points of view. On one hand, differential cross sections 
are measured at one or more fixed neutron energies 
on a number of elements with an energy spread such 
as to average over many resonances of the compound 
nucleus. The results are interpreted in terms of the 
complex potential-well model of the nucleus! or in 
terms of the giant-resonance theory.? On the other 
hand, measurements are made as a function of energy 
on individual nuclei (usually for low-mass elements) 
with sufficient energy resolution to resolve the reso- 
nances of the compound nucleus. In this case the results 
are analyzed in terms of resonance theory,’ and lead to 
the assignment of resonance parameters to the 
individual levels. 

With the measurements of the latter type, differential 
cross sections in the Mev range have been obtained for 
isotopes of elements from Li to Ne.‘ The phase-shift 
analysis of the data leads to information on potential 


1 Feshbach, Porter, and Weisskopf, Phys. Rev. 90, 166 (1953) ; 
96, 448 (1954). 

2 Lane, Thomas, and Wigner, Phys. Rev. 98, 693 (1955). 

3J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952). 

4D. J. Hughes and R. S. Carter, Brookhaven Nationa] Labora- 
tory Report BNL-400, June, 1956 (unpublished), 


scattering,*-” which, in the case of the zero-spin target 
nuclei C” and O'*, where only one channel spin is 
involved, can give a unique assignment of the potential- 
scattering phase shifts. For C® and O'* the s-wave 
nonresonance phase shifts can be calculated from static 
potential wells which also give the correct energy 
position of the J=}+ single-particle bound states of 
the compound nuclei C® and O!.5 In this paper the 
scattering of neutrons from O"* is discussed and the 
phase-shift analysis up to 2.4 Mev is made so that one 
is able to compare the predictions of the simple shell 
model to most of the single-particle properties of O” 
from the ground state up to this energy.'* A somewhat 


5 Baldinger, Huber, and Proctor, Helv. Phys. Acta 25, 142 
1952). 


®R. Ricamo, Nuovo cimento 10, 1607 (1953). 

7 Meier, Scherrer, and Trumpy, Helv. Phys. Acta 27, 577 
(1954). 

8 R. Budde and P. Huber, Helv. Phys. Acta 28, 49 (1955). 

® Willard, Bair, and Kington, Phys. Rev. 98, 669 (1955). 

0 J. L. Fowler and C. H. Johnson, Phys. Rev. 98, 728 (1955). 

1 A. Okazaki, Phys. Rev. 99, 55 (1955). 

12 Thomas, Walt, Walton, and Allen, Phys. Rev. 101, 759 
(1956). 

13 Willard, Bair, Kington, and Cohn, Phys. Rev. 101, 765 
(1956). 

“J. E. Wills, Bull. Am. Phys. Soc. Ser. II, 1, 175 (1956). 

15 J. L. Fowler and H. O. Cohn, Bull. Am. Phys. Soc. Ser. IT, 2, 
32 (1957). 

16 J. L. Fowler and H. O. Cohn, Bull. Am. Phys. Soc. Ser. IT, 2, 
286 (1957). i 

17 E. Van der Spuy, Nuclear Phys. 1, 381 (1956). 

18 J. D. Seagrave, Phys. Rev. 92, 1222 (1953). 

19 P. Huber and E. Baldinger, Helv. Phys. Acta 25, 435 (1952). 
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similar analysis’? in terms of a phenomenological 
interaction in the case of scattering of neutrons from!*.” 
He‘ has been found to give the experimental s, p, and 
d-wave phase shifts in the energy range 0-10 Mev. 

In the course of the present experiment, the differ- 
ential cross section of Be was determined in the range 
0.73 to 2.15 Mev; the results will be reported in a 
subsequent paper. 


EXPERIMENT 


The differential elastic scattering cross sections of 
oxygen and beryllium were measured by the method 
of detecting neutrons scattered from beryllium oxide 
and beryllium with a shielded counter.®*.° A tritium 
gas target bombarded with protons from the 5.5-Mv 
Van de Graaff*! served as the neutron source with an 
energy resolution of ~50 kev full width at half maxi- 
mum. A propane recoil counter, biased to give an 
approximately flat response at the energies of the 
scattered neutrons, served as a detector which was 
shielded by lithiated paraffin from the direct neutrons 
in a geometry described in the literature.’ The samples 
were 3-in. or Z-in. diameter by 43-in. long BeO cylinders, 
and metallic Be cylinders of the same length having 
the same number of Be nuclei as the BeO samples. A 
number of runs were made at each of the ten angles 
with the BeO sample, with the Be sample, and with no 
sample. The background counts from the no-sample 
runs amounted to approximately the same as the actual 
counts due to neutrons being scattered from the BeO 
cylinders. 

For the oxygen data, the absolute cross-section scale 
could be established by several methods: (a) the counter 
could be calibrated with the same neutrons used for the 
scattering experiment®® and the differential cross 
section could be calculated from these data and from a 
knowledge of the geometry and the weight of the 
samples; (b) the caiibration constant could be obtained 
from the Be data normalized to the Be total cross 
section” corrected for the Be(n,a) and the Be(n,2n) 
reactions; or (c) the oxygen data could be normalized 
independently to the oxygen total cross section.”-™ 
Within the errors of the measurements, the three 
methods gave the same results. At 0.73, 1.50, 1.75, and 
2.15 Mev the plotted experimental points in Figs. 1 and 
2 are normalized to the oxygen total cross section.” For 
the distributions at the 1-Mev resonance and at 1.21 
Mev, Fig. 1, the absolute cross-section scale for the 
plotted data was obtained from the normalized Be data. 

The measured angular distributions were corrected 
for angular resolution and for the propane counter 
response where necessary.’!° For the measurements 

20M. Walt and H. H. Barschall, Phys. Rev. 93, 1062 (1954). 
as Bair, Cohn, and Willard, Phys. Rev. 99, 1393 
wa Miller, Adair, and Barschall, Phys. Rev. 84, 69 


°C. K. Bockelman, Phys. Rev. 80, 1011 (1950). 
* Frier, Fulk, Lampi, and Williams, Phys. Rev. 78, 508 (1950). 
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at energies above narrow resonances, or far removed 
from resonances, the multiple-scattering corrections 
were made by the method of Walt and Barschall.” 
At the 1.00-Mev resonance and at 1.21 Mev, the 
multiple-scattering correction took into account the 
effect of variation in the differential cross section for 
the scattered neutrons degraded in energy. For purposes 
of calculation, the samples were considered divided 
into quadrants and the attenuation of the incident 
and scattered neutrons was found for each quadrant. 
With the samples used, except at 1.00-Mev resonance, 
the multiple-scattering correction was less than 8%. 
At 1.00 Mev this correction amounted to as much as 
33%. The uncertainty in the multiple-scattering 
correction was estimated to be about 30%, so that 
errors at each point were increased statistically by } 
this correction. Errors shown in the figures are other- 
wise due to counting statistics. 


O'* Scattering and Phase Shift Analysis 


In Figs. 1 and 2 on the left-hand side, the measured 
differential cross section of oxygen in the center-of-mass 
system is plotted against the cosine of the center-of-mass 
angle. On the right-hand side of the figure is a curve of 
the total cross section of oxygen taken from the litera- 
ture.” The s resonance which shows up as a dip at 2.37 
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Fic. 1. Differential cross section in the center-of-mass system 
for scattering of neutrons by oxygen at 0.73, 1.00, and 1.21 Mev. 
The total cross section of oxygen taken from the literature, 
reference 22, is given on the right-hand side and connecting arrows 
indicate the neutron energy for each distribution. The solid 
theoretical curves are calculated with the set of phase shifts 
given beside each curve. 
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Mev indicates that the s-wave potential phase shift is 
about 90° at this energy. Arrows indicate the energy 
at which the differential cross sections on the left-hand 
side were measured. The curves are theoretical fits to 
the data; the phase shifts required are given beside 
each curve. Knowledge of the angular momentum” 
and parity assignments of the levels,”® as well as the 
phase-shift analysis below 700 kev," limits the possi- 
bilities and greatly simplifies the process of finding a 
set of phase shifts to reproduce the experimental data. 
A change of any phase shift by 5° gives an appreciably 
worse fit to the data. 

In Fig. 3, the phase shifts given in the last figures, 
as well as other values reported in the literature,” 
are plotted against neutron energy. For the p; and the 
d, phase shifts, the curves go through 90° or 270° at 
resonance energies with a slope given by the width of 
the resonance.” Within +5° the p; phase shift is 0 up 
to 1.75 Mev as Okazaki has observed below 700 kev." 
The 9, level at 1.91 Mev” contributes a small p; phase 
shift at 2.15 Mev. The uncertainty of the s-wave phase 
shift, the sine of which is larger than that of the other 
phase shifts except near resonances, is determined 
primarily by that of the total cross section. 


Single-Particle States of O” 


Since O'* is a doubly closed shell nucleus, many of the 
properties of its interaction with nucleons should be 
describable as if the O'* core behaved as an average 
potential. In other words, much of the information on 
scattering and bound states involving O'* and a neutron 
can be discussed in the framework of the single-particle 
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Fic. 2. An extension of the differential cross-section 
curves described in Fig. 1 to 2.15 Mev. 
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Fic. 3. Experimenta] phase shifts for neutron scattering from 
oxygen as a function of neutron energy. Points designated by 
solid squares from Okazaki," triangular points from total cross 
section, reference 22. Points designated by circles from present 
work, 


picture. Under the usual assumption that the levels in 
O'” with very large reduced widths are essentially 
single-particle levels, this information includes: ground 
state with J=$+ at —4.14 Mev, below the state of 
O'* and a free neutron, the first excited state with 
J==4+ at —3.27 Mev, and an unbound J=3+ state 
at 1.00-Mev neutron bombarding energy.”* The s-wave 
potential scattering for neutrons also is given in terms 
of the single-particle picture. 

It is simplest to start with s-waves. The J=}+ 
level in O" at —3.27 Mev is interpreted as a 2s-state; 
the 1s-states are already filled in the O"* core. As a first 
approximation, consider a square-well potential as 
giving the average interaction of the core on the neutron. 
If it is required that this average potential,{which 
describes the elastic scattering data, also give the 
correct energy of the 2s bound state, for a squate well 
only one set of parameters is possible. A well 35 Mev 
deep and 4.2 10~" cm in radius fits the requirements. 
For the case discussed here, the complex part of the 
potential,' which in the optical model corresponds to 
absorption of the nucleon from the single-particle 
motion, is neglected. In the first place elastic scattering 
is effectively the only channel open, and in the second 
place compound elastic scattering for the s and d 
states discussed here is expected to be very small, 
since in the energy region considered there are very few 
compound-nucleus states with even parity and with 
3 or $ units of angular momentum in which the neutron 
can spend time before it is re-emitted as an elastically 
scattered particle. 

In Fig. 4(b), the experimental s-wave phase shifts 
from Fig. 3 are replotted, and compared with the phase 
shift calculated from the square well shown as a dashed 


( on Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
1955). 
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Fic. 4. s-wave phase shifts for neutrons scattered from carbon 
(a) and oxygen (b) as a function of neutron energy. Curves are 
calculated from theory based on the potential wells indicated 
beside each curve. Distances given in the labels are ia 10-" cm, 
and potentials are in Mev. 


curve. This curve, which was determined by the s-wave 
phase shift at +2.37 Mev and the energy position of the 
bound state at —3.27 Mev, agrees satisfactorily with 
the rest of the s-wave scattering phase shifts. As 
indicated in Fig. 4(a), the case of C” with the corre- 
sponding bound state at —1.86 Mev” requires a well 
33.3 Mev deep and 4.2 10~-" cm in radius to fit both 
the bound state and the elastic scattering data.’ 
Since it seemed unreasonable for O and C to have the 
same radius, the case of a well with a diffuse boundary 
was investigated. Potential wells with exponential 
boundaries were used because the bound states in such 
cases are published in the literature.?”?* With an 
exponential tail which falls off with a 1/e distance of 
0.75 X10-* cm as indicated above each solid curve, the 
phase-shift data are fitted equally well and furthermore 
the central constant region of the potential varies 
as Ai,}6 

In calculating the s-wave phase shifts, the exponential 
well was approximated by a well having 6 steps such 
that for each step the well strength,”* 


[si f Vora] 


is the same as it is for the corresponding interval in the 
exponential well. Similar calculations with a 4-step well 


27 A. E. S. Green and Kiuck Lee, Phys. Rev. 99, 772 (1955). 
28 A. E. S. Green, Phys. Rev. 102, 1325 (1956). 
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give about the same result and indicate that the step 
approximation is reasonably accurate. 

The potential wells should also give the d-states; 
both the dy ground state at —4.14 Mev and the d, 
phase shifts. A spin-orbit energy term is taken in the 
usual Thomas form,” 


yh? 10V 1s 

2m? r at h’ ) 
where y is an adjustable constant which, from analysis 
of data in the high mass region, is expected to be 
~ 50,8! For calculating d-wave phase shifts, the wave 
function was determined in three separate regions and 
joined at the boundaries by the usual procedure of 
matching logarithmic derivatives. In the central core 
region, the solution is the spherical Bessel function. In 
the external region where the effect of nuclear potential 
is negligible, the solution is a linear combination of 
spherical Bessel functions and spherical Neumann 
functions. In the intermediate region the solution was 
reduced to the 0 angular momentum case by in- 
corporating the angular momentum term into the 
potential and the resulting potential well approximated 
by steps as in the s-wave case discussed above. 

With the potential well used for the solid line of 

Fig. 4(b) and with a spin-orbit term, 
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Fic. 5. dy phase shift as a function of neutron reer 6 The slope 
of the solid line is given by the experimental width of the 1.00-Mev 
d, resonance. The dashed curve is calculated from a potential 
well having a boundary with a 1/e distance of 0.75X10~" cm. 
For the dotted curve, the 1/e distance is 1.00X 10- cm. 


*L. H. Thomas, Nature 117, 514 (1926); D. R. Inglis, Phys. 
Rev. 50, 783 (1936). 

% Ross, Mark, and Lawson, Phys. Rev. 102, 1613 (1956). 

31 A. E. S. Green, Phys. Rev. 104, 1617 (1956). 
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[l=2 for d-waves, and yh?/2m*c?=1.18X10-** cm’, or 
y= 54], one calculates the dashed curve in Fig. 5. The 
experimental d; phase shifts from Fig. 3 are replotted 
against energy. The potential with diffuseness parameter 
of 0.75X10~-" cm gives too narrow a width for the d; 
resonance and, as will be seen further on, gives the 
d; bound state at too low an energy. 

Increasing the boundary diffuseness improves both 
situations. Because the bound states have been in- 
vestigated with spin-orbit energy for a diffuseness 
parameter of 1X 10~" cm," a well with an exponential 
falloff of 1X10~-" cm was tried. 

The s-wave data are fitted with a potential: 


r<2.76X10-" cm, 
r—(2.76X10-") 
1x10-" 


V=—44.2 Mev; 





V=—44.2 exp| - Jie 2.76X 10-8 cm. 


The calculated s-wave phase-shift curve is indistinguish- 
able from the solid curve in Fig. 4 (b). This potential 
well, together with a Thomas spin-orbit energy term 
with y=45, gives the d; phase shifts similar to the 
dotted curve in Fig. 5. Under these conditions, the 
d; bound state comes between —7 to —8 Mev.” 
One can, of course, solve the problem for the d; states 
in the case of a square well which gives the s-wave 
information by introducing a delta-function form for 
the spin-orbit term. As expected, the calculated width 
of the d; resonance in this case is even narrower than 
that found in the case of the diffuseness parameter 
=0.75X10~-" cm and the d; bound state comes very 
low in energy, ~ — 28 Mev. 

Using the square-well and the diffuse-well infor- 
mation, one estimates the diffuseness required to fit 
the s-wave data and the energy positions of dy and d; 
states as about 15% greater than that given by the 1/e 
diffuseness distance of 1X10~ cm. The d; phase-shift 
information in Fig. 5, however, suggests a 1/e distance 
between 0.75X10-" cm and 1.00X10-" cm, in which 
case the bound state would occur around — 10 Mev. 

These differences can be reconciled by introducing 
a slight change in average well depth for the d-wave 
neutron single-particle configurations, compared to 
that for the s configuration.” This corresponds in a 


; ® We are indebted to Professor K. A. Brueckner for this 
suggestion. 
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certain sense to a velocity dependence of the potential. 
For the dotted curve in Fig. 5, which gives the d; phase 
shifts, the well depth was increased from the — 44.2 Mev 
used for the s-states to a depth of —41.2 Mev. This 
potential then gives the correct energy splitting of the 
d-states; that is, it gives the energy of the d; state 
correctly. In this case, the constant y multiplying 
the spin-orbit term is 35. Since the unsplit 1d states 
are ~3 Mev above the 2s state, this change of potential 
depth corresponds to roughly one Mev per Mev change 
of neutron energy, which is somewhat higher than the 
value of 0.5 Mev increase in well depth per Mev change 
in energy obtained from considerations of nuclei of 
higher mass.*-* A reduction of the 1/e distance describ- 
ing the boundary diffuseness to 0.9X10~" to give a 
better fit to the width of the d; level would require a 
still larger change in the well depth for the s and d 
configurations in order to give the correct spin-orbit 
splitting of the 1d states. 

In summary, it appears that several bound states 
and much of the differential elastic scattering data 
arising from the interaction of a neutron with the closed 
shell nucleus, O'*, can be explained reasonably in 
terms of an average potential which describes this 
interaction. This potential as established by the 
experimental information is a well 40-45 Mev deep 
which varies slightly for different single-particle 
configurations. Its diffuse boundary extends about 
2.2 10-8 cm between the regions which are 90% and 
10% of the central well depth. Spin-orbit energy, taken 
proportional to the derivative of the potential divided 
by the radius, is approximately 35 times the Thomas 
term. These properties are consistent with the average 
phenomenological potentials which have been found 
to apply for nucleon-nucleus interaction in the region 
of much higher mass.*°.*!.# 
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A magnetic analysis method was used to measure the equilibrium charges of median-mass light and heavy 
fission fragments in He, He, air, and A, and mass-97 fragments in He for wide ranges of fragment velocity 
and gas pressure. The data for the fragments in He, air, and A showed pressure effects on the equilibrium 
charge which yield estimates of the mean radiative lifetime of excited ionized fragments which agree within 
25%, in contrast with previous estimates differing by a factor of 10. An experimental test of the Bohr assump- 
tion, that the equilibrium charge of a heavy ion is equal to the number of electrons whose orbital velocities 
are lower than the translational velocity of the ion, showed the assumption to be only a rough approximation. 
Measurements of equilibrium charge as a function of atomic number of the stopping gas agree with previous 


measurements. 





INTRODUCTION 


HE charge of a heavy ion which is moving through 
matter fluctuates about an equilibrium value 
determined by two competing processes: electron 
capture and electron loss. The fragments from nuclear 
fission are a unique source of heavy ions which may be 
studied experimentally to determine the influence of 
the various factors which affect the equilibrium charge. 
In general the equilibrium charge, @, of a fission frag- 
ment moving in a gas is given by 


(1) 


where Z is the nuclear charge, v is the velocity, P is the 
gas pressure, and m is the fragment mass. 

A convenient method for measuring the equilibrium 
charge is to pass the fragments through a magnetic 
field; from the measured radii of curvature of the 
fragment paths the charge is given by the well-known 
relation 

(2) 


where H is the magnetic field strength, p the radius of 
curvature, and c the speed of light. 

The dependence of é on Z has been studied experi- 
mentally by Cohen and Fulmer.! Using a magnetic 
deflection arrangement, Lassen? measured the charges 
of light and heavy fragments, with initial velocities, 
and after the fragments were slowed down by thin foils 
placed in their path.? These measurements showed the 
charge to decrease approximately linearly with frag- 
ment velocity. 

Lassen also observed a dependence of @ on gas 
pressure* at low values of pressure (principally for 
fragments that had lost very little energy). This 
pressure effect was explained by Bohr and Lindhard® to 


* Operated for the U. S: Atomic Energy Commission by Union 
Carbide Nuclear Company. 

1B. L. Cohen and C. B. Fulmer (unpublished). 

2 \N. O. Lassen, Phys. Rev. 68, 142 (1945). 

3.N. O. Lassen, Phys. Rev. 69, 137 (1946). 

*N. O. Lassen, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 26, No. 12 (1951). 

5N. Bohr and J. Lindhard, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 28, No. 7 (1954). 
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be due to incomplete radiative dissipation of the electron 
excitation energy of the fragments between successive 
collisions with gas atoms. However, Bohr and Lind- 
hard,® using the data of Lassen‘ for the fragments in 
H2, He, and A, obtained very discrepant estimates of 
the mean radiative lifetimes of excited ionized fission 
fragments. 

In the work reported here measurements’ of the 
equilibrium chatges of median-mass light and heavy 
fission fragments were made for a wide range of frag- 
ment velocity and gas pressure ; equilibrium charge data 
were also obtained for mass-97 fragments in He gas for 
a wide range of fragment velocity and gas pressure. 
The data made it possible to study the dependence of é 
on gas pressure and on fragment velocity rather 
thoroughly. The pressure effect determined for various 
gases gave consistent estimates of the mean radiative 
lifetime of excited ionized fragments. The Bohr assump- 
tion,® that the charge of a heavy ion is determined by 
the number of electrons whose orbital velocities are 
smaller than the translational velocity of the ion, was 
experimentally tested and found to apply only as a 
rough approximation. 


EXPERIMENTAL 


The high-resolution magnetic fission fragment 
spectrograph, previously described,’ was used for these 
studies. For some of the data it was desirable to fill 
only the deflection chamber with gas, so that higher 
pressures could be used without stopping the frag- 
ments. This was accomplished by mounting 100 
ug/cm? Formvar windows, supported by 50% trans- 
parent Ni grids, at the entrance and exit of the deflec- 
tion chamber. 

Two methods were used for obtaining data. One 
method employed catcher foils located at the focal 
plane of the spectrograph, followed by radiochemistry. 
The 17-hr activity of Zr’? was used to determine 
accurately the Hp distributions of mass-97 fragments 
by this method. The other method employed scintil- 


®N. Bohr, Phys. Rev. 58, 654 (1940). 
7 Cohen, Cohen, and Coley, Phys. Rev. 104, 1046 (1956). 
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lation detection of the fragments at the focal plane. 
For the detector a very thin (0,003 in.) CsI(T1) crystal 
and a Dumont 6292 photomultiplier tube were used. 
The details of the detector are given in another paper.*® 

Integral pulse counting was used to determine Hp 
distributions of the fission fragments for various 
pressures of gas in the system and in the deflection 
chamber only. The peaks of the Ho distributions 
correspond to the median light and heavy fragments, 
respectively. The gases used include Hz, He, air, and A. 
Hp distributions were determined for mass-97 frag- 
ments over a wide range of pressure with He gas in 
the system and in the deflection chamber only. 


RESULTS 


The Hp values of the median light and heavy frag- 
ments in the various gases used are shown as functions 
of pressure in Figs. 1-4. For low pressures of He, the 
peaks of the Hp distribution of the heavy fragments 
were beyond the range of the magnet. Part of the 
distributions were within range, and thus the positions 
of the peaks were estimated as indicated by the dotted 
portions of the heavy-fragment curve in Fig. 2. The 
Hp values of mass-97 fragments in He are shown as a 
function of pressure in Fig. 5. Data obtained with gas 
filling the entire system are indicated by triangles, and 
data obtained with gas in the deflection chamber only 
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Fic. 1. Hp values of median-mass light and heavy fission fragments 
in H: as functions of pressure. 


8 C. B. Fulmer, Phys. Rev. 108, 1113 (1957). 
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Fic. 2. Hp values of median-mass light and heavy fission 
fragmencs in He as functions of pressure. 


are indicated by circles. The ordinate scales are greatly 
expanded and do not start at zero. 

The energies of the fragments, at the middle of the 
deflection chamber, are shown for several data points 
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fragments in air as functions of pressure. 
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Fic. 4. Hp values of median-mass light and heavy fission 
fragments in A as functions of pressure. 


in Fig. 5; the data obtained with the two conditions of 
gas filling (i.e., gas in the entire system and gas in only 
the deflection chamber) overlap. The energies were 
determined by the gas pressure, length of path, and 
range vs energy curves.® It is seen that fragment energy 
has very little effect on the Hp values, and hence the 
curves in Figs. 1-5 are essentially curves which show 
the pressure effect on the equilibrium charge. The 
ordinate values approached by the curves for zero 
pressure are the Hp values of the fragments with the 
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Fic. 5. Hp values of mass-97 fission fragments in He as a func- 
tion of pressure. Energies were calculated for the center of the 
magnetic deflection chamber. 


pressure effect removed. The flat portions of the curves 
correspond to saturation of the pressure effect. 

From the zero-pressure values of Hp in Figs. 1-4 the 
equilibrium charges of the median light and heavy 
fragments are obtained in Eq. (2). The results are 
shown in Fig. 6. 


FACTORS AFFECTING EQUILIBRIUM CHARGE 
Gas Pressure 


Bohr and Lindhard® attribute the pressure effect 
on the equilibrium charge to incomplete radiative 
dissipation of electron excitation energy of the frag- 
ments between successive collisions with gas atoms. 
The time between collisions is proportional to the 
number of gas atoms per unit volume and hence the 
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Fic. 6. Equilibrium charges of median-mass light and heavy fission 
fragments as functions of velocity in various gases. 


pressure. If the pressure is sufficiently low the radiative 
process is completed between collisions and the electron 
loss cross section for the ground state of the ion deter- 
mines the equilibrium charge. Electrons in excited 
states are more easily removed from the fragment; 
thus, excitation energy that is retained between 
collisions increases the electron loss cross section and 
hence the equilibrium charge. If the gas pressure is 
sufficiently high almost none of the excitation energy 
is radiated between collisions and saturation of the 
pressure effect occurs. 

The range of Hp for the curves of Figs. 1-4 corre- 
sponds to the range of the pressure effect. Values of 
the maximum pressure effects on the equilibrium 
charges of the light and heavy fragments, determined 
from data for the various gases, are given in Table I. 
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Lassen‘ obtained similar results for the maximum 
pressure effect on the equilibrium charge of light 
fragments. The values shown in Table I for the heavy 
fragments are lower than those obtained by Lassen. 
The results reported here were obtained with more 
accurate measurements and larger numbers of data 
points than were the results of Lassen. 

Since the pressure effect on the equilibrium charge 
of fission fragments is due to incomplete radiative 
dissipation of the excitation energy between successive 
collisions, it is easily seen that a given fraction of the 
maximum pressure effect corresponds to the same 
fraction, f, of the fragments which remain in excited 
states between collisions. f is given by the relation 


foe™, (3) 
where is the probability of decay to the ground state 
per unit of time. 


TABLE I. Maximum pressure effect on é of light 
and heavy fission fragments. 








Maximum increase Maximum increase 





of 2 for light of @ for heavy 
Gas fragments (%) fragments (%) 
Hz 13.6 10.7 
He 14 11 
air 16 9.1 
A 17 11 








TABLE II. Mean radiative lifetime of light fission fragments as 
determined from Hp data for the fragments in various gases. 











Put t(o/xao*) r 
Gas (average) o/esie o/rag? (10-4 sec) (107" sec) 
He 120 0.104 1.48 6.5 4.3 
He 90 0.139 1.98 5.8 2.9 
air 12.5 1.000 14.3 68 4.8 
A 15.5 0.810 11.6 72 6.2 








The time between successive collisions is 
t=1/kpov, (4) 


where kp is the number of atoms or molecules per unit 
volume and » is the fragment velocity. Equation (4) 
may be written 


to=1/kpv. (5) 


If the abscissa scales of Figs. 1-4 are multiplied by » 
they will correspond to the reciprocal of the right side 
of Eq. (5). A curve of this type for the light fragments 
in He is plotted in Fig. 7. From Fig. 7 a graph of f vs to 
is constructed by plotting the fraction of the maximum 
pressure effect, corresponding to a given abscissa 
value, vs the reciprocal of the abscissa value; this 
assumes a to be velocity independent. The resulting 
graph is shown in Fig. 8. From Fig. 8 a value of re is 
obtained, where + is the mean radiative lifetime of the 
fragments. This value of ro and values obtained in the 
same manner from the light fragment data in Ha, air, 
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Fic. 7. Hp values of median-mass light fission fragments in 
He as a function of (pressure X velocity). 


and A are given in Table IT. Values of o for the various 
gases are needed to determine numerical values of r. 
The charge changing process as the fragments 
penetrate a gas is a statistical one, and thus there is a 
distribution of average charge values for fragments of 
the same mass and velocity. The width, w, of this 
distribution varies according to the relation 


w=K/(oP)!. (6) 


This is illustrated by data shown in Fig. 9. It was 
shown! that K is reasonably independent of fragment 
energy. 

Values of w were determined for mass-97 fragments 
in low pressures of He, He, air, and A. These data and 
Eq. (6) were used to calculate relative values of o 
which are shown in Table II. The values for H, and 
air are for molecules rather than atoms. 

An absolute value of o for one of the gases is needed 
for obtaining estimates of r. Bohr and Lindhard® 
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Fic. 8. Fraction of excitation energy retained by median-mass 
light fragment as a function of time between collisions for 
velocity—independent cross section—helium data, 
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Fic. 9. Hp distributions of mass-97 fission fragments in He at various pressures. 


derived a theoretical formula for calculating o. The 
most accurate experimental measurement of the effec- 
tive electron capture cross section was made by Cohen, 
Cohen, and Coley’ for air with mass-97 fragments which 
had charges considerably above the equilibrium value. 
The experimental value is 30% larger than that obtained 
by the theoretical method of Bohr and Lindhard. 
Accordingly the calculated value of ¢ for air molecules is 
increased by 30% and a value, o/ma,’= 14.3, is adopted 
for air. It is noted that this is only a rough estimate. 

The corresponding values of o for the other gases 
and the values of 7 obtained for the light fragments 
are shown in Table II. The values of r obtained from 
data for He, air, and A all agree within 25% of the 
average value; this is within the uncertainty of the 
several estimates that were made to obtain them. The 
lower value of 7 obtained from He data can probably 
be attributed to the lower charges of the fragments in 
He (Fig. 6). 

The relative values of + obtained here remove the 


1.0 


as 





0.1 
40 SO 60 70 80 90 


tx (az) sec) 


° 10 20 30 


Fic. 10. Fraction of excitation energy retained by median-mass 
light fragment as a function of time between collisions for 
(1/2)—dependent cross section—helium data. 


discrepancies of the values obtained by Bohr and 
Lindhard® from the data of Lassen‘ which had a factor 
of 10 between the values of + obtained from Hy: data 
and A data. 

If o is velocity-dependent, the above estimates of + 
must be modified. For instance, from the theoretical 
calculations of Bohr and Lindhard® o varies as 1/2. 
This implies that the curves of Hp vs P (Figs. 1-4) 
should be used to obtain curves of f vs tov. The curve 
obtained in this manner for the light fragments in He 
is shown in Fig. 10. Similar curves were obtained for 
the light fragments in He, air, and A. The curve in Fig. 
10 implies that if o is 1/v-dependent, the excited 
fragments do not return to the ground state by simple 
decay. 


Fragment Velocity 


The data of Figs. 2-5 indicate that é varies linearly 
with velocity. The data in Fig. 5 are for fragments of a 
single mass and consequently would show any strong 
dependence of Hp on fragment velocity more clearly 
than the data of Figs. 1-4 where the data points 
represent average masses. 

If it is assumed that 

éa gt), 


(7) 


and this is substituted into Eq. (2), and only fragments 
of a single mass are considered, then 


AHp/Hp=x(Av/v). (8) 


The data of Fig. 5 were used with Eq. (8) to calculate 
values of x; for pressures of 5, 8, and 10 mm Hg, the 
results are «=0.055, 0.024, and 0.017, respectively. 
The wide range of x-values obtained and the manner 
in which they vary with pressure suggest two possible 
explanations. Either the relation between @ and » 
cannot be represented by Eq. (7), or parts of the x- 
values obtained are due to a velocity dependence of the 
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pressure effect on @. For instance, if o is velocity- 
independent, the time between successive collisions 
varies at 1/v. The larger x-values for lower pressure, 
where the pressure effect is not approaching saturation, 
support the latter explanation. 

If Eq. (7) is valid and @ is proportioned to v", the 
above values of x are correct if n= —1; if n<—1 they 
are too small; if »>—1 they are too large. 

Bohr* estimated the charge of a heavy ion by assum- 
ing the ion to be stripped of all its orbital electrons 
that have smaller velocities than the translational 
velocity of the ion. The correct application of Bohr’s 
estimate requires that one consider the electron orbital 
velocities of an ion rather than of an atom as the orbital 
velocities are different in the two cases. 

The Bohr assumption was applied to an ion of 
nuclear charge 38, and the result is shown by the dotted 
curve of Fig. 11.° Two properties of fission fragments 
smear this curve out in the regions of the sharp breaks. 
These are the energy distribution and the nuclear- 
charge distribution of fragments of a single mass. The 
dot-dash line shows the smearing effect due to the 
measured width of the energy distribution’; the solid 
curve shows the additional smearing effect due to the 
measured width of the nuclear charge distribution.! 
The data points in Fig. 11 are experimental points for 
mass-97 fragments. The data were corrected for the 
pressure effect before they were plotted. 

The curves in Fig. 11 provide an experimental test 
of the Bohr assumption and show it to hold only as a 
first approximation. The structure in a curve of é vs 1, 
obtained by assuming é to be equal to the number of 
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Fic. 11. Ratio of velocity to charge as a function of velocity for 
fission fragments of nuclear charge 38. The unit of velocity is 
e*/h; the unit or charge is the electron charge. The dotted line 
shows the results obtained by applying Bohr’s assumption (see 
text); dash-dot line shows the smearing effect of velocity distri- 
bution; solid curved line shows the additional smearing due to 
nuclear charge distribution. 

® This curve was calculated from a curve prepared by J. Neufeld 
of this Laboratory in which charge is plotted as a function of 
velocity for an ion of nuclear charge 38. Dr. Neufeld kindly 

rmitted the authors to use this curve which is one of several 

e plans to publish in the near future. 
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Fic. 12. Equilibrium charges of fission fragments with initial 
energies as functions of atomic number of stopping gas. 


electrons whose orbital velocity is lower than that of the 
ion, is not verified by experiment. 


Type of Gas 


The equilibrium charges of median light and heavy 
fragments, with initial velocities, are plotted as a 
function of atomic number of the stopping gas in Fig. 
12. These values are corrected for the pressure effect. 
The results obtained by Lassen‘ are also shown by the 
dotted lines. Lassen’s data are extended to higher 
atomic numbers on the basis of a measurement of @, 
for which xenon was the stopping gas. There is good 
agreement between the two sets of measurement except 
for the light fragments in Hp. 

From Fig. 6 it is seen that the curves of Fig. 10 are 
repeated for lower fragment velocities with very little 
change except the ordinate values. 

Apart from some fluctuations for low atomic number 
there does not appear to be any appreciable variation 
of é@ with atomic number of the stopping gas. This is in 


agreement with the theoretical conclusions of Bohr and 


Lindhard® that the main contribution to the electron 
loss process arises from the direct action of the bare 
nucleus in light atoms and the atomic core (the nucleus 
partially shielded by electrons with velocities larger 
than that of the fragment) in the case of heavier atoms. 


Mass of Fragment 


The charges of median light (mass ~ 95) and median 
heavy (mass ~139) fragments are shown as functions 
of fragment velocity in Fig. 6. For the same velocity 
the ratio of é for the heavy fragments to é for the light 
fragments is about 1.25 which is (139/95)°-*. However, 
the nuclear charges of the median light and heavy 
fragments are about 38 and 54, respectively; the ratio 
én/é, equals (54/38)°*. This leads to the conclusion 
that the Z°* dependence of é“) is not valid over a large 
range of nuclear charge. 
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Coulomb excitation of several nuclei in the region between A =123 and 137 has resulted in observation 
of the following gamma rays: Sb", 161 and 376 kev; Cs!®, 82, 163, 302, and 385 kev; Ba’, 359 kev; Ba", 
470 kev; Ba'*5, 218 kev; and Ba’, 281 kev. Values of reduced transition probability for excitation are given 
for most of the above gamma rays. In the case of Cs’, absolute intensities and branching ratios are given 
for the gamma rays in the decay of the upper excited states. Level schemes are proposed based on coin- 


cidence studies and excitation curves. 





I. INTRODUCTION 


ITH the possible exception of nuclei whose mass 
numbers are near A = 25,! 75,” or 105,*~* none of 
the odd-A nuclei with A<150 have spectra which 
exhibit approximately rotational properties. These 
nuclei, which are in general subject to intermediate 
coupling, have complicated spectra which are not 
amenable to a vibrational or rotational interpretation. 
It is hoped that investigation by Coulomb excitation 
of the odd-A isotopes of Sb, Cs (monoisotopic), and 
Ba reported here will add to the information necessary 
to understand the nuclei subject to intermediate 
coupling. The results of the Coulomb excitation of two 
of the even isotopes of barium, Ba" and Ba’, are also 
included. 
II. EXPERIMENTAL TECHNIQUE 


The Coulomb excitation of the nuclei investigated 
here was produced by bombardment with alpha 
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Fic. 1. Proposed energy level schemes for the nuclei studied. 
Energies are in kev. The broken line representing a 537-kev 
crossover gamma ray in Sb! means that its existence is probable 
but has not been confirmed. 


—* Paul, Bartholomew, and Gove, Phys. Rev. 102, 208 
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particles up to 5.6 Mev in energy from the NRL large 
Van de Graaff generator. Targets were made by com- 
pressing the powdered materials into small depressions 
in planchets of stainless steel or tin. All targets were in 
chloride form, except for the Sb, which was in metallic 
form. The chloride targets were baked at 120°C for 
several hours in order to rid the chloride of as much 
water of crystallization as possible. This caused the 
intensity of the 350-kev gamma ray from the 
O'8(a,n) Ne” reaction to be at least low, if not negligible, 
in all cases. The target planchets were mounted at a 45° 
angle to the beam direction so that gamma rays from 
the front face of the target were observed at 90 degrees 
to the beam. The gamma rays emerging from the target 
surface passed through approximately 0.0025 inch of 
tin, 0.050 inch of aluminum, and 0.095 inch of mag- 
nesium oxide before reaching the detecting crystal. 
The isotopic enrichments of the targets used were the 
following: 97.7% Sb™; 23.31% Ba; 12.01% Ba'®; 
67.32% Ba"; 43.56% Ba'*’; 98.04% Ba". 

The gamma-ray detector was a scintillation counter 
consisting of a NaI(Tl) crystal, 13 inches in diameter 
by 2 inches thick, and an RCA 6342 photomultiplier. 
Pulse-height spectra were obtained with a 100-channel 
pulse-height analyzer. Ba’, Sb!5, Na”, and Cs! 
sources were used for energy calibration. Coincidence 
measurements were made with an arrangement having 
a single-channel pulse-height analyzer in one branch 
and a 100-channel pulse-height analyzer in the other. 


Taste I. Values are given for the gamma-ray energies observed 
and for some of the corresponding reduced transition probabilities 
for excitation. Since the multipole mixtures are not known in the 
decays, the internal conversion coefficients, a7, have not been 
included in the calculation of the reduced transition probabilities. 











(= B(E2)ex dex 
E. 2(ar +1 
Isotope (kev) ‘ rtt) ¥ 
Sb” oo 0.39 
376 
Cs 82 0.87 
163 
302 
385 
Ba!” 359 73 
Ba!® 470 72 
Ba! 218 0.48 
Ba}3? 281 1.3 








100 








COULOMB EXCITATION OF Sb, 





sp 
Eq*56 Mev 


161 kev 


vv Pewee 


8 


RELATIVE COUNTS 
3 














Fic. 2. Pulse-height spectrum obtained from natural Sb when 
bombarded with 5.6-Mev alpha particles. 


When there was any chance of accepting false coinci- 
dences due to the Compton effect, the scintillation 
counters were separated by a 30° lead wedge. 

The method used for obtaining the reduced transition 
probabilities for excitation has been described in an 
earlier article.’ A vital part of the reduced transition 
probability measurement is the determination of the 
efficiency of the scintillation counter as a function of 
gamma-ray energy. This was done by using calculated 
values for the total gamma-ray absorption in NalI,® 
experimentally checked calculated values of absorption 
in the material between target and crystal, and experi- 
mentally determinated photopeak-to-total intensity 
ratios. This efficiency curve was checked at 511 kev 
against values of efficiency obtained using two different 
calibrated Na® sources, and there was agreement to 
within 2%. Effects resulting from the angular distri- 
bution of the gamma rays produced by Coulomb 
excitation were estimated to be small enough to be 
neglected. 

The gamma-ray energies were measured to an ac- 
curacy of +1.5%. Absolute values of B(E2),x/e(ar+1) 
are considered accurate to about +25%. 


III. RESULTS AND DISCUSSION 


Most of the results obtained in this investigation 
are summarized in Table I. The energies of the gamma 
rays that were detected are given, along with the 
corresponding values of the reduced transition proba- 
bilities where measurement was possible. The energy 
level schemes proposed as a result of the study of each 
of the nuclei listed in Table I are given in Fig. 1. 


Sb 123 


Figure 2 shows the gamma-ray spectrum obtained 
from the alpha-particle bombardment of a natural 
metallic Sb target. Gamma rays are observed at 161 


SE. A. Wolicki e¢ al., Naval Research Laboratory Report 
NRL-4833, October 5, 1956 (unpublished). 
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Fic. 3. Pulse-height snectrum obtained from Sb"! when : 
bombarded with 5.2-Mev alpha particles. 


kev’ and 200 kev, with two broad peaks centered at 
about 385 kev and 545 kev. Comparison of this spectrum 
with one similar to that given in Fig. 3, obtained from a 
target enriched in Sb!, shows that the 161-kev radiation 
must come from Sb. The thick-target experimental ex- 
citation curve for the 161-kev gamma ray matches the 
theoretically calculated curve for the Coulomb ex- 
citation of a level at 161 kev. The natural Sb spectrum 
was also examined by using the coincidence arrange- 
ment mentioned in Part II. Although the coincidence 
counting rate was very low, the 161-kev gamma ray 
was found to be in coincidence with a gamma ray of 
376 kev, which implies the existence of a state at 537 
kev. The bombarding energy used in the coincidence 
experiment was about 5.3 Mev, considerably higher 
than the energy range over which the 161-kev excitation 
curve was studied. Consequently, the excitation of the 
537-kev state in this energy range was low enough that 
the contribution due to cascade radiation from this 
state did not noticeably affect the shape of the 161-kev 
excitation curve. The 376-kev gamma ray probably 
contributes to the broad peak centered at 385 kev. 
Although crossover radiation from the 537-kev state 
probably contributes to the broad peak centered at 
545 kev, with the spectra obtained in this experiment 
it was not possible to confirm this supposition. Ex- 
citation curves were impractical in this case because 
of the low intensity and the mixture of neighboring 
gamma radiation. 

The fact that the radiation at about 200 kev from 
natural Sb (Fig. 2) appears with greater intensity in 
the spectrum from Sb”! (measured at 198 kev in Fig. 
3) suggests that the 200-kev radiation might be asso- 
ciated with Sb”. However, the thick-target excitation 
curve for the 200-kev gamma ray does not match the 
theoretically calculated curve for the Coulomb ex- 
citation of a level at 200 kev. The possibility that the 


7A gamma ray at 160 kev has also been observed by G. M. 
Temmer and N. P. Heydenburg, Phys. Rev. 93, 351 (1954). 
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Fic. 4. Pulse-height spectrum obtained from Cs'*C] when 
bombarded with 4.5-Mev alpha particles. 


200-kev radiation is cascade radiation to a state cor- 
responding to other gamma radiation, perhaps that at 
171 kev, in the Sb” spectrum was also explored. No 
coincidences were found. Considerable difficulty was 
encountered in obtaining a reliable spectrum from the 
Sb!*!, because after the target material available was 
compressed, it cracked under bombardment. Conse- 
quently, some of the radiation represented by the five 
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Fic. 5. Pulse-height spectrum obtained from Ba"*C] when 
bombarded with 4.4-Mev alpha particles. 
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peaks marked in Fig. 3 could be due not only to a Zn 
contamination, but also to the stainless steel backing. 
There is also the possibility that a small contamination 
of molecular deuterium in the beam may have been 
present and produced nuclear reactions in the target. 
Nevertheless, no radiation was observed that could be 
conclusively attributed to the Coulomb excitaiton of 
Sb"!, 


Cs}3 


Shown in Fig. 4 is the gamma-ray spectrum obtained 
from the alpha-particle bombardment of a CsCl target. 
Gamma rays were observed at 82, 163, 302, and 385 
kev.® In order to verify that all these gamma rays are 
associated with Cs, this spectrum was compared, as 
were all other spectra obtained from chloride targets, 
with that obtained from a target of Ba'* Cl, (enriched 
98.04% in Ba"™*), given in Fig. 5. This is a closed shell 
nucleus for neutrons and should not yield any gamma 
rays due to Coulomb excitation at the bombarding 
energies used in these experiments. The small peak at 
195 kev is apparently due to an alpha-particle reaction 
in the chlorine, whereas the 346-kev peak is due to a 
small amount of water of crystallization. The compari- 
son with the CsCl spectrum indicated that all four 
gamma rays are from Cs. The Cs spectrum was also 
examined using the coincidence arrangement mentioned 
in Part IT. It was found that two gamma rays of about 
80-kev energy are in coincidence, apparently resulting 
from the cascade from a 163-kev state through the 
82-kev state. The existence of the 163-kev state is 
confirmed by the fact that the thick-target excitation 
curve for the 163-kev gamma ray matches the theo- 
retically calculated curve for the Coulomb excitation 
of a level at 163 kev. Consistent also with the excitation- 
curve result is the fact that no gamma rays were 
observed in coincidence with the 163-kev gamma ray. 

Furthermore, the 302-kev and 82-kev gamma rays 
were found to be in coincidence. This result is supported 
by the fact that the thick-target excitation curve for 
the 302-kev gamma ray matches the calculated theo- 
retical curve for the excitation of a level at 385 kev. 
The resulting conclusion that the level at 385-kev 
decays by cascade through the 82-kev level is in agree- 
ment with studies of the Ba’ 6 decay.® It is felt that 
the above coincidence and excitation-curve results 
justify the level and decay scheme shown in Fig. 1 for’ 
Cr. 

Only for the 82-kev level has a value of the reduced 
transition probability for excitation been given. Since 
such a measurement for the upper two levels would 
involve knowledge of more than one internal conversion 
coefficient, it was considered simpler and clearer to 
give only the absolute gamma-ray intensities involved 


8 Gamma rays at 81 kev and 163 kev have also been observed 
by G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
(1956). 

9M. Langevin, Compt. rend. 240, 289 (1955). 











COULOMB EXCITATION 


in the decay of each of these two levels, as presented in 
Table II. These intensities were not immediately 
obtainable in the case of the decay of the 163-kev level, 
since the 80-kev cascade radiation from the 163-kev 
level could not be distinguished from the radiation 
from the 82-kev level. Therefore, at the given bom- 
barding energy, the intensity of the cascade radiation 
was obtained by subtracting from the total 80-kev 
intensity the amount given by the theoretical 82-kev 
excitation curve normalized by experimental points at 
the lower bombarding energies. 


Ba’ and Ba” 


The spectra obtained from the alpha-particle bom- 
bardment of targets of Ba!Cl, and Ba™Cl, are pre- 
sented in Figs. 6 and 7, indicating gamma rays at 359 
kev and 470 kev, respectively. This conclusion is sup- 
ported by comparison with the Ba'*Cl, spectrum. The 
thick-target excitation curves for the 359-kev and 470- 
kev gamma rays match the calculated theoretical curves 
for the excitation of levels at 359 kev and 470 kev in 
Ba™ and Ba", respectively. The 2+ character assigned 


TABLE IT. Values of the absolute thick-target gamma-ray yields 
at the given bombarding energy are presented for the cascade and 
the crossover radiation in the decay of the 163-kev and 385-kev 
states in Cs, along with the corresponding cascade-to-crossover 
ratios. 








Ea Ey 
(Mev) (kev) 





X 1012 Cascade/crossover 
4.70 302 21 
385 8.6 2.5 
2.68 81 16 
163 3.7 4.3 











to the first excited states in Ba! and Ba’ in Fig. 1 is 
based on the fact that virtually all first excited states of 
even-even nuclei amenable to Coulomb excitation have 
a 2+ character. An attempt was also made to excite the 
first excited state in Ba™, but its intensity was too low 
to be observed above the background produced by 
nuclear reactions in the chlorine. 

Ba! and Ba!” are even-even nuclei and, as such, 
certain properties would be expected to conform to 
trends known to exist among the even isotopes of 
elements with even Z.'° Namely, the first excited state 
energy increases and the reduced transition probability 
decreases as a closed shell is approached. The energies 
of the first excited states in Ba and Ba’ obviously 
conform to such a trend. This is further supported by 
the fact that the first excited state in Ba™ is at 604 kev 
known from §-decay studies." Nevertheless, the values 
of the reduced transition probabilities given in Table I 
for Ba'®° and Ba’ do not conform strikingly to the 


10G. M. Temmer and N. P. Heydenburg, Phys. Rev. 98, 1308 


(1955). 
1 A. Chandra, Proc. Indian Acad. Sci. 44A, No. 4, 194 (1956). 
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Fic. 6. Pulse-height spectrum obtained from Ba!™C] when 
bombarded with 4.6-Mev alpha particles. 


above-mentioned trend. However, it must be pointed 
out that the value of B(E2) for Ba™ is probably the 
least accurate of those given in Table I because of its 
low intensity and the presence of the 511-kev radiation. 


Ba" and Ba" 


In Figs. 8 and 9 are presented the spectra resulting 
from the alpha-particle bombardment of Ba™Cl, and 
Ba""Cl., showing the presence of gamma rays at 218 
kev and 281 kev, respectively. This conclusion is 
evident by comparison with the Ba™*Cl, spectrum. 
Furthermore, the experimental excitation curves for 
the 218-kev and 281-kev gamma rays in Ba’ and 
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Fic. 7. Pulse-height spectrum obtained from Ba!C] when 
bombarded with 5.1-Mev alpha particles. 
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. 8. Pulse-height spectrum obtained from Ba™®C] when 
bombarded with 4.4-Mev alpha particles. 


Ba’ match the calculated theoretical curves for the 
excitation of levels at 218 kev and 281 kev, respectively. 

The excitation of these levels is interesting since in 
the case of both isotopes no 6 decay to these levels is 
observed, and no cascade radiation has been observed 
in the decay of the known isomeric levels, which lie at 
a higher energy. These facts lead to the conclusion that 
these levels probably have a character of $+. Consider, 
for example, Ba'*’: there is no observable 8 decay from 
the $+ state in Cs'*’ to a 281-kev state, but only to the 
11/2- metastable state at 661 kev and the $* ground 
state.” The considerably lower transition probability 
for the 6 radiation of higher forbiddenness that would 
be required in a transition to a state of character }*, 


12 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 


} Ee 


FAGG 





20}- od 
Ba'®’C) 
Eq=4.4Mev 


S 


28! kev 


ee 


j 


j 






RELATIVE COUNTS 
2] 
| 


b 
| 


346 kev 








! l l l N 
2 4 5 





3 
PULSE HEIGHT 


Fic. 9. Pulse-height spectrum obtained from Ba"*’C] when 
bombarded with 4.4-Mev alpha particles. 


would explain the fact that no § radiation has been 
observed to the 281-kev state. The same conclusion is 
also reached by analogous reasoning applied to the 
possible decay by cascade of the 661-kev metastable 
state through the 281-kev state. Identical arguments 
apply to the 218-kev state in Ba™. 
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Study of the T(~,n)He’ and Li’(p,n)Be’ Reactions 


R. L. MACKLIN AND J. H. Grspons 
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(Received August 12, 1957) 


Absolute total (p,m) cross sections for the T(p,m)He® and Li?(p,n)Be’ reactions have been remeasured 
from threshold to 2.4 Mev, with special attention to the cross section near threshold. The T (p,m)He® total 
cross section follows the behavior expected from either direct interaction or Breit-Wigner analysis over most 
of the range studied. Departure from predicted behavior occurs below F,(lab) = 1.10 Mev. The Li’(p,n) Be? 
cross section can be fitted over the entire energy range studied by assuming a broad 2- resonance near 
threshold, a 3+ resonance at 2.25 Mev, and a small reaction background due to distant /=1 resonances. 
The usual assumption, of equal reduced widths for neutron and proton, however, cannot be used. Data for 
both reactions extrapolate to the values determined by reciprocity from the inverse reactions with thermal 


neutrons. 





INTRODUCTION 


HE T(p,n)He’ reaction has been investigated by 
several authors.'-* However, accurate data for 
proton ene-gies near threshold are not available. If one 
could obtain these data the corresponding He'(n,p) 
cross section would follow from reciprocity relations. A 
knowledge of the He*(,p) cross section might be used 
as a standard for neutron flux measurements in the 
kilovolt range. 

The reaction Li’(~,2)Be’ has been extensively 
studied over the past decade.*~® Adair’ concluded that 
the resonance at 2.25-Mev proton energy was due to a 
3+, T=1 level in Be® and that the “background” 
reaction was primarily the result of a combination of a 
1- and a 2-, T=0 state at undefined energies. The 3+ 
level was assigned as a member of a T=1 isotopic 
triplet, Li*— Be*—B*. Hanna,’ in a study of both the 
Be’(n,p)Li’ thermal cross section and the Li’(p,n)Be’ 
cross section a few kev above threshold, concluded that 
the threshold behavior of the cross section indicates a 
nearby /=0 level in Be*® not greater than 30 kev wide. 

Newson* obtained a quantitative fit to more complete 
data with the assumption that the cross section near 
threshold is entirely due to a single level, several 
hundred kev wide, with [,=I, at a proton energy 
about 50 kev above threshold. 

The recent development at ORNL of a high-efficiency, 
flat-response, 4x neutron detector’® has enabled us to 
remeasure the T(p,7)He’ and Li’(p,m)Be’ cross sections 
with improved precision near threshold where the 


Jarvis, ore ety Argo, and Taschek, Phys. Rev. 79, 
929 (1950); and G. A. Jarvis, Los Alamos Scientific Laboratory 
Report, LA-2014 (un rox f- lished). 

? Willard, Bair Kington, Phys. Rev. 90, 865 (1953). 

3 Garlov, Gelber. Morozov and Shigin, J. Tech. Phys. 
U.S.S.R. 26, 985 (1956). 

‘R. Taschek and A. Hemmendinger oy. rire Ne 373 (1948). 

’ G. Breit and I. Bloch, Phys. Rev. 74, 3 

od. W. Newson and J. H . Gibbons, Phys x 95, 640(A) 
(1954 

7R. K. Adair, Phys. Rev. 96, 709 (1954). 

8H. W. Newson, Phys. Rev. 100, 960(A) (1955). 

®R. C. Hanna, Phil. Mag. 46, 381 (1955). 

1 R. L. Macklin, J. Nuclear Instr. (to be published). 


strong angular and energy dependence of the emitted 
neutrons have hampered other techniques. 


APPARATUS, TARGETS AND PROCEDURE 


The neutron detector was a five foot sphere of reactor- 
grade graphite with eight B'°F; proportional counters 
distributed in tangential holes near the surface. The 
absolute efficiency of the detector (3.08%) is related to 
the Ra—Be source at the National Bureau of Standards 
through an Sb—Be source." The detector efficiency is 
flat to +1% for neutron energies between 1 and 2000 
kev.’° The proton beam of the CRNL 3-Mv Van de 
Graaff was brought to the center of the detector 
through a three-foot copper sleeve cooled with liquid 
air in order to minimize carbon buildup on the target. 
Thermal neutron absorption in this equipment and the 
target holder decreased the efficiency of the detector 
by 4.0+0.5%. Air-cooled targets of LiF and ZrT were 
used to study the (p,m) reactions. 

Thick (380 ug/cm?) natural LiF targets were evapo- 
rated on aluminum or platinum and carefully weighed 
for the determination of absolute cross section. Thin 
LiF targets were prepared in the same manner and 
intercalibrated with the thick targets near 2 Mev. 

In Fig. 1 are shown plots of the Li’ distribution in two 
thin LiF targets, as determined from energy loss of an 
incident proton beam. The yield and velocity of 
neutrons produced were observed by using a pulsed 
proton beam and millimicrosecond time-of-flight equip- 
ment.” Corrections to the observed counting rate were 
made for the change of detector efficiency with energy, 
solid angle subtended in the center-of-mass system, and 
velocity dependence of the Li’(p,m) cross section. The 


4 Preliminary independent measurements of the NBS source 
strength by use of a thin Lil crystal] and diffusion calculations of 
surface thermal neutron leakage indicate an 8% higher detector 
efficiency. However, for results reported here we have assumed the 
source strength and ‘uncertainties veg by NBS. 

12 J. H. Neiler e¢ al., Bull. Am. Phys. Soc. Ser. IT, 1, 70 (1956) ; 
V. E. Parker and R. F. King, Bull. Am. Phys. Soc. Ser. II, 1, 70 
(1956); H. E. Banta e¢ al., Bull. Am. Phys. Soc. Ser. II, 1, 70 
(1956); E. C. Smith e¢ al., Bull. Am. Phys. Soc. Ser. II, 1, 71 
tien’ W. M. Good e# al., Bull. Am. Phys. Soc. Ser. IT, 1, 71 
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Fic. 1. Vacuum-evaporated LiF target structure inferred from 
millimicrosecond time-of-flight measurements of yield and velocity 
of neutrons produced at 0° by 1.892-Mev incident pulsed protons. 
The approximate resolution function is shown as the shaded area. 
The average thicknesses were determined by weighing techniques. 
These results indicate that the LiF appears to be distributed in 
particles ranging in size up to 30 ug/cm?. 


LiF appeared to be distributed in particles ranging 
up to 30 ug/cm? (about 290 molecules if single crystals) 
in diameter. The rise in yield near the surface was a 
little slower than the probable resolution of the experi- 
ment and may have indicated a few ug/cm* variation 
of an inert contaminant overlying the LiF particles. 
The fact that the targets were two to four times their 
average thickness is important in deducing the Li’(p,n) 
cross section near threshold. 
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Fic. 2. Structure of a tritiated vacuum-evaporated zirconium 
target (platinum backing). These data were inferred from milli- 
microsecond time-of-flight measurements of the yield and velocity 
of neutrons produced at 0° by 1.042-Mev incident pulsed protons. 
The shaded triangles indicate the experimental resolution. 
Region A may represent a lightly oxidized surface layer, but even 
in the principal layer, B, the distribution is not uniform. 


H. GIBBONS 


ZrT targets on platinum backings were obtained 
from the ORNL Radioisotope Production Department. 
The tritium distribution of one of these, deduced as 
described above for Li’, is shown in Fig. 2. The absolute 
calibration for T(~,2) was obtained by comparison 
of the ZrT target inside the sphere and 40 cm from the 
surface of the sphere with a T» gas cell'* at 40 cm for 
an average incident proton energy of 1.91 Mev. 


RESULTS 
T (p,n)He*® 


Figure 3 shows the total (p,m) cross section as a 
function of incident proton energy, together with the 
data of other investigators.' Selove'* has shown that 
under the assumption of direction interaction one 
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Fic. 3. T(p,n)He? cross section as a function of proton energy. 
Solid and open circles correspond to independent runs. The data 
were taken by using a Zr—T target and were normalized to a 
measurement with a tritium gas cell at E,=1.91 Mev. Absolute 
error estimated at +5% (standard deviation). The solid line is 
calculated from either dispersion or direct-interaction theory and 
is normalized in the threshold region. 


obtains the relation 
o(pn)= fd0\VynlI-Ew/E}, 


where E,,=laboratory threshold energy, E,=labora- 
tory proton energy, and |V,,|* is the product of the 
n-p scattering amplitude times a nuclear “form factor.” 
It has been shown that |V,,| varies quite slowly over 
the energy range considered here, so the relative cross 
sections should be described by the relation o~ (1— Eyn/ 
E,)} (solid curve, Fig. 3). This result is identical to one 
obtained using dispersion theory, assuming one or more 
distant levels. The effect of changing proton barrier 
penetrability has not been included. In Fig. 4 is pre- 
sented a curve of the cross section reduced by the above 


13C, H. Johnson and H. E. Banta, Rev. Sci. Instr. 27, 132 
(1956). 
14 W. Selove, Phys. Rev. 103, 136 (1956). 











T(p,n")He? 


factor as a function of energy. The lowest energy points 
were derived by reciprocity from thermal He*®(n,p)T 
measurements.'*!® The data fit the expected straight- 
line behavior down to E,~ 1.10 Mev. For E,<1.10 Mev 
an experimentally significant turn-up occurs. We have 
not been able to predict this behavior quantitatively 
on the basis of either direct interaction or dispersion 
theory. 

The cross section for He*(n,p)T may be deduced 
from the T(p,7)He? results by reciprocity. This reaction 
in turn appears to be of high potential value as a 
monitor of monoenergetic neutron flux in the energy 
range 1 kev to 1 Mev. The data points from the 
T(p,n)He? data, converted to corresponding He*(”,p)T 
values, are given in Fig. 5. The agreement with the data 
of recent investigations”’ in the energy range 0.1 to 1.0 
Mev is notable. 
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Fic. 4. T(p,m)He® ‘“‘reduced”’ cross section. Dispersion theory 
and direct-interaction calculations, neglecting changes in proton 
barrier penetration, predict a straight-line behavior over the 
energy range shown. The dotted line indicates the reaction 
threshold at the “base” of the target. Connected data points 
near and to the left of this line indicate the range of possible 
choices of effective target thickness. 


Li’ (p,n)Be’ 


Figure 6 shows the results over the entire energy 
range studied. The solid line simply connects data 
points. Several sets of data are included, corresponding 
to different targets and runs. The cross section in the 
flat region between 1.95 and 2.05 Mev is in good 
agreement with that reported by Taschek,* but the 
cross section at 2.25 Mev is about 19% higher. 

The data near threshold, together with the results 
of Hanna,’ are given in Fig. 7. The extrapolation of our 
data to threshold is in good agreement with the value 
calculated from Hanna’s value of o(m,p) for thermal 
neutrons on Be’. It was assumed that the ground state 


18 J. H. Coon and R. A. Nobles, Phys. Rev. 75, 1358 (1949). 

16 L. D. P. King and L. Goldstein, Phys. Rev. 75, 1366 (1949). 

17—. J. Hughes and J. A. Harvey Neutron Cross Sections 
Brookhaven National Laboratory Report BNL-325 (Super- 
intendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1955). See also J. H. Coon, Phys. Rev. 80, 488 
(1950) and Batchelor, Aves, and Skyrme, Rev. Sci. Instr. 26, 
1037 (1955). 
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Fic. 5. He*(n,p)T cross section as a function of energy. Our 
data points were calculated from the T(p,n)He® results. Other 
data shown are the results of direct measurements. 


spin of Be’ is 3. The dotted vertical line indicates the 
average energy where the deepest-lying Li’ atoms of the 
target have been barely penetrated by protons with 
energies above threshold. The data points near and to 
the left of this line indicate the effect of a range of 
possible choices of effective target thickness. 

The solid line in Fig. 7 was calculated by assuming 
a broad 2~ state near threshold with ',=T, at a proton 
energy of 1.97 Mev, in essential agreement with the 
conclusions of Newson.’ Under these conditions the 
Breit-Wigner single-resonance formula,'* 
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Fic. 6. Li?(p,)Be’ reaction cross section as a function 
of incident proton energy. 


18 R. G. Thomas, Phys. Rev. 81, 148 (1951). 
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Fic. 7. Li7(p,n)Be? reduced cross section near threshold as a func- 
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reduces to 

o(p,n)=4ar*gl x/(1+x)*], (3) 
with 

= D,/T p=Ynrkn/V ph pep, 
where possible effects of other channels are ignored.” 
If one uses 0p= (Fe?+G,?)-! and R= 1.45(A!+1)X10-" 
cm,” the data correspond to a ratio 


n/p _ 5.2+0.3, 


which is significantly different from the equality 
expected from a strict charge independence of nuclear 
forces. 

In Fig. 8 is presented a fit to the data over the entire 
energy range studied. Typical experimental points are 
shown. The calculated cross section is composed of three 
components, (1) the 2~ resonance near threshold, (2) a 
3+ resonance at 2.25 Mev, and (3) a small reaction 
background due to distant resonances. The procedure 
for obtaining the fit was as follows. 

The maximum reaction “background” one can adduce 
at E,=2.25 Mev is about 280 mb, implying a o> 290 
mb. Now the value of the reaction cross section at 
resonance is 


2J+1 
do>= ( Jinn 
(27+1)(2S+1) 


rt, 2J+1 
<——(0.377) barns. (4) 
(LT)? 8 





Xx 





1 Recent data [R. M. Williamson (private communication) ] 
indicates, for the broad 2- level near threshold, o(p,p’)/o(p,m) 
=0.03 at 1.95 Mev. Inclusion of a corresponding Ip, in Eq. (3) 
results in lowering the calculated (p,m) cross section (Fig. 8) 
by 6%. 

p Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs. 
Modern Phys. 23, 147 (1951). 
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This implies J >3. The highest spin possible for /=1 
incident protons is J/=3. Angular distribution measure- 
ments have shown strong s-p interference in this range, 
indicating an assignment of 3+ to this resonance, in 
agreement with Adair.’ 

Adair’ pointed out that a 3+, T=1 state is expected 
to occur, forming a T7=1 isotopic triplet with corre- 
sponding levels in Li® and B*. He further showed that 
if isotopic spin is a good quantum number such a level 
should have equal reduced widths for neutron and 
proton. If one assumes equal reduced widths for this 
level, one calculates a9~190 mb, far short of the mini- 
mum 290 mb needed. Thus we must assume that either 
(1) the wrong value for the nuclear radius was used, or 
(2) the penetrability calculations of Bloch e¢ al.”® are 
not applicable here, or (3) that one must allow values 
of 7n?/7p¥1. 

It can be shown that if one retains y,’=y7,? then 
unreasonable values of R(~1510-" cm) are needed 
to give the right value of oo. The use of the penetra- 
bility factor (F;?+G,*)— appears quite reasonable here 
especially in view of the high peak cross section, so 
nearly equal to the limiting value 4rX,’g. Therefore it 
seems necessary to assume unequal reduced widths in 
order to fit the data. The maximum possible cross 
section occurs for [,=I', at resonance. If one sets 
r,=I', here, then 7,?/y,’~5.8, with y,2=3.1X10-" 
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Fic. 8. Calculated resonance contributions to the Li’(p,m)Be? 
cross section. The calculated curve lies a constant 3.5% higher 
than the experimental curve. 








T(p,n)He* AND Li?(p,n)Be? 


Mev-cm derived from the measured width (220 kev). 
The data can be fitted, however, with values 
3<yn?/y,?<10. For the sake of simplicity we have 
chosen the same ratio as for the resonance near threshold 
(yn2/yp?=5.2) and thus y,.2=2.9X10-" Mev-cm and 
¥p°=0.56XK10-" Mev-cm. 

The cross section contribution from the 3+ resonance 
was then calculated by using relation (2), where the 
level shift'* is given by 





d InP tre) ) 


= 2 
blithe! R( d In(k,R) 


(5) 


Yn 1 
-=(-—_41). 
R 1+ (RR)? 
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At E,=2.25 Mev, 4,=—0.15 Mev, indicating a value 
for the characteristic energy E,=2.40 Mev. The 
calculated contribution due to this 3+ resonance is 
dotted in Fig. 8. If one then adds the cross section due 
to the 2 and 3+ levels and subtracts the resultant from 
the observed cross section the remainder is consistent 
with a contribution from distant /> 1 levels. This is also 
dotted in Fig. 8, assuming /=1. Finally the solid line is 
the sum of the three components 2-, 3+ and distant 
l=1 resonances. 
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The radionuclide K*’ has been produced by a (p,a) reaction on Ca®, using 12.8-Mev protons accelerated 
in the UCLA 20-Mev synchrocyclotron. The half-life of this activity was found to be 1.20.12 seconds. 
With a double-channel magnetic spectrometer the end point of the 8 spectrum was determined as 5.10+9.07 

- Mev. The ft value determined as 4150-500 seconds is within the expected range of the shell-model predic- 
tions. The Coulomb energy difference between K*’ and A*’ deduced from the end point agrees with Peaslee’s 
analysis of the light nuclei. The pairing effect in Coulomb energies discussed by Carlson and Talmi is more 


clearly exhibited with the addition of the new data. 


INTRODUCTION 


OTASSIUM-37 is a member of the mirror-nuclei 

series. It has been expected to decay by positron 

emission into A*’ with a half-life of about one second and 
an end-point energy of about 5 Mev. 

The activity assigned to K*’ by Langmuir’ and by 
Boley and Zaffarano® appeared to be in doubt when 
Stihelin® discovered a 0.95-sec isomer of K**. It then 
became apparent that one could not observe K*’ by the 
reaction K**(y,2n)K*’ without the interference of K* 
produced by the (7,#) reaction. 

We have produced K*’ by the Ca“(p,a)K*’ reaction 
and measured the half-life and the end point.** 


+ This work was supported in part by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy Commission. 

* Present address: Palmer Physical Laboratory, Princeton 
University, Princeton, New Jersey. 

1R. V. Langmuir, Phys. Rev. 74, 1559(A) (1948). 

2 F. I. Boley and D. J. Zaffarano, Phys. Rev. 84, 1059 (1951). 

3P. Stahelin, Helv. Phys. Acta 26, 691 (1953). 

4C. R. Sun and B. T. Wright, Bull. Am. Phys. Soc. Ser. II, 1, 
253 (1956). 

5C. R. Sun, thesis, University of California, Los Angeles, 1956 
(unpublished). 


MEASUREMENTS 


K*’ was produced by bombarding natural calcium 
foil (98-99% pure) with 12.8-Mev protons from the 
internal beam of the UCLA 20-Mev synchrocyclotron. 
This bombarding energy was chosen well below the 
thresholds of the reactions Ca®(p,n)Sc® and Ca”(p,pm)- 
Ca®. The Sc* activity did not interfere because (p,7) 
cross sections are of the order of one millibarn compared 
with 100 millibarns for charged-particle emission at 
this proton energy. Activities produced by isotopes of 
calcium other than Ca“ were eliminated because of 
their small abundances and longer half-lives. Both the 
half-life and the end-point measurements were made 
at positron energies above 1.8 Mev in order to avoid 
interfering oxygen activities. 

The mounted sample could be transferred from the 
bombardment position to the experimental area within 
0.2 sec by the use of a pneumatic tube system similar 
to that described by Glass and Richardson. The 


6 N. W. Glass and J. R. Richardson, Phys. Rev. 98, 1251 (1955) ; 
N. Glass, thesis, University of California, Los Angeles, 1953 
(unpublished). 
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sequence of bombarding and counting was controlled 
by an automatic timing device. 

For a preliminary survey and for the half-life meas- 
urements, the detector used was a stilbene crystal 
scintillation counter. 

The half-life was measured by means of a Sanborn 
Twin-Viso Recorder. The output of a scaler was fed to 
the galvanometer coil of the recorder pen. At every 
fixed number of counts, depending on the scaling factor 
selected, a pip was made on the recorder tape. The 
tape speed was calibrated timewise by means of a one- 
second time marker. 

The end point was measured with a double-channel 
magnetic beta-ray spectrometer.*.’ This spectrometer 
was developed to provide an improved means of 
normalizing the data taken of the numerous source 
activations that are required in the case of short-lived 
activities. The use of a monitor counter near the source 
for this purpose would not be as satisfactory for the 
following reasons: 

(1) If the source emits 7 rays from interfering activi- 
ties, the monitor counts are not proportional to the in- 
tensity of the activity under investigation. 

(2) If a scintillation counter is used as a monitor, the 
counting rate would depend critically upon the stability 
of the bias setting. 

The principal feature of this spectrometer is its 
double-channel arrangement. At a given magnetic field, 
beta-particles of different momenta are detected by two 
scintillation crystals, both placed at the 180° position 
corresponding to different radii. Thus, two points on a 
spectrum are measured simultaneously with a given 
source. With this double-channel arrangement, three 
possible methods may be used to normalize the data. 
The first method is to treat independently the data 
obtained at each magnetic field setting and determine 
the end point from a two-point Kurie plot. For an 
allowed spectrum a set of such plots having different 
slopes is expected to converge at the end point. The 
final result may be obtained from the statistical average 
of individual runs. 

The second method is to increase the magnetic field 
from B, to Be, then to Bs, etc., such that Bypi:= Bepo, 
Bop;= Bape, etc., where p; and p2 are the fixed radii of 
the two channels, p; being the larger. 

Tn using these two methods, a geometrical correction 
factor must be applied, if the transmission or resolution 
of one channel is different from that of the other. The 
determination of this factor from calibration runs in- 
volves some uncertainties. An additional disadvantage 
of the second method is that errors accumulate as a 
result of the successive runs. To avoid these difficulties, 
a third method has been developed and used in this 
experiment. In order to make a Kurie plot, the Fermi 


7C. R. Sun and B. T. Wright, Phys. Rev. 100, 1793(A) (1955). 
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theory of allowed beta decay is usually expressed as 





4 
=> K "so ’ 
=, salts 


where J is the observed counting rate of beta particles 
at a given magnetic field, F is the Fermi function, B is 
the magnetic field, p is the radius, w is the total energy 
of the beta particle, wo is the value of w at the end 
point, and K is a constant involving the matrix element 
for a given decay, the geometry of the spectrometer, and 
the initial activity of the source. 

In the case of the two-channel arrangement, the 
differences of the solid angle 2(p) and the resolution 
R(p), for the two channels must be taken into account. 
Also, A(B), which is the integrated activity resulting 
from the numerous activations required at a given 
field setting, must be considered. We find 





N i 
( ) = K’(wo—w), 
F(Bp)°Q(p)R(p)A(B) 


where J is the accumulated number of counts observed 
at a given B. 

Now if one considers the data from both channels 
for two spectrometer runs at different B, the factors 
B, p, Q, R, and A may be eliminated, yielding 





(— ——) (wo—W11) (Wo— Wee) 
Fy F 22 Nyw2Nov 


(wo— W12) (wo—wa) 

where a subscript 12 relates the quantity with magnetic 
field B,, and radius pe, etc. This is a quadratic equation 
in wo which can be solved without ambiguity in the 
choice of roots. The ratio of the two radii in the spec- 
trometer has been optimized to give a minimum sta- 
tistical error in the determination of the end points.® 
A drawing of the spectrometer chamber is shown in 
Fig. 1. A proton resonance magnetometer was used to 
measure the spectrometer magnetic field. To test the 
over-all performance of the instrument, one of the 
end points of Ga®* was measured. The resulting value of 
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Fic. 1. Drawing of the double-channel beta-ray spectrometer. 














RADIONUCLIDE K#? 


4.17+0.05 Mev is in agreement with the previously 
measured values for this decay.*. 

The source thickness used in the end-point measure- 
ment of K*’ was 39 mg/cm? which was thin enough to 
require no correction for the Bp values measured. 

The following is a summary of the final results on K*’, 

(1) The half-life as measured on the Sanborn re- 
corder is 7)=1.2+0.12 sec. 

(2) The results of the end-point kinetic energy in 
Mev, determined from four best runs, with statistical 
errors in each run are 5.09+0.07, 5.15+0.08, 5.07+0.08, 
5.09+0.07. The weighted average was 5.10+0.04 Mev. 
This average was calculated according to the formula” 


bo te = > fiEout (0), 


where {/;=6*/o/’. 
Making allowance for systematic errors, we consider 
that the end-point energy may be written as 


5.10+0.07 Mev. 


As an independent check, Kurie plots were obtained 
by using the monitor method. One of these plots is 
shown in Fig. 2. The linearity of the Kurie plots for 
this and for various other pairs of magnetic field values 
showed that the spectrum of K*’ is simple and allowed. 
Thus the aforementioned third method was applicable 
for computing the end point. 


DISCUSSION 
A. Coulomb Energies and Nuclear Radii 


For positron decay with end-point kinetic energy Eo 
the Coulomb energy difference between corresponding 
states can be expressed as 


AE.= Eo+1.80 Mev. 





(Bp)? F 











Fic. 2. Kurie plot of K*’. Counts at each point were normalized 
to the monitor counts. The difference in the geometry of the two 
channels was accounted for by applying a correction factor 
determined from a calibration run with the known highest end 
point of Ga®, 


8 L. M. Langer and R. D. Moffat, Phys. Rev. 80, 651 (1950). 
® A. Mukerji and P. Preiswerk, Helv. Phys. Acta 25, 387 (1952). 
10 FE, R. Cohen, Revs. Modern Phys. 25, 709 (1953). 
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Peaslee" fitted the Coulomb energy differences of 
light nuclei, determined mostly from beta decay, to a 


formula 
Z'+4 
ako +s 
At 


where A is the mass number, Z’ is the atomic number 
of the product nucleus in beta decay between corre- 
sponding states, and a and b are constants. When one 
uses recent experimental data, the nuclear series A = 4n, 
4n+1, 4n+2, 4n+3, all yield surprisingly consistent 
values, 





a=1.46 Mev, b=—1.11 Mev. 


The data clearly exhibited the presence of the ex- 
change term, b. 

The 1.46-Mev value of arelates toa square-well radius 
R=1.18A!X10-" cm, in agreement with other meas- 
urements of nuclear size.- 

Using the end point of K*’ measured in the present 
experiment to determine the Coulomb energy difference 
between K*? and A*’, we obtain a value which fits 
exceedingly well on Peaslee’s plot for the A=4n+1 
series, as shown in Fig. 3. All other points on the graph 
have estimated accuracies of <0.05 Mev. For K*’ the 
probable error is 0.07 Mev. 

Carlson and Talmi'® reported on the studies of 
pairing effects in Coulomb energies and the radii of 
of mirror nuclei. It was shown that the Coulomb energy 
difference between the nuclei of a mirror pair exhibited 
an odd-even alternation with Z that was presumed to 
reflect the well-known ‘pairing properties of the short- 
range nuclear forces. The second differences of Coulomb 
energy (differences between successive mirror pairs) 
were shown to be of the form 


A2(Z) =AE.(Z) —AE.(Z—1) =a+(—1)*b, 


where a and b were considered to vary slowly with Z for 
transitions between ground states of mirror nuclei. The 
A:(Z) derived from experimental data were plotted 


1D. C. Peaslee, Phys. Rev. 95, 717 (1954). 

12 V. L. Fitch and L. J. Rainwater, Phys. Rev. 92, 789 (1953). 
13. N. Cooper and E. M. Henley, Phys. Rev. 92, 801 (1953). 
4 Hofstadter, Fechter, and McIntyre, Phys. Rev. 92, 978 (1953). 
15 B. C. Carlson and I. Talmi, Phys. Rev. 96, 436 (1954). 
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against Z. The line connecting points of even Z lies 
distinctly above the line for odd Z up to Z=15. This 
separation was not possible at higher Z because of large 
experimental discrepancies. 

With the end point of K*’ determined in the present 
experiment, and the end point of A** recently measured 
by Kistner ef al.,!® Ao(19) and A2(18) were calculated. 
With the addition of these two points, the afore- 
mentioned graph of A2(Z) vs Z is reproduced in Fig. 4. 
It can be seen that the two lines, drawn through points 
of even Z and odd Z respectively, are distinctively 
separated, if the old cloud-chamber data (points with 
circles) are rejected. Attempts to interpret the fluctua- 
tions of each line in terms of nuclear shell structure, as 
done by Carlson and Talmi, would be premature before 
more accurate data on S*, Cl*, Ca**, and Sc® are 
available. 

Making use of the empirical Coulomb energies, 
Carlson and Talmi also calculated the radius of the 
charge distribution by means of a harmonic-oscillator 
model with 77 coupling. A plot of ro against A is shown 
in Fig. 5. A point at A*’ calculated from the result of 
the present experiment is added. Carlson and Talmi 
indicated that ro decreased fairly smoothly from 1.34 to 
1.20 between C™ and Al’. For A>31, there were 
serious inconsistencies. The new data of K*’ alone are 
not enough to clear up the picture. 


B. Comparative Half-Life, ft 


For allowed transitions, the comparative half-lives ft, 
are related to the matrix elements | f'1|? and | fo!? 
through the following equation 


A= nf frlsal fo! 


16 Kistner, Schwarzschild, and Rustad, Phys. Rev. 104, 154 
(1956). 
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where A and R are assumed to be universal constants. 
The weighted mean value of A calculated from the 
recent ft values of O", Cl*, and Al’ yield the value 
A=6440+100 sec. From the ft values of O'8 and F"’, 
one can find that 

R=1.26+0.06. 


From the end point and the half-life of K*’ observed 
in the present experiment, the ft value is found to be 
4150+500 seconds, which requires 


2 
fe =0.43+0.14. 
This value may be compared with the predicted 


values of 0.32 by Winther and Kofoed-Hansen,!’ and 
0.21 by Feenberg.’* Both these values were calculated 
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Fic. 5. Radii of mirror nuclei of smaller Z, due to Carlson and 
Talmi, reference 11. The quantity ro is defined in the usual way 
in terms of the radius of equivalent uniform charge distribution, 
Req=1ro0A!X10-" cm. The point for A*’ has been added from the 
result of this experiment. 


from shell theory with somewhat different wave func- 
tions. In view of the large uncertainties involved in 
applying the shell model to nuclei other than those with 
closed shell + one nucleon, one may say that the 
predicted values agree reasonably well with the em- 
pirical value deduced from this experiment. 
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The beta and gamma spectra from the decay of Ce and Pr™ have been investigated by means of a 
magnetic-lens beta spectrometer and single-channel scintillation spectrometers. Three partial beta spectra 
with end-point energies and relative intensities of 184 kev (30%), 245 kev (5%), and 320 kev (65%) were 
observed for Ce, Gamma rays and internal conversion lines corresponding to 54, 80, and 134-kev transi- 
tions were also detected. Internal conversion coefficients indicate an M1 multipolarity for the 80- and 134- 
kev transitions. Pr yields three partial beta spectra with end-point energies and relative intensities of 
0.90 Mev (2%), 2.45 Mev (3%), and 3.15 Mev (95%). Corresponding gamma rays were also detected. 
Beta-gamma and gamma-gamma coincidence measurements substantiate the proposed decay scheme. 





INTRODUCTION 


HE disintegration schemes for Ce and Pr 
have been previously measured by several in- 
vestigators,'~® but analysis of the data has shown that 
a number of inconsistencies are evident. Major un- 
certainty appears in the delineation of the number of 
excited states of Pr“ and the energy of the highest 
state of excitation. The highest excited state has been 
reported as occurring at 134 kev,! 174 kev,‘ and 225 
kev.’ The present work was undertaken in an attempt 
to resolve some of the apparent contradictions. 


EXPERIMENTAL TECHNIQUE 


Measurements of the beta-ray and the beta-gamma 
coincidence spectra were made on a magnetic-lens 
spectrometer connected in coincidence with a single- 
channel gamma-ray scintillation spectrometer. Gamma- 
gamma coincidence spectra were observed by use of 
two single-channel scintillation spectrometers connected 
in coincidence. The magnetic-lens spectrometer had a 
momentum resolution of 3% at a transmission of 
approximately 0.5%. The negative beta particles were 
detected with a scintillation counter utilizing a thin 
anthracene crystal. 

The Ce™ and Pr was obtained carrier-free from 
the Oak Ridge National Laboratory in the form of 
CeCl; in HCI solution. Sources were prepared by evapo- 
ration of the solution on a mica disk, approximately 
1 mg/cm? thick, which was mounted on an aluminum 
grounding ring. Beta rays from S* sources prepared in 
this manner yielded linear Kurie plots down to 80 kev 
and indicated that the detector was sensitive to elec- 
trons with energies greater than 8 kev. 
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The gamma-ray spectrometer associated with the 
lens spectrometer utilized a 1-in. diameter by 1-in. 
thick NaI(T]) crystal mounted on an RCA 5819 photo- 
multiplier tube. Signals were fed through a linear 
amplifier to a single-channel pulse-height analyzer. 
Energy resolution of the 662-kev gamma-ray peak 
emitted by Ba!’ was less than 10% (full width at half- 
amplitude). Similar instrumentation was used on the 
two-channel coincidence gamma-ray spectrometer. 

Fast-slow coincidence techniques were used for beta- 
gamma coincidence measurements to shorten the re- 
solving time beyond that obtainable without by-passing 
the slow pulse-height analyzer. The resolving time of 
the fast coincidence circuit could be made as short as 
5X10-* sec. In the two-channel gamma-ray spectrom- 
eter, coincidences were determined after pulse-height 
analysis and the circuit was operated at a resolving 
time of 2X 10~" sec. 


RESULTS 
A. Beta-Ray and Gamma-Ray Spectra 


The beta spectrum of Pr was resolved into three 
components as shown in Fig. 1(a). The characteristics 
of the partial spectra are tabulated in Table I. The 
subsequently emitted gamma rays with energies of 0.69 
Mev, 1.5 Mev, and 2.2 Mev were also detected. The 
results are in agreement with previous measurements.” * 

Kurie plots of the Ce beta spectrum [Fig. 1(b) ] 
show the existence of three partial spectra whose 
characteristics are given in Table I. Two strong con- 
version lines were also observed and are attributed to 
K conversion of 134-kev and 80-kev gamma transitions. 


TaBLe I. Characteristics of observed beta spectra. 











Parent End-point Relative 

isotope energy (kev) intensity Log ft 
Pri 3150+ 100 95+4 6.7 
Pri 2450+ 100 342 7.8 
Pr 900+ 50 2+1 6.0 
Ce 320+ 10 65+5 7.5 
Cel 245+ 15 5+3 8.2 
Cel 184+ 10 3045 7.1 
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Fic. 1. Kurie plots of the observed beta spectra. The three 
partial spectra attributed to the decay of Pr are shown in (a), 
the spectra associated with the decay of Ce™ are shown in (b). 


Weak K and L conversion lines corresponding to a 
54-kev transition were also detected. 

In Fig. 2 is shown the low-energy gamma-ray spectra 
associated with the decay of Ce™ as obtained with the 
scintillation spectrometer. Subtraction of Gaussian 
curves fitted to the peaks at 134 kev and 36 kev yields 
a third peak centered at 80 kev. This residual peak is 
somewhat broader than expected and may indicate the 
existence of weak unresolved transitions, but the resolu- 
tion of the scintillation spectrometer does not justify 
any further interpretation. Gamma-ray intensity ratios 
were obtained by comparison of the photopeak areas 
after correction for NaI(TI) crystal efficiency,® iodine 
x-ray escape,’ and absorption in a Lucite plug which 
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Fic. 2. The low-energy gamma-ray spectra emitted by Pr™. 
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was used to prevent high-energy beta rays from entering 
the crystal. The ratio of unconverted intensities of the 
134-kev and 80-kev gamma rays and the 36-kev x-ray 
is 100:32:107. 


B. Coincidence Spectra 


Kurie plots of the beta-ray spectra in coincidence 
with the 134-kev and 80-kev gamma rays and the 
36-kev x-ray are shown in Fig. 3. In all three cases, the 
main beta component has an end-point energy of 180 
+20 kev, but the spectra coincident with the 80-kev 
gamma ray and the 36-kev x-ray show a high-energy 
tail extending up to approximately 240-kev. Analysis 
of the 80-kev coincidence spectra indicates that the 
80-kev transition is fed 75% of the time by the 180-kev 
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Fic. 3. Kurie plots of the beta spectra coincident with the 
various gamma rays. (a) Coincident with the 36-kev x-ray; (b) 
coincident with the 80-kev gamma ray; (c) coincident with the 
134-kev gamma ray. 


beta-ray group and 25% of the time by the 240-kev 
beta-ray group. 

No gamma rays were found to be in coincidence 
with the 134-kev transition. In Fig. 4 is shown the 
gamma-ray spectrum coincident with the 80-kev transi- 
tion, indicating the existence of an x-ray peak and a 
rather smeared peak centered at approximately 54 kev. 


ANALYSIS 


A. Conversion Coefficients 


The K-conversion coefficients for the 80-kev and the 
134-kev gamma rays were obtained by comparing the 
gamma-ray intensities with the associated x-ray in- 
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tensity after correcting for the fluorescence yield® of Pr. 
The area of the internal conversion lines, as obtained 
with the lens spectrometer, were used as a guide to 
determine the fraction of the x-ray peak associated 
with the particular gamma ray. The values of the con- 
version coefficients are given in Table II together with 
the theoretical values of Sliv and Band.’ The experi- 
mental values are in agreement with previously reported 
measurements.! Both transitions have been tentatively 
assigned M1 multipolarities even though the agreement 
between the experimental and theoretical conversion 
coefficients is not as good as one would like. 

Combining the internal conversion coefficients, un- 
converted gamma-ray intensities, and the partial beta- 
ray intensities yields the following percentages for the 
transition probabilities per disintegration : 


Tisa= (2343)%, 


It is possible to obtain a conversion coefficient for the 
54-kev transition from the gamma-gamma coincidence 
spectra under the assumption that the smeared peak 
at 54 kev is due to a single gamma ray. The results of 
this analysis yields agx“=1.7+0.5 which indicates an 


TABLE II. K-conversion coefficients. 








Gamma-ray Theoretical 
energy (kev) Experimental El Mi E2 M2 
134 0.76+0.15 0.110 0.553 0.582 4.11 
80 1.40+0.24 0.440 2.38 2.49 26.4 








F1 assignment for the transition. Assignment of M1 to 
the 80-kev and 134-kev transitions implies that these 
two states have the same parity and that the transition 
between them must not be accompanied by a parity 
change. This would rule out an £1 assignment for the 
54-kev transition and suggests that the assumption of 
a single gamma ray producing the smeared 54-kev peak 
in the coincidence spectra is not a valid assumption. 


B. Decay Scheme 


Present measurements on the decay of Pr™ are in 
agreement with previously reported decay schemes?* 
and will not be discussed here. It was not possible to de- 
termine the gamma-ray multipolarities; consequently, 
no experimental information is available concerning the 
spin and parity assignments for the excited states 
of Nd™, 

In the case of the decay of Ce™, the absence of any 
gamma-rays coincident with the 134-kev transition and 
the single coincident beta-ray group indicates that the 

SI. Bergstrém, in Beta- and Gamma-Ray Spectroscopy, edited 
by K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
Chap. XX. 

§L. A. Sliv and I. M. Band, Leningrad Physico-Technical Insti- 


tute Report, 1956 (unpublished) (translation: Report 57 ICC K1, 
Physics Department, University of Illinois (unpublished) J. 
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Fic. 4. Gamma-ray spectra coincident with the 80-kev transition. 


134-kev level is the highest level excited in Pr. The 
beta spectra coincident with the 80-kev transition 
indicates that it is predominantly fed (75% of the time) 
by cascade from the 134-kev level, but there is also a 
direct beta-ray transition to an 80-kev level in Pr™. 
A decay scheme consistent with these observations is 
shown in Fig. 5. 

The observed beta-ray branching ratio and the 
measured intensities for the 80-kev and 134-kev transi- 
tions imply an absolute intensity for the 54-kev transi- 
tion of 7.5+4%. This is somewhat higher than would be 
expected from the observed gamma-ray spectra, but, 
due to the difficulty of separating the 54-kev transition 
from the more intense 80-kev and 36-kev peaks, no 
experimental measurement of the gamma-ray intensity 
is available. The ratio of the implied 54-kev transition 
intensity to that of the 134-kev transition is in fair 
agreement with the ratio of single-particle model transi- 
tion probabilities” for M1 transitions, which vary as the 
cube of the energy. 
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Fic. 5. Proposed decay scheme for Ce! and Pr. 
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A search with a proportional counter and a scintilla- 
tion counter spectrometer, for a 12-kev transition that 
has been proposed as existing in a 42-kev—12-kev' cas- 
cade, yielded negative results. The existence of the 12- 
kev gamma ray seems unlikely, but due to the complex 
gamma spectra in the neighborhood of 42 kev, the 
possible existence of a 42-kev transition can not be 
denied. The possible existence of an unresolved 192-kev 
beta group, which would feed the 80-kev level in Pr’ by 
the emission of a 42-kev gamma ray, is certainly not 
ruled out and would help explain the small observed 
intensity for the 54-kev transition. The smearing of the 
54-kev peak in the gamma-gamma coincidence spectra 
lends some support to this hypothesis. 

The reported 100-kev—34-kev gamma-ray cascade! 
is neither confirmed or denied, but the present measure- 
ments indicate that the intensity of this cascade must 
be less than 5% of the intensity of the 134-kev 
transition. 

The parent isotope, Ce™, is an even-even nucleus 
and is expected to have a 0* configuration for its ground 
state. All three beta spectra emitted by Ce™ are 
characterized by high log ft values (Table I), suggesting 
first forbidden transitions. The observed states in Pr 
would then be characterized by odd parity and spins 
of either 0, 1, or 2. The ground-state characteristics of 
the odd-odd nucleus Pr are not uniquely determined 
by the shell model," but the predictions call for odd 
parity and a minimum spin of one. The odd neutron 
and odd proton most likely occupy f7/2 and ds5,2 levels 
respectively, yielding a possible 1~ configuration for 


uJ. H. D. Jensen, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
1955), p. 414. 
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the ground state. A 1— assignment for the ground state 
and either a 1~ or 2~ assignment for the excited states 
is consistent with first forbidden beta-decay selection 
rules and with M1 or £2 gamma-ray transitions. 

The 1~ assignment is in disagreement with recent 
measurements on the shape of the Pr™ beta spectra 
which have indicated that the ground state of this 
nucleus should be given a O~ assignment. Brosi and 
Ketelle’* found a unique “2, yes” shape for the Pr 
beta spectra coincident with the 0.69-Mev gamma ray. 
Assigning a 2+ classification to the 0.69-Mev level in 
Nd'™ on the basis of being the first excited state of an 
even-even nucleus, leads then to a 0~ assignment for the 
Pr'“ ground state. This has been substantiated" by the 
determination of a unique correction factor correspond- 
ing toa 0 to 0* transition for the beta spectrum between 
the ground states of Pr’ and Nd™. 

A possible shell-model configuration yielding a 0- 
assignment for the ground state for Pr’ would be 
obtained by assigning the odd proton to the g7/2 level, 
but the odd-proton nuclei Pr’ and Pr’ both have 
spins of 5/2 with the odd proton assigned to the d5,/2 
level." Difficulty arises in trying to understand how the 
addition of one or three neutrons can cause the odd 
proton to jump from the d5,2 level to the gz7,2 level. It 
should be pointed out, however, that the present ex- 
perimental data are not in disagreement with a 0- 
assignment for the Pr ground state. 
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On the basis of a phenomenological theory proposed in an earlier paper the nuclear symmetry energy is 
recalculated. The value obtained is smaller than the one given before, which was incorrect. A relativistic 
calculation of the energy with the radius parameter ro= 1.07 X 10~" cm of the electron scattering experiments 
yields about the correct symmetry energy. Compensating uncertainties due to inaccuracy in ro, corrections 
due to the exclusion principle, and a possible difference in the radius of proton and neutron distributions 
make an accurate comparison with the empirical symmetry energy meaningless. 





I. INTRODUCTION 


N a previous paper! an attempt was made to derive 
the nuclear forces from a combined vector and 
scalar field interaction, in a relativistic sense. The 
resulting velocity-dependent forces led to saturation. 
The strength of the fields were chosen so as to reproduce 
the correct volume energy and density at the minimum 
of the energy. It was shown that the nucleons by means 
of this interaction behave as if they had only about 
one half of their normal mass. The kinetic energy of the 
nucleons therefore is effectively doubled. Since the 
difference between the maximum kinetic energy of the 
neutrons and the protons is doubled this also led to an 
increase in the symmetry energy. However, the value 
given in I was in error. In part II we shall correct this 
value in the nonrelativistic approximation and also give 
the derivation in the relativistic form. In part III we 
investigate the effect of the Pauli exclusion principle on 
the symmetry energy. In part IV we recalculate the vol- 
ume and symmetry energy with a radius parameter as 
suggested by the electron scattering experiments. 


II. SYMMETRY ENERGY 


For equal numbers of neutrons and protons the 
volume part of the energy per nucleon can be written? 


1 
Ey=-E,.- VitV.tRi—R:, (1) 


y 
with 
E,= (3/10m) (34?/2)'p!, Vi=amd, V2=bmdo, 
Ri=4ur¢?/p, R2=}u2oe/p, y=1—ap=mer/m. 
E, is the average Fermi energy of the nucleons; V; and 
V2 are the interaction energies due to the scalar field 
and the vector field ¢o, respectively ; Ri and Rz are the 


meson rest energies. Setting the variation of Ey with 
respect to @ and ¢o equal to zero leads to the field 


(2) 
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equations of the infinite nucleus: 
1 & 
pr’o= cede amp, (3) 
ym 
ue o= bmp. (4) 


After minimizing with respect to p, we finally obtain 
for the volume energy at minimum 


1 4)1 
Byt=—(—--) Bt (5) 


Here E,° is the average kinetic energy for the equi- 
librium density po, and 7°= 1—a¢" is the mass reduction 
parameter at equilibrium. With E,°=19.25 Mev which 
corresponds to ro= 1.22 10-" cm, the choice y°=9.559 
= 0.56 leads to the correct volume energy* Ey®= —15.75 
Mev. If one treats protons and neutrons as separate 
Fermi gases, then the kinetic energy becomes 


= E,(1+(5/9)A*], (6) 
with 
A=(N—Z)/(N+Z). (7) 


Since p, ¢, and ¢o do not change very much in the 
neighborhood of their minimum values p°, ¢°, ¢o°, the 
binding energy for small A can be written 


Me 
to (1-4) tees do 
97 


+Eop+surface terms (8) 


where Ec» is the Coulomb energy. This formula replaces 
Eq. (49) in I. The symmetry energy is only 


51 
Exym=—- —E,P= 19.15 Mev, (9) 
97° 


in contrast to the value of Green’s best fit® to the 
Weizsicker mass formula Eyym= 23.43 Mev. This result 
agrees with the findings of Ross, Lawson, and Mark‘ 
who pointed out that in an independent-particle calcu- 


3A. E. S. Green, Phys. Rev. 95, 1006 (1954). 
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lation with a velocity-dependent potential the proton 
well had to be chosen deeper than the neutron well in 
order to get agreement with experimental binding 
energies. As pointed out in I, any positive difference in 
volume between the neutron and proton distributions 
will make the theoretical value even smaller. 

A more exact calculation of the energy minimum 
which uses the relativistic expressions instead of their 
nonrelativistic approximations does not improve the 
theoretical result for the symmetry energy. The expec- 
tation values of the Dirac matrices are 


(e)=v=[(ym)*+p"}'p, (10) 
(8)=[1—v? }!}=[(ym)*+ py ym, (11) 


where v is the velocity measured in units of the velocity 
of light. For equal numbers of protons and neutrons the 
total volume energy per nucleon can be written 


Ey'’=m+Ey= (Ly? m?+ £7)! wt VotRi— Rz. 


For the square root an average value over the nucleon 
momentum distribution has to be taken. However, we 
can approximate. 


(Lym? +p)! =D? m?+ (pw J}, 
(P?) w= 2mE... 


(12) 


with 


The error introduced by this replacement is of the order 


1 
= 





(Xp) — ((p?)w)? J. 


8y?m? 


If po is the maximum momentum of the Fermi dis- 
tribution (in the case above, po?= 2m X 32.08 Mev), we 


have 
pot 3 3\2 
é= |--(-) |-2x10 Mev, 
8y?mL7 5 


which certainly can be neglected. 
The variation of the energy Ey’ with respect to ¢ 
and @o leads to the field equations of the infinite nucleus: 





(13) 
(14) 


2Ex -s 
uro= ($yame-[14+—] amp, 
ym 


u2’bo= bmp. 


If we minimize (12) with respect to p, we obtain the 
saturation condition 





OEy’ 2 2E,° 
reads 
(y°)?m 


a} 
—RY°+R/=0. (15) 
Op 37 

‘inimum then becomes 


The energy at 








2EY + 4 
Ey =m+Ey=! 14 [m+ ze] (16) 
L(y")? 37 
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The nonrelativistic limit of this expression leads back 
to (5). In order to obtain a volume energy of —15.75 
Mev, we have to choose 


7 =0.536 (17) 
or 
ag¢® = 0.464. 
Then we have 
boo? =0.3863, (1/y°)E,°= 34.72 Mev, 
Vye=Vi- V2=72.91 Mev, (18) 


R,=203.6 Mev, R2=181.2 Mev. 


If we treat neutrons and protons separately we have 
to replace in (12) 


(P?) w—>2mEx[ 1+ (5/9)A*]. 
This leads to the symmetry energy 
2E.° 





5 —} 
Fon =— Ee 1+ =18.75 Mev, (19) 
9y 


(y°)?m 


which is even slightly less than the value obtained from 
the nonrelativistic treatment. 

With these parameters we have also calculated the 
energy per particle of an infinitely big polyneutron.® 
We find a minimum of the energy at a neutron density 
which is 0.595 times the nucleon density in the nucleus. 
The strength of the scalar field is reduced to 0.61 of 
its value in the nucleus. The average kinetic energy is 
29.5 Mev, the potential energy is 49.6 Mev, and the 
mass is reduced to 0.72 its normal value. We obtain 
very weak binding of about 0.9 Mev per neutron. 
However, this result seems irrelevant in the light of 
the fact that the symmetry energy is too small in com- 
parison with its empirical value. Any effect which will 
increase the symmetry energy to its correct value will 
very likely also make the energy of the polyneutron 
positive. 

There are two effects which will increase the sym- 
metry energy and we shall treat them separately. The 
first one is due to the Pauli exclusion principle and the 
finite range of nuclear forces; the second one is con- 
nected with the appropriate choice of a radius parameter 
for the infinite nucleus. 


III. EXCLUSION PRINCIPLE CORRECTION 


Because of the Pauli exclusion principle, neutrons are 
more densely surrounded by protons, and vice versa. 
In case of a finite range of the (attractive) forces and a 
larger number of neutrons, protons will experience a 
stronger interaction than neutrons. Hence the sym- 
metry effect will be increased. To express this in a more 
quantitative way, we go back to our original nonrela- 
tivistic equations (1) ff. We insert the values of @ and 
¢o from Eqs. (3) and (4) into Eq. (1) and write for the 
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density p=A/V with A the number of nucleons and V 
the volume of the nucleus. Then the total volume energy 
of the nucleus can be written 











1fa’m 2Ex b°’m 
Ey*t=EyA -BA-J (:-—)- |«. (20) 
2urV ym pe 
where 
a’m a’m 
y=1-—-—p=1- A, 
a urV 


If we disregard the p (or A) dependence of y, the second 
term in Eq. (20) is of the form of a pair interaction, the 
strength of which is given by the quantity in square 
brackets. 

The 3A (A—1)=}4? pairs will consist of m pairs with 
symmetric space wave functions and ($A?—n) pairs 
with antisymmetric space wave functions. Space anti- 
symmetric pairs have to stay apart by a distance which 
is of the order of the wavelength of their relative motion. 
Since the interaction between the nucleons will have a 
finite range, the interaction of an antisymmetric pair 
will be in general decreased. We denote by g the relative 
probability of finding an ‘‘antisymmetric constituent” 
within the effective range of the potential due to the 
other particle, and by (1—g) the relative probability 
for the “symmetric constituent.” Then we have to 
replace the number of pairs }A* by 


N,=2(1—g)n+2g(}42—n). (21) 


In case of very long-range interaction, we have g=} 
and V,=}3A’, i.e., the same result as before. In case of 
a very short range, g tends to zero since the antisym- 
metric pair interaction will be completely excluded. 
Then we get V,=2n. The exclusion of the space anti- 
symmetric pairs from the interaction has the effect that 
essentially every neutron only interacts strongly with 
two protons and one neutron, which has opposite spin 
with respect to the first one, and vice versa. 

The symmetry effect is readily exhibited by calcu- 
lation of the number of symmetric pairs m. For heavy 
nuclei one finds approximately*® 


n= #;A?(1— 442), (22) 


with A as defined in (7). For the effective number of 
pairs we get 
Ny=([mo— (1—10) A? }$.A?, (23) 
with 
no= i+3g. (24) 


If in (20) we replace }A* by the effective number of 
pairs (23), and minimize with respect to p, we derive 
for the volume part of the binding energy 


1 1 4 . ©. - 
ws --n9|(---)- (1—n)(—-—+-m0) | (25) 
¥ y~ 3 3° 3 


6 See, for example, J. M. Blatt and V. F. Weisskopf, Theoretical 
Nuclear Physics (John Wiley and Sons, Inc., New York, 1952). 
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and the symmetry energy 


1 (5 2 8 17 1 
Exym=—Eg “+ (1-m)| (—+-)?-—+—]| (26) 
Sad 9 3m 9 » il 


We have neglected here the fact that g and therefore 
no will depend on the momentum and hence will be a 
function of the density p. In this calculation we shall 
simply assume that mo is constant and taken for some 
average momentum. 

For g=}, i.e., mo=1 (very long range) we come back 
to the previous equations (5) and (8). In case of an 
extremely short range g=0, i.e., mo= 3, we have to 
assume y’=0.513 to obtain the empirical volume 
energy. For the symmetry energy we get then (as an 
upper limit) 

E,ym= 29.6 Mev, (27) 


which is well above the empirical value of 23.42 Mev. 
We may estimate what range has to be assumed for the 
interaction in order to reproduce the empirical sym- 
metry energy. We find that the choice 


Y=0.538, 
no= 0.883 


(28) 
(29) 


will yield the correct values for volume and symmetry 
energy. The relative probability of finding an antisym- 
metric pair within the effective range is then 


g_= 2g=4(no— 2) =0.532. (30) 


From the graph given in Blatt and Weisskopf’ we 
estimate that this corresponds to an effective range of 
about twice the average interparticle distance. If we 
take into account a possible (positive) volume dif- 
ference between the neutron and proton distributions, 
smaller ranges have to be assumed. 

With the parameters (28), (29) we get for the depth 
of the potential 


V 2=78.3 Mev, (31) 


which may appear to be too deep. However, we may 
point out that in an independent-particle-model calcu- 
lation we rather have to take for the potential depth 


NoV 12 69.2 Mev, 
and an effective mass parameter 
1—noag®~0.60 Mev. 


Since for a given range of the forces mo will depend on 
the momentum and will range between one for high 
momenta and ? for small momenta, this introduces an 
additional velocity dependence. For particles with high 
momenta we have to use a deeper potential and a 
smaller effective mass. Combined they will effect a 
lower binding energy for these particles as compared 
with a calculation which uses a fixed mass and a fixed 


7 See reference 6, p. 130, Fig. 3.1. 
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potential. In particular for scattering problems m~1 
and hence the parameters (28) and (31) should be 
taken. 

The relativistic expressions are derived in a similar 
fashion. However, it is much simpler not to eliminate 
@ and ¢o from the energy equation but rather to mini- 
mize the expression 


Ey’= m+Ey= NL (ym? +p?) 0) + V2+Ri—R:2] 
+(1—Np) (m?+(p?)m)}, 


with respect to p, ¢, and ¢o. Only the pair interactions 
are treated correctly in this approximation. 
We obtain for the volume energy 


m 4 Eo 1 4 Eo 
Be'="T14- —]-1=n)m| —(14- —) 
W 3 ym Wo 3m 


1, 4E 
-—(1+-—)| (33) 
W 3 ym 


(32) 


and the symmetry energy 


5 Ee Y~w 
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fe 
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where we used the abbreviations 
2E,° 73 
W -|1+ : (35) 
(7°)’m 
2E,° }3 
we-[14+—| ; (36) 
m 


One easily verifies that (33) and (34) reduce to (25) and 
(26) in the nonrelativistic limit, and to (16) and (19) 
if we set m»=1. In case of a volume difference 65V=V, 
— V, between the neutron and proton distributions, the 
first term in (34) has to be multiplied by a factor 
[1—(1/A)(6V/V)].8 


IV. CHOICE OF RADIUS PARAMETER 


There is another factor which will influence the 
energy considerations, and in particular the symmetry 
energy. We have calculated the Fermi energy of the 
nucleons by assuming a radius parameter 


r= 1.22 10- cm. (37) 


§ Equation (57) in I contains a misprint. The factor 4 should 
be omitted. 
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This parameter was taken from Green’s best fit of the 
Weizsicker mass formula. In Green’s paper’ Rcop=10A! 
is the radius of a homogeneous charged sphere which 
has the same electrostatic energy as the realistic 
nucleus. The investigations of the Stanford group® 
seem to indicate that the charge distributions of nuclei 
can be well represented by 


p=const[1+e*°-*®) +, (38) 
with 


R=1.07X10-"At cm. (39) 


The effective electrostatic radius for these distributions 
is approximately 


Rey 1.07X10-"[1+4 (3/A!)]Atcm, _— (40) 


and agrees on the average with the radius derived by 
Green. 

For the calculation of the volume energy we refer 
to the Fermi energy of an infinite nucleus, for which we 
then should take the smaller radius parameter ro= 1.07 
X10-" cm if we neglect differences in the proton and 
neutron distributions. The corresponding average 
kinetic energy will be 


E,P= 25.22 Mev. (41) 


The kinetic energy of a finite nucleus, of course, will be 
smaller due to “surface effects’ and more closely 
approximated by the bigger radius parameter. We may 
point out, however, that we have evaluated the average 
kinetic energy of the nucleons by considering the 
nucleons to be completely free. Any correlation between 
particle motion will increase the kinetic energy above 
the Fermi value. 

If we insert the value (41) into the relativistic equa- 
tions (12) ff., we have to assume 


7=0.561, or ag¢®’=0.439 


to obtain the empirical volume energy. Further we get 


(42) 


boo? =0.3467, (1/76) Ex°= 44.96 Mev, 
V 12.=86.6 Mev. (43) 
R,=190.3 Mev, R2=162.6 Mev. 
For the symmetry energy we obtain 
Esym= 23.08 Mev, (44) 


which is very close to the empirical value. 

In a forthcoming paper we shall use this set of 
parameters to calculate nucleon and antinucleon scat- 
tering cross sections of nuclei for high energies. 

With these parameters the energy minimum of the 
polyneutron occurs at about 0.51 the nuclear density. 
The effective mass is about 0.77m. However, owing to 
the increased symmetry energy this does not lead to 
binding, as we expected. The energy per particle is 
about +2.1 Mev. 


® Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 1131 (1956). 





NUCLEAR SYMMETRY ENERGY 


In this case of a small radius parameter for the 
infinite nucleus, the Pauli principle has only to account 
for a deviation of the symmetry energy which may 
result from differences in the proton and neutron distribu- 
tions. To obtain some insight into this interrelationship 
we shall calculate one example: We shall assume that 
the range of the forces are of the order of the inter- 
particle distance in which case’ np~0.8. To obtain the 
empirical volume energy from Eq. (33), we have to 
choose for the mass parameter 


/°=0.523, or agp*=0.477. (45) 
This leads to 
bp’ =0.3646 or Vi2=105.4 Mev. (46) 


For bound particles this corresponds roughly to a mass 
parameter of 0.58 and a potential depth of 84.3 Mev. 

In order to obtain with the parameters (45) the 
empirical symmetry energy, we have to reduce the first 
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term in (34) by a factor 0.6, i.e., we have to assume 
(1/4) (6V/V) ~0.4. 
Since A~0.008A!, we may use the average value 
(1/A)w=0.1. 
Then we obtain for the relative volume difference 
5V/V ~4%, 


which is a very reasonable value. We see that small 
differences in the volume of the neutron and proton 
distributions have quite a strong effect on the symmetry 
energy in agreement with findings of Ross, Lawson, and 
Mark.* 
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Studies of Rare Earth Alpha Emitters* 
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A series of bombardments using alpha particles from the Berkeley 60-inch cyclotron on rare earth oxides has 
resulted in the discovery and mass assignment of two new alpha-emitting isotopes, Dy (5 hr) and Dy" 
(13 hr). Mass assignments have been made for two other alpha emitters, Dy! (2.3 hr) and Tb**! (19 hr). 
A new 10-hr electron-capture isotope has been identified as Dy'®*. Evidence is also presented for the discovery 





of another isotope, Dy® (8 min), which was produced by a N“ ion bombardment on praseodymium. 


INTRODUCTION 


N 1953 Rasmussen ef al. reported on a detailed study 
of neutron-deficient isotopes in the rare earth 
region.! These isotopes exhibited alpha radioactivity. 
A number of such nuclides were discovered and studied 
individually. 
Among the alpha-emitting nuclides reported were 
three dysprosium isotopes, whose alpha energies and 
half-lives were as follows: 


(a) 4.2 +0.06 Mev, 7+2 min. 
(b) 4.06+0.04 Mev, 19-4 min. 
(c) 3.61+0.08 Mev, 2.3+0.2 hr. 


A limit was set on the mass numbers of the dysprosium 
activities, 153>A>149. 

The study presented here was begun with the intent 
of assigning a mass to the 2.3-hr activity, using alpha 
particles from the Berkeley 60-inch cyclotron. When the 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 
1 Rasmussen, Thompson, and Ghiorso, Phys. Rev. 89, 33 (1953). 


experiment was performed, new information was un- 
covered, which stimulated further work in this region. 
This paper is concerned with the study of hitherto un- 
reported dysprosium activities and additional informa- 
tion.that has been found in connection with previously 
known rare earth nuclides. 

Table I summarizes the information available on the 
new isotopes. Figure 1 is a section of the isotope chart, 
which shows the nuclides that have been studied and 
used in the investigation. 


EXPERIMENTAL METHOD 


In the work reported here, elements of atomic number 
Z were bombarded with alpha particles in the Berkeley 


TABLE I. Information on new isotopes. 











Mode of decay Alpha-particle 
Isotope Half-life seen energy (Mev) 
Dy'® 8 min+2 E.C. and/or 8* 
Dy's 5 hr+0.5 a 3.48+0.05 
Dy" 13 hr+2 a 3.35+0.05 
Dy  10hr EC. 
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Fic. 1. The section of the chart of isotopes with which 
the study reported here has dealt. 


60-inch cyclotron to produce isotopes of elements Z+2 
by means of (a,x) reactions. One experiment was 
carried out using a heavy ion (N") as the bombarding 
particle in the same cyclotron. The energy of the alpha 
particles was varied between 48 Mev and 20 Mev to 
give different values of x. 

Materials used in this investigation were (a) gado- 
linium enriched in Gd'®, (b) gadolinium enriched in 
Gd!*, (c) natural gadolinium, (d) natural europium, and 
(e) natural praseodymium. 

Table II gives the isotopic percentages of the three 
gadolinium oxides. Europium has two stable isotopes, 
Eu" and Eu'®*, in almost equal abundance. Prase- 
odymium has only one stable isotope, Pr’. The elements 
were all bombarded as the powdered oxides. The two 
enriched gadolinium oxides will be referred to as Gd!” 
and Gd!* in further discussions. 

The rare earths were separated from each other by 
an ion-exchange method described elsewhere.? The 
eluting agent was 0.4M alpha-hydroxy-isobutyric acid, 
buffered to a pH of 3.90 with ammonium hydroxide. 
Separations were very satisfactory. The activity, after 
being eluted, was evaporated to dryness on platinum 
plates. The latter were then flamed to destroy the 
organic eluant and to make the samples essentially 
weightless for alpha-particle counting. 

Two of the experiments were carried out using a 
stacked-foil technique. The oxide was glued onto 
aluminum foils with a solution of Duco cement in 
amyl! acetate. Four such plates were prepared in each 
case, and were stacked with other aluminum absorber 
foils to give required energies on the target plates. After 
irradiation no chemical separations were made. The 
aluminum plates were alpha-counted directly because 
it was assumed that the aluminum would not form any 
alpha emitters. The alpha activity seen would belong 
to the rare earths produced in the course of the 
bombardment. 

Alpha activity was detected in these experiments by 
counting samples in an argon flow-type ion chamber. 


? Thompson, Harvey, Choppin, and Seaborg, J. Am. Chem. Soc. 
76, 6229 (1954). 
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Alpha-particle energies were determined by use of a 
48-channel differential pulse-height analyzer.* 


RESULTS 
Dy! and Dy!* 


Gadolinium-152 was bombarded with 48-Mev alpha 
particles. After irradiation the material was chemically 
separated by the procedure described in the previous 
section. The dysprosium fraction was evaporated on a 
platinum plate and counted in the 48-channel alpha- 
pulse analyzer. Two peaks appeared. The peaks were 
integrated and their half-lives were determined. The 
one with the higher energy decayed with a 3-hr half- 
life, while the other peak decayed with a 6-hr half-life. 
Gadolinium-148 (3.16 Mev), Np”? (4.79 Mev) and 
Pu*® (5.15 Mev) were used as alpha-energy standards. 
The two dysprosium peaks were in this manner meas- 
ured to be at 3.66 Mev and 3.48 Mev. 

The nuclide with an alpha-particle energy of 3.66 Mev 
and a 3-hr half-life certainly was the same isotope as 
reported by Rasmussen e¢f al. The other alpha emitter 
was recognized as a new activity. The alpha spectrum 
with the two activities is shown in Fig. 2. 

To obtain mass assignments for both of the activities 
an experiment was carried out using the stacked-foil 
technique described in the section on experimental 
methods. The energies of the alpha particles striking 
each of the four target foils are listed below, together 
with the most probable reactions expected at these 
energies. 


Target 1: 48 Mev, (a,4), (a,3) ; 

Target 2: 41.5 Mev, (a,3m), some (a,42), some (a,2m) ; 
Target 3: 33.5 Mev, (a,2m), some (a,3m) ; 

Target 4: 23.3 Mev, (a,2m), (a,n). 


The target foils were counted directly in the alpha 
pulse analyzer and in an alpha counter. The alpha- 
counter results were as follows: 


Target 1, 2.5-hr half-life, with a 17-hr “tail”; 
Target 2, 5-hr half-life, with a 15-hr “tail”; 
Target 3, scattered counts; 

Target 4, no noticeable alpha activity. 


TABLE II. Isotopic abundances of target gadolinium. 











152 154 155 156 157 158 160 
Enriched 
Gd! 14.96 9.75 27.26 19.32 10.08 11.67 6.97 
Enriched 
Gd'* 0.32 33.17 38.57 15.92 5.49 4.50 2.05 
Natural 
Gd 0.20 2.15 14.73 20.47 15.68 24.87 21.90 








3 Ghiorso, Jaffey, Robinson, and Weissbourd, The Transuranium 
Elements: Research Papers (McGraw-Hill Book Company, Inc., 
New York, 1949), Paper No. 16.8, National Nuclear Energy 
Series, Plutonium Project Record, Vol. 14B, Div. IV. 
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The targets were thick because no chemical separa- 
tions were made, and no distinct peaks were observed 
in the pulse analyzer. The counts on various channels 
were summed and plotted against time on semilog 
paper. Results were essentially the same as given above. 
Since the targets were not counted for as long a time 
on the pulse analyzer as on the alpha counter, the tail, 
mentioned above, was not seen on either Target 1 or 
Target 2. Counts on Target 3 in this case were observed 
to decay with a 5-hr half-life. 

The 2.5-hr isotope was seen in the first target foil at 
48 Mev but was absent at 41.5 Mev. At least, it was 
not present in a sufficient amount to be noticed. The 
(a,4n) reactions, in this region, have thresholds at 
about 39 Mev. It seems quite reasonable to assume 
then that the activity was produced by an (a,4n) 
reaction on Gd'® and must be Dy'™. The 5-hr isotope 
was present only in a small amount at 33.5 Mev and 
was absent at 23.3 Mev. Since (a,3”) thresholds are 
approximately at 28 Mev, one is forced to the con- 
clusion that the 5-hr alpha emitter must have been 
made by an (a,3m) reaction on Gd!*, It must be Dy'®. 

By analogy, the (a,5”) threshold must lie in the 
neighborhood of 48 to 50 Mev. It would be quite im- 
probable for an (a,5) to occur at 48 Mev and account 
for a large amount of activity. It follows that the 2.5-hr 
activity could not be Dy'*'. The two isotopes discussed 
here could have been produced by (a,4n) and (a,3n) 
reactions on Gd'*. However, bombardments of that 
nature have been carried out and have resulted in new 
activities. The bombardments are discussed in the next 
sections. 


Dy" 


It was thought that the 16-hr activity observed in 
the stacked-foil experiment described above could have 
been Dy’. Therefore, a series of experiments was 
carried out in which Gd! was irradiated with alpha 
particles. The discussion in the present subsection is 
limited to the alpha radioactivity that resulted. 

After a full-energy bombardment the material was 
chemically separated and the dysprosium fraction 
studied in the alpha-pulse analyzer. Alpha activity 
was low, but three peaks of comparable heights were 
recognizable. The peak with the highest alpha energy 
decayed with a 2.5-hr half-life. Presumably the activity 
must have been Dy!®, produced by an (a,4) reaction 
on Gd!®, an isotope which constituted 0.3% of the 
bombarded material. The peak with the next-to-highest 
alpha energy had a 4.5-hr half-life. This was thought to 
be Dy'*, made by an (a,3m) reaction on Gd!”. The 
third peak decayed with a 13-hr half-life. Since no such 
third peak was in evidence in the Gd!” bombardments, 
the new alpha emitter could not have been an isomer of 
either Dy'* or Dy'®. Rather, it had to be Dy'™ made 
by an (a,4m) reaction on Gd!™ (33% of the bombarded 
material). Of course, Dy'®> could not be ruled out as a 
possibility. However, if the new activity were Dy'®, 
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Fic. 2. A pulse-analysis curve which shows two peaks, repre- 
senting Dy! and Dy’. One of the standards used in the cali- 
bration, Gd"8, is also shown. 


this would place an alpha emitter (with partial half- 
life surely less than 10° yr by yield considerations) just 
one mass number away from naturally-occurring Dy’. 
Placing the new activity as Dy relieves the situation 
somewhat, although there is evidently a very unusual 
discontinuity in the trend of partial alpha half-lives in 
going from Dy'* to Dy'®*. Porschen and Riezler* 
searched for and failed to find alpha activity in natural 
dysprosium. From their study one can say that the 
alpha half-life of Dy'®* is greater than 5X10" yr. The 
alpha decay-rate discontinuity between Dy'™ and Dy'** 
may be the result of a discontinuity in decay energy, 
in the specific rate dependence on energy, or on both. 
Perhaps the discontinuity is related to the abrupt 
nuclear structural changes between 88 and 90 neutrons 
in neighboring lower rare earths, as reflected in first 
excited state energies and spectroscopic isotope shifts 
of even-even nuclei and of quadrupole and magnetic 
moments in Eu'®*! and Eu!®, 

The experiment was repeated. The dysprosium frac- 
tion, in this case, was counted for the first time in the 
pulse analyzer a day after bombardment time. Only 
two peaks were observed. Their half-lives were 5 hr and 
13 hr. The peak with the longer half-life dominated the 
spectrum. The pulse-analysis curve is shown in Fig. 3. 
With the 5-hr activity (3.48 Mev) as one standard and 
Gd"* (3.16 Mev) as the other standard, the 13-hr peak 
was calibrated and found to be at 3.37+0.04 Mev. 

The same material was irradiated at 37 Mev. As the 
energy was below the (a,4m) threshold, only the 5-hr 
peak was visible. Dysprosium-152 and Dy’ would not 
be. produced by (a,42) reactions on Gd!® and Gd!*, 
respectively. Dysprosium-154 could have been made by 
an (a,2m) reaction on Gd!*. One would not expect to 
produce a sufficient amount of alpha activity by this 
means, because the nuclide in question must have an 


4W. Porschen and W. Riezler, Z. Naturforsch. 9a, 701(1954). 
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Fic. 3. A pulse-analysis curve which shows two peaks, Dy!* and 


Dy'™, The standard, Gd", is also shown. 


a 


exceedingly low alpha-branching ratio. The reason that 
one expects a low branching ratio is that Dy'® and 
Dy'®, though produced from 0.3% of the bombarded 
material, accounted for more alpha activity than did 
Dy'™, this in spite of the fact that the latter isotope 
was made from 33% of the bombarded oxide. The new 
alpha emitter could not have been Dy'®*. This isotope 
could have been made in a large quantity by an (a,3m) 
reaction on Gd'* at the energy used, but in contrast, 
the 13-hr alpha emitter was definitely missing. 

In a bombardment carried out at 27 Mev, below the 
(a,3nm) threshold, no alpha activity was observed. The 
result can be explained on the basis of the same kind 
of arguments as in the previous paragraph. The new 
13-hr alpha emitter was in this manner given a mass 
assignment as Dy'™, 


Dy'® 


A new 10-hr electron-capture dysprosium isotope 
has been identified as Dy'®*. The nuclide was produced 
by (a,4n) and (a,3m) reactions on Gd'** and Gd!™, 
respectively. Dysprosium-155 was discovered inde- 
pendently at Oak Ridge by Mihelich and co-workers.® 
They made the isotope by a (p,pm) reaction on Dy", 
and they report a half-life of 20 hr. They list a 230-kev 
gamma transition belonging to Dy'®® decay. 

Our mass assignment of Dy'®* was accomplished in the 
following manner: This new isotope has a prominent 
gamma transition of 225 kev which was found to decay 
with a 10-hr half-life. The photon was seen in greatest 
abundance in a 48-Mev alpha bombardment on Gd'™, 
The isotope could be made by an (a,4m) reaction on 
Gd!** (38% of bombarded material) and by an (a,3m) 
reaction on Gd!* (33% of bombarded material). The 
photon was present in lesser abundance in a 37-Mev 
bombardment. The energy was below the (a,4n) 
threshold and the isotope could have been produced 
only by an (a,3m) reaction on Gd'*, This particular 
information shows that the isotope could not be Dy! 
since the latter nuclide could not be made below the 


5 Mihelich, Harmatz, and Handley, Phys, Rev, 108, 989 (1957). 
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(a,4n) threshold. The photon was also seen in much less 
abundance in 48-Mev bombardments on natural gado- 
linium. Here the isotope could be made by an (a,4m) 
reaction on 15% of the material bombarded and by an 
(a,3m) reaction on 2%. The photon was absent in 
bombardments below the (a,3”) threshold on both 
Gd'* and natural gadolinium. This information shows 
that the photon could not belong to Dy'®’ (8 hr). 


Dy", Dy'®, and Dy'®! 


Stable praseodymium was bombarded in the Berkeley 
60-inch cyclotron with N™ ions to produce dysprosium 
isotopes by means of (N,«m) reactions. No chemical 
separation was made because short-lived activities were 
sought. When the sample was counted on the alpha 
pulse-height analyzer, only a broad, unresolved peak 
was observed on account of degradation in the thick 
sample. The counts on the various channels were 
summed in groups of five. Decay curves were then 
obtained by following the change with time in activity 
of each group of five channels. 

The shorter half-lives indicated the presence of the 
19-min and 7-min dysprosium alpha emitters,’ but the 
two outstanding results were 


(a) a 4hr activity that appeared in all channels, 
except the higher ones (above channel 35) ; 

(b) a period of time wherein the alpha activity in- 
creased rather than decreased. This was again seen on 
all channels but the higher ones. 


The 4-hr activity was quite probably Tb™, an alpha 
emitter with a decay energy of 3.96 Mev.' The activity 
could have been made originally in the bombardment 
by an (N,pxn) reaction. It also might have grown in 
from its dysprosium parent, Dy. The increase in alpha 
activity with time indicated that one of the alpha 
emitters seen in the experiment grew in from a parent. 
None of the dysprosium isotopes could have grown in 
because it would have been impossible for any holmium 
isotopes to be produced by nitrogen ions on prase- 
odymium. Therefore the increase in alpha activity was 
due to the growth of a terbium isotope. The only 
terbium nuclide seen was Tb’. Furthermore, some 
of the decay curves showed the growing-in period 
followed directly by the 4-hr activity. It would seem 
reasonable to assume that Dy was produced originally 
in the bombardment. The isotope, having 83 neutrons, 
would be expected to decay primarily by positron 
emission, electron capture, or both, rather than by 
alpha decay because the maximum in the rare earth 
alpha-decay energies occurs at 84 neutrons as a con- 
sequence of the decreased neutron binding energies 
just beyond the closed shell of 82 neutrons. This is in 
analogy to the maximum at 128 neutrons resulting 
from the low neutron binding energies just beyond the 
closed shell of 126 neutrons. The Tb growth curve * 
indicates the presence of Dy, which decays to Th™, 
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The growing-in period and the 4-hr tail are shown 
in Fig. 4, and from this curve we determine a half-life 
of 8+2 min for Dy™. 

The 19-min and 7-min dysprosium alpha emitters, 
mentioned at the beginning of this paper, have not been 
given definite mass assignments. However, because of 
the evidence for the existence of a new isotope, Dy, 
and because the 2.5-hr dysprosium alpha emitter has 
been shown to be Dy'®, it would be logical to assume 
that the 7-min and 19-min nuclides are Dy'® and Dy™. 
Also, if alpha-energy systematics hold in the rare earth 
region, then the 7-min isotope with an alpha energy of 
4.2 Mev must be Dy’, and the 19-min isotope with a 
4.06-Mev alpha energy must be Dy™. 


Tb!*! 


In 1953 Rasmussen ef al. reported a terbium alpha 
emitter with a half-life of 19 hr and an alpha energy of 
3.4 Mev.! Later, Rasmussen and Rollier tentatively 
identified this isotope as either Tb'® or Tb!®!.6 Handley 
and Lyon’ reported that no alpha activity was seen in 
14.5- and 22-Mev proton bombardments on Gd!®, 
Going on this evidence, the latest General Electric 
Chart of Isotopes has the activity listed as Tb'™™. 

In order to obtain a mass assignment for this alpha 
emitter, a stacked-foil experiment was performed 
similar to the one described previously. Natural 
europium was glued to the target foils. The energies 
of the impinging alpha particles on each target foil, 
together with the reactions expected to take place at 
those energies, were: 


Target 1: 48 Mev, (a,4), (a,3m) ; 

Target 2: 40.6 Mev, (a,3m), some (a,42), some (a,2m) ; 
Target 3: 31.2 Mev, (a,2m), some (a,3m) ; 

Target 4: 20.2 Mev, (a,2n), (a,n). 


Alpha radiation was present in only the first two 
targets. The total amount of alpha activity on the second 
target was down by a factor of 20 below the amount on 
the first target. In each case the only half-life seen was 
19 hr. 

If the 19-hr isotope were Tb'™, it would have had to 
be made by an (a,5m) reaction on Eu'*. That’ this 
reaction would take place at a bombarding energy of 


® M.A. Rollierand J. O. Rasmussen, Jr., University of Califprnia 
Radiation Laboratory Report UCRL-2079 (unpublished), and 
ADs accad. naz Lincei, Rend. Classe sci. fis. mat. e nat. 14, 526 
1953). 
7T. H. Handley and W. S. Lyon, Phys. Rev. 99, 1415 (1955). 
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Fic. 4. Growth and decay curve obtained in a nitrogen-ion 
bombardment on praseodymium. The growth period exhibits an 
8-min half-life. The line representing the 8-min Dy is drawn on 
an expanded time scale. 


48 Mev is quite improbable. As mentioned before, one 
would estimate the (a,5) threshold to be about 50 Mev. 
In the event that such a reaction did take place at 48 
Mev, it would certainly not account for the appreciable 
amount of activity that was observed on Target 1. The 
nuclide was also seen on Target 2 at an energy of 40.6 
Mev. An (a,5m) reaction at this energy would seem to 
be even more improbable. The alpha emitter was not 
observed at 31.2 Mev. 

The results indicate that the 19-hr isotope was 
produced by a characteristic (a,4m) reaction and, hence, 
must be Tb!*!, The terbium-151 identification was also 
made independently by Mihelich and co-workers at 
Oak Ridge,’ who studied the electron-capture decay 
of the isotope. 

Alpha activity due to Tb'™ was looked for in Targets 
2 and 3. Other than the 19-hr Tb!® no alpha activity 
could be detected. According to a recent communica- 
tion, the half-life of Tb'® is 1 hr.* Since the samples were 
counted directly after bombardment, the alpha activity 
of Tb'® should have been seen if its alpha-branching 
ratio were of a reasonable magnitude. The conclusion is 


that the alpha branching must be extremely small. 
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The semiempirical mass formula and other data previously extrapolated by one of us indicated possible 
existence of nuclei with mass values up to twice the largest now known. Here this mass region is further 
explored. Extrapolations are revised and the properties of such superheavy nuclei are estimated in more 
detail. Despite Z values substantially higher than 137, the K electrons behave perfectly normally because 
of the finite extension of the nucleus. Vacuum polarization and vacuum fiuctuations are roughly estimated 
to make relatively minor alterations in the K electron binding—which exceeds mc*. The effect of nuclear 
attraction in speeding up beta decay is calculated approximately. Calculated beta lives are never much less 
than 10~ sec. Beta decay energies and neutron binding energies are calculated from the semiempirical mass 
formula. Fission barriers and cross sections for the (m,y) process are estimated. Branching ratios in beta 
decay are calculated for the processes of simple beta decay and for ‘‘delayed”’ neutron emission and “‘delayed” 
fission. The latter quantity sets an irreducible minimum to the losses that occur in the process of buildup 
under even the heaviest neutron flux. The calculated fractional yield of nuclei which reach Z= 147, A =500 
is >0.05. Under a lower flux the losses are greater. All stability calculations in this paper depend upon sub- 
stantial extrapolations, with complete disregard of shell effects and other particularities that may be important, 
and therefore can be completely in error. Conversely, observation of existence or absence of superheavy nuclei 
with lives less than a second should test stringently the semiempirical mass formula and the semiempirical 





estimates of spontaneous fission barriers. 





I. INTRODUCTION 


S of January 1953 there were known 383 beta- 

stable—or nearly beta-stable—nuclei; but stable 
and beta-active nuclei together totaled 1134. In the 
meantime additional nuclei have been found! with 
charges up to Z=101 and mass numbers up to A = 256. 
How much farther can one go? Recently one of us 
analyzed the stability of still heavier nuclei with respect 
to spontaneous fission, alpha and beta stability, and 
neutron escape.2 The analysis was based on three 
assumptions, any one of which may be wrong: (1) The 
semiempirical mass formula can be extrapolated [Fig. 
1(a) ]. (2) Shell effects and other particularities do not 
dominate the stability relations of superheavy nuclei. 
(3) Available information about fission barriers and 
spontaneous fission half-lives and other transformation 
processes allows of simple extrapolation. It was con- 
cluded that if these assumptions make sense then 
nuclei very much heavier than those now known 
[shaded wedge-shaped region in Fig. 1(a)] will live 
long enough (~10~ sec) to be subject to experimental 
observation. The exact location of the wedge-shaped 


1 Ghiorso, Harvey, Choppin, Thompson, and Seaborg, Phys. 
Rev. 98, 1518 (1955). We made the January, 1953 count from the 
table of nuclei presented by Hollander, Perlman, and Seaborg, 
Revs. Modern Phys. 25, 469 (1953). 

2J. A. Wheeler, in Niels Bohr and the Development of Physics 
(Pergamon Press, London, 1955), Chap. 9. A report of this 
work was also given at Geneva: J. A. Wheeler, Proceedings of the 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, August, 1955 (United Nations, New York, 1956), Vol. 2, 
p. 155. In the discussion at that meeting the question was raised 
by D. I. Blokhintsev (Vol. 2, p. 224) as to the stability of the K 
electron in the field of a nucleus of charge greater than 137. The 
reply (Vol. 2, p. 224-5) gave a brief report of the present con- 
siderations, including the binding energy of about 1.85 mc*® for 
Z=170. A recent paper of Blokhintsev makes brief reference to 
the same question: D. I. Blokhintsev, Uspekhi Fiz. Nauk 61, No. 
2, 137 (1957). 


region is sensitive to the constants in the semiempirical 
mass formula. The constants in the earlier formula 
used in reference 2 were based upon a nuclear radius of 
1.48 10-"A! cm and put the tip of the wedge near 
A~650, Z~170. With the present constants of Green 
the radius is 1.2162X10-"A! and the region of ap- 
preciable lifetimes is now calculated to end near A ~ 500, 
Z~147 [Fig. 1(b) ]. Estimated contour lines for neutron 
binding energy B, and fission barrier height Ey are 
shown in Fig. 2 and beta decay energy A in Fig. 3. 

Spontaneous fission lifetimes and fission barriers are 
by far the most uncertain features in the extrapolation. 
Swiatecki® reasons that the nucleus at the top of the 
barrier is so highly deformed that nearly all shell 
structure can be considered to be broken up. Therefore 
the absolute energy of the top of the barrier should 
depend smoothly upon Z and A apart from even-odd 
effects, as confirmed (Swiatecki) by the available 
evidence. However, the energy of the starting point 
and, even more, the equilibrium deformation of the 
nucleus, are dependent upon shell effects. Swiatecki’s 
analysis of the observational evidence suggests therefore 
that the major uncertainty in fission barrier heights for 
superheavy nuclei will arise from inability to predict 
equilibrium deformations in this so far unexplored 
region. In lieu of anything better we have extrapolated 
barrier heights via the liquid drop theory of fission of 
nuclei that are spherical at equilibrium. It is conceivable 
among other possibilities that the equilibrium shapes 
change drastically from one part of the superheavy 
region to another. In this event the nuclei in one region 
may be much more stable than the present predictions, 
and may not exist at all in the other region. Only obser- 
vation can reveal the true stability relations. 


3W. J. Swiatecki, Phys. Rev. 101, 97 (1956). 
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Fic. 1. (a) Previously estimated limits of nuclear stability (taken from reference 2, where the Fermi semi- 
empirical mass formula constants were used). The dotted zone indicated the general region occupied by “nor- 
mal” nuclei that live longer than 10~ sec. Alpha-decay energies were estimated from the semiempirical mass 
formula; and alpha-decay rates, from the usual barrier penetration formula. The limit for stability against 
neutron loss was also calculated from the semiempirical mass formula without allowance for odd-even differ- 
ences and may be significantly in error owing to the long extrapolation from the region of normal neutron- 
proton ratios. Beta-decay rates were estimated on the assumption of allowed transitions, and beta energies 
were estimated as if only odd-A values were relevant; both estimates were very crude, as the cross-hatching 
was meant to suggest. Spontaneous fission rates were estimated as if all nuclei had even-even character, whereas 
spontaneous fission will be hindered by a factor of the order of 10°*! for odd A. No account was taken of oc- 
casional nuclei endowed with exceedingly high spin and with low decay rates which can stand outside the 
dotted region and still have lives greater than 10~ sec. Insofar as nuclei with lives of 10~‘ sec or more are subject 
to experimentation, the dotted region attributed a testable reality to nuclei twice as heavy as known nuclei. 
(b) Revised estimated limits of nuclear stability using the Green semiempirical mass formula constants of 
reference 15. In comparison with Fig. 1(a) the line of stability against neutron loss now rises to cross the line 
of 10~*-sec spontaneous fission lifetime at A~500, Z~147. The line of 10~*-sec beta lifetime based upon Eq. 
(41) of See. III now goes just a little above the neutron loss line. 








127 











128 Pies 


WERNER AND J. A. 


WHEELER 





- 150 


L140 








260 260 300 320 340 360 380 400 
1 1 = 1 1 1 ss 





Fic. 2. Enlargement 
of outlined region of Fig. 
1(b) showing estimated 
contour lines of speci- 
fied neutron binding 
B,( Mev) and fission bar- 
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If superheavy nuclei exist with properties anything 
like those predicted by assumptions (1)—(3), what will 
happen to their K electrons? What will be their beta- 
decay rates? What will be the prospects for building 
them up in a heavy neutron flux, either in the neutron 
core of a star or in a thermonuclear test like that of 
November 1, 1952? This paper deals with these three 
topics. 

(1) The Dirac equation predicts for the lowest bound 
electron state in a pure Coulomb field the energy 


rest energy+binding energy = mc*[1—(Z/137)*}*. (1) 


This formula becomes unphysical for Z>137. This 
circumstance has been regarded sometimes as an argu- 
ment against the stability of nuclei with charge above 
137. However, in the work reported here (Sec. II) we 
have integrated the Dirac equation for Z up to 170, 
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Fic. 3. Estimated contour lines of equal beta- 
decay energy, A(Mev). 


making allowance for the finite size of the nucleus. With 
this very essential refinement we find quite reasonable 
values for the binding energies of the innermost bound 
electrons, as illustrated in Fig. 4. We estimate that 
vacuum polarization and vacuum fluctuations alter the 
level position by only a few kev. Consequently we 
conclude that the behavior of the bound electrons 
around an extended nucleus interposes no limitations 
on nuclear stability above those indicated in Fig. 1(b). 
(2) Electrons in the continuous spectrum carry away 
energy in beta-decay processes. For nuclei with Z> 137 
will not the wave amplitude for such electrons be 
exceptionally high near the nucleus? Will not the rate 
of beta decay therefore be speeded up anomalously? 
This speed-up is indeed significant, but in reference 2 
it has already been taken into account in an approxi- 
mate fashion in estimating the limit for 10~* sec beta- 
decay half-life as indicated by the cross-hatched regions 
in Fig. 1(a). Section III reports a more detailed analysis 
of this speed-up effect based on a numerical integration 
of Dirac’s equation for positive energies. 

We verified that (1) the energies of the tightest 
bound: electron states and (2) beta-transition rates are 
perfectly normal for superheavy nuclei, not with the 
idea to make precision computations, but only to 
clarify the point of principle. We have not provided 
accurate tables of electronic binding energies for either 
1s or higher states, such as would be needed to fix 
charge numbers from the usual measurements of 
internal conversion energies. 

(3) Neutron capture and beta decay form the two 
obvious mechanisms for going to high A and Z (Sec. 
IV). However, an added neutron will have a high chance 
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Fic. 4. Energy of the lowest bound electron level in the field of a nucleus of finite size. Smooth curve: Dirac value 
for point nucleus. Circles: Numerical calculation for nuclei of uniform charge density and of radius A!X1.3X10-" 
cm. Lower insert: Sketch of potential and of large component of wave function, G(r), for case Z=170, A~654. 
The amplitude of the wave function is plotted on a linear scale, but distance and potential are plotted on hyperbolic 


sine scales to cover the wide range of these variables. 


to destroy the nucleus unless the fission barrier is higher 
than the energy of condensation of the neutron. To 
keep this condensation energy as low as possible the 
excess of neutrons in the nucleus should stay as high 
as possible. The maximum excess corresponds to the 
line of “neutron drip” in Fig. 1(b). We calculate that 
to keep the path of buildup close to this line an ex- 
ceedingly high neutron flux must be maintained. 
Presumably such a high neutron flux can be attained 
only at the fringe of a stellar neutron core. At the lesser 
flux obtainable in principle by sudden fission of a very 
large mass of uranium there are heavy losses by fission 
during the process of element building. Also losses by 
“delayed” fission are associated with the other essential 
process in buildup—beta decay—when the mass 
change exceeds the fission barrier, as is the case along 
the upper part of the wedge-shaped region in Fig. 1(b). 
Buildup of superheavy nuclei by collision of two lighter 
nuclei* is not treated here. : 


* Note added in proof.—Nobelium (102) has been produced by 
cyclotron bombardment of curium with high energy C* ions, 
according to Fields, Friedman, Milsted, Atterling, Forsling, 
Holm, and Astrim [Phys. Rev. 107, 1460 (1957)]. 


II. SOLUTION OF DIRAC EQUATION FOR K LEVEL, 
AND CONTINUUM; K-LEVEL SHIFT BY 
POLARIZATION AND FLUCTUATIONS 


We start with the idealization in which the electron 
is treated as a point particle, described by Dirac’s 
Hamiltonian, 


H=—(a-p)—B+0(r). (2) 


Throughout Sec. II we express physical quantities in 
the following units: H, total energy, mc’; v, potential 
energy, mc’; p, momentum, mc; r, distance, h/mc; 
angular momentum, #. For central forces it is well 
known that an integral of the motion is the associated 
angular momentum 


k=B[(o'-rXp)+1], (3) 


where o,'=a,a,/i and where the usual one-particle 
spectroscopic states belong, respectively, to the fol- 
lowing k-values: *s;, R=—1; *p;, R=1; *p;, R= —2; 
*d;, R=2; "ds, R=—3; etc. Let a state be considered 
for which H and k take on proper values. Also let a 


‘factorization of the wave function into angular and 


radial parts be chosen such that (1) the radial part has 








130 P. S, 


WERNER AND J. A. 


WHEELER 





__S NUCLEAR, RADIUS 
0.0292 & 








0.004 ~ 


0,002 


(SCALE CHANGE) 
j + 








Out 0.2 ? 0.3 
DISTANCE ——————_> 


(mre) 


eal 


+ -,02 





0.4 : 0.5 H 


-0,004 4 
-0,006- 


-0.008-~ 





- 0,010 





Fic. 5. Determination of K-level eigenvalue by trial and error. Case Z= 170, with nuclear radius 0.0292 (4/mc) = 11.3X10-" 
cm. The so-called large component of the radial part of the wave function is designated by G; the small one, by F. The indi- 
vidual curves are labeled according to the trial value of the energy (units mc*). 


two components, 
rF(r) 
‘oor 
rG(r) 
and (2) the matrices relevant for the calculation of the 
radial part have the representation 


; 8 0 -i 
s-( ): rier)=( ), (5) 
0 —-!1  O 


Then the radial part of the wave equation has the form‘ 

(dG/dr)+ (k/r)G—{H—1+1)F=0, 

(dF /dr) — (k/r)F+ (H—v—1)G=0. 

We adopt for the nucleus the model of a sphere of 
charge of uniform density and of radius 

R(cm) = bh/mc=ro(cm) A}. (7) 

Present evidence about the energy of the 2p—l1s 

transition of a w meson in the field of force of a lead 


nucleus® and the scattering of high-energy electrons by 
heavy nuclei® argues for an effective value of ro in the 


(6) 


‘See, for example, Leonard I. Schiff, Quantum Mechanics 
(McGraw-Hill Book Company, Inc., New York, 1949), p. 323. 

5 V. L. Fitch and J. Rainwater, Phys. Rev. 92, 789 (1953). 

6 Hofstadter, Fechter, and McIntyre, Phys. Rev. 92, 978 (1953). 


neighborhood of 1.1 to 1.3 10~" cm. Here in principle 
the quantity “effective radius’’ has to be taken to have 
slightly different values according as one deals with one 
physical property or another. Only if one treats the 
charge distribution as rounded off appropriately near 
the nuclear boundary can one account for both u-meson 
levels and nuclear scattering by a single electrostatic 
potential.’ We neglect this refinement in the present 


work and adopt the value 
ro=1.3X10-" cm, 2 
b=3.37X10-*A}. 


Thus we assume 
v(r) = — (Za/r) for r>b, 
v(r) = (Za/b)[—1.5+0.5r°/8?] for r<b, 
with a=1/137.04; we consider r and a to be expressed 
in units 4/mc=3.87X10-" cm, and take k=—1, 
corresponding to *s; states. 
For a point nucleus (6=0) with Z<137, Eq. (6) has 
the well-known ground-state solution 
F=— N(Zr/137)* exp(—Zr/137), (10) 


G=N(137/Z)(1+s) (Zr/137)* exp(—Zr/137), (11) 


(9) 





7D. L. Hill and K. W. Ford, Phys. Rev. 94, 1617 (1954). 
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Taste I. Estimation of eigenvalues for K levels by the interpolation procedure described in the text. The first four lines test the 
linear variation with energy of the “discrepancy from exponential fall-off,” D of Eq. (17). The next to the last column shows the values 
of D computed for comparision from the best fitting straight line, Diinear = —32.310H —28.886. The last column gives the energy 
eigenvalues, H, determined by linear interpolation in D. The quantity 6 measures the nuclear radius in units 4/mc=3.87X 10™§ cm 
and r measures distance to the point of evaluation of the wave function in the same units. 














Results of numerical 
r integration | 
Zz b r Hwiat L 10G 10%dG/dr D Diinesr Finterpo\ated 

170 0.02778 1.20 —0.80 = 3.082 —7.750 —2.563 — 3.037 
—0.87 +0.460 —3.973 —0.741 —0.776 —0.8940 
—0.89 1.505 — 2.823 —0.129 = 
—0.90 2.033 —2.233 +0.194 

170 0.02778 2.00 —0.89 0.090 — 1.204 —0.852 0.8944 
—0.90 1.275 —0.101 +1.095 , 

170 0.02920 1.75 —0.86 0.851 — 1.250 —0.087 —0.8608 
—0.87 1.849 —0.277 +0.999 ‘ 

137 0.02640 2.75 +0.235 6.543 —5.245 +0.153 40.2375 
+0.250 1.123 —9.336 —0.781 3 











where s*=1—(Z/137)? and where the normalization 
factor N is so adjusted that 


f ” (F4G)dr=1. (12) 


The solution is not normalizable in this sense when 
Z2137. 

In the case of an extended nucleus the potential has 
a finite value and zero slope at the origin. The same is 
true of the kinetic energy. The solutions F and G there- 
fore start off, respectively, proportional to r* and to r, 
as in the case of a free electron of higher kinetic energy. 
The coefficients in the power series expansions, 


based on the JWKB method. According to this method 
of approximation, the solution for G in the region of 
exponential fall or rise has—for arbitrary energy—the 
form 


Gi=Leey/a(e] 4 exp(— f rir) 


+B exp( f x(nar) | (15) 


where c(r) and «(r) are known functions of r and of 
energy, H. The departure of the energy from an 
eigenvalue is measured by the ratio B/A, or equiva- 
lently, by the quantity 


G= 5 eee r 

Ke (13) D=(B/A) exp(2 f «(nar). (16) 
F= fy*+ fot+:-- 

follow from simple recursion relations: We assume that this quantity, calculated for a fixed r 
but for different energies, H, varies approximately 
f= —[H—1+ (1.5Za/b) 1/3, linearly with H in the neighborhood of an eigenvalue. 
gs= —LH+1+4+ (1.5Za/b) JT H—1+4 (1.5Za/d) 1/6, We checked this assumption in one case as shown by 
(14) the first four entries in Table I. Here the value of D 


fa=(0.1Za/*)+[H+1+4 (1.5Za/d)] 
x [(H—1+ (1.5Za/b) #/30. 


With starting values taken from the series (13), the 
differential Eqs. (6) were integrated numerically on 
the IBM card-programed electronic computer of 
Princeton’s Forrestal Research Center by the method 
of Runge and Kutta® under the supervision of Robert 
Goerss and Mrs. Bernice Bender, to whom we express 
here our appreciation. 

In the case of the K level one has of course to deal 
with an eigenvalue problem, to the solution of which 
the machine approximated by the method of trial and 
error, as seen in Fig. 5. The best two runs gave the final 
estimated energy value by an interpolation procedure 


8 See for example William Edmund Milne, Numerical Calculus 
(Princeton University Press, Princeton, 1949), p. 135, paragraph 
38, Eqs. (1) and (2). 


has been obtained from the computed G(r) and dG/dr 
by way of a formula where all other quantities are 
easily found from the JWKB analysis: 


pu GU (W/de) In c/s) + (0G/ar) 
G[x-+ (d/dr) In (c/x*)]— (dG/dr) 


The assumption of approximate linearity, once having 
been checked, is used to estimate eigenvalues by 
interpolation, as listed in the other entries in Table I. 

The K-level eigenvalues were computed for Z=170 
for two values of the nuclear radius in order to check 
the sensitivity to this parameter. A decrease of the 
radius by 0.02920—0.02778=0.00142 h/me was found 
to increase the tightness of binding by 


[—0.8608+0.0002]—[—0.8943+-0.0005 ] 
=[0.03350.0005 ] me’. 


17) 
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An independent evaluation of the energy change by 
perturbation theory gives 


5H = 5b(d0(r,b)/db) 
6 
= (6b/b) (3Za/2b) f (1-1/6) 
0 


x+@dr / f (F2+G*)dr. (18) 
0 


The product of the first two factors represents the 
change in the central value of the electrostatic potential 
energy, 67.008—63.744= 3.264 (in units mc”); and the 
subsequent ratio of two integrals, for b=0.0292, repre- 
sents the probability for the electron to be within the 
nucleus, multiplied by the effective average value of 
(1—r*/?). The perturbation value of 6H =3.264(2.495 
X 10-*/2.402 X 10) =0.03391 agrees satisfactorily with 
the less precise difference obtained from the numerical 
integrations. 

The great binding energy of the K electron, ~1.9 
mc*, evidently makes the K-absorption edge of a super- 
nucleus overlap strongly the region of the pair creation 
threshold. Presumably also this photo cross section will 
show new and interesting features in its energy de- 
pendence, as compared with the conventional 1// or 
1/”*-* variation of the cross section of light elements. 

The Lamb shift and vacuum polarization corrections 
to E(is) that are so small for hydrogen are probably 
appreciable for a supernucleus. To estimate the mag- 
nitude of these corrections, it is simple but incorrect 
to multiply the hydrogenic terms in proportion to Z*: 


AE vac. ——- (4/159) Z4abmc?/n® 


=—27 Mctimesh or —1.12X10-' ev : 
for H(2s); 
= —8(170)*1.12K10-7 ev= —0.75 kev 
for Z=170, 1s. 
AE auct.= +1066 Mctimesh or +4.41X10-6 ev 
for H(2s); 


8X (170)*X4.41X10-§ ev=+30 kev for Z=170, 1s. 


The assumption of a point nucleus is wrong for both 
effects, and the assumption of Z‘ proportionality is 
wrong for the second effect. For this reason we calcu- 
lated the first-order vacuum polarization for the 
extended nucleus, using the Dirac wave functions that 
we had found by numerical integration. We got the 
result 


AE vac. poi, (first order) = —9 kev 
(is; Z=170, R=11X10-" cm). (19) 


The fluctuation part of the Lamb shift is a much more 
difficult problem. The usual helpful division® of this 


® Baranger, Bethe, and Feynman, Phys. Rev. 92, 482 (1953); 
see also the summary in J. M. Jauch and F. Rohrlich, The Theory 
a fans and Electrons (Addison-Wesley, Cambridge, 1955), 

p. 15. 
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effect into relativistic and nonrelativistic parts is out 
of question here owing to the relativistic binding of 
the electron in its ground state, 1.86 mc*. No available 
analysis of the Lamb shift appears to be suitable for 
the present case. Consequently we found ourselves 
forced to a very crude order-of-magnitude treatment. 
We went back to Bethe’s original simple way of esti- 
mating the Lamb shift," 
t, 
E,—Eo 


with K a cutoff energy of the order of mc*. We replaced 
the factor v/c by the Dirac matrix @. In this matrix 
element we made no correction for the retardation 
factor, e**, This factor is unimportant for hydrogen 
but for a supernucleus ought to reduce the average 
value of the matrix element in a major way. A proper 
correction for this big effect would make the simple 
Bethe treatment completely inapplicable. We used it 
nevertheless in default of anything better. We assumed 
that most of the line strength is concentrated in tran- 
sitions from 1s [E(1s) = —0.86 me?] to 2p [E(2p;)=0.8 
mc], 3p, --- and other levels near mc*. Accordingly 
we inserted for E,—Eo an average value of 1.86 mc’. 
The logarithm is of course quite uncertain. It seems 
not unreasonable to assume for it an effective value 
somewhere between —1 and +1. The expression 
Xnl@on!? according to the sum rule has the value 
(a2”) 00+ (ay?) 00+ (a.”)oo=3. Accordingly we got an 
estimate for the fluctuation part of the Lamb shift of 
the order 





AE= (2a/3r)>- | Von/c| 2(E,— Eo) in 


AE guct.~ + (2a/2)1.86 me? 
~+4 kev. (20) 


It is quite possible that the Lamb shift has several 
times the total value estimated here, 


AE amb = AE vac, pol. + AE guct.~ —9 kev+4 kev. (21) 


Even so, it seems unlikely to make really substantial 
changes either in the qualitative nature of the electronic 
wave function or in the binding energy, 1.86 mc?=950 
kev. Consequently we have neglected both parts of the 
Lamb shift in the further analysis of superheavy nuclei. 

An appendix reports the details of the calculation 
of the 1s level shift due to vacuum polarization by a 
finite nucleus. 

Charge numbers greater than Z = 137 cause no trouble 
for bound electrons. What is the effect of high charge 
on the electrons emitted in beta decay, and on the rate 
of beta decay? 

The solutions of the Dirac equation for 2s, states in 
the continuum were obtained by the same method 
previously employed for bound states. The numerical 
integration was stopped at the second maximum of G. 


10 We are indebted to Professor Freeman Dyson and Dr. Eyvind 
Wichmann for helpful discussions of this question. 
11H. A. Bethe, Phys. Rev. 72, 339 (1947). 
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The two components, F and G, were extrapolated from 
this region to infinity by way of the JWKB approxi- 
mation, and normalized so that the asymptotic value 
of (F?+G*) average took on the usual standard magnitude 
of 4. The results of the numerical integration, so 
normalized, are shown in Fig. 6. The portions of F and 
G relevant to beta decay lie of course inside the nuclear 
boundary, indicated by the dashed vertical strokes. 
For the fast decaying nuclei in which we are inter- 
ested, we shall limit attention to high electron energies, 
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Fic. 6. Normalized solutions of the Dirac equation for energies 
in the continuum, H=10, 20, 30 and 40 (units mc*). Left-hand 
column, Z= 137; right-hand column, Z=170. The radius of the 
equivalent uniform nuclear charge distribution was taken in all 
eight cases to be (1/36)(h/mc) (indicated by dashed vertical 
lines). The normalization is such that at infinity Pmax?+Gmax*=1. 
The straight line segment in the lower right-hand case shows the 
initia] behavior of the wave function near the origin as it would 
have been in the absence of nuclear attraction: G= (121/220) 
Xsin[ (99)*r]. : 
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of the order 10 mc? to 40 mc’. For such energies we should 
now like to show that the JWKB approximation gives 
quite reasonable values, not only for the wave function 
near the second maximum, but also right down to the 
surface of the nucleus. This circumstance indicates 
that it is only necessary to resort to numerical inte- 
gration to determine the wave function within the 
nucleus for states of other angular momentum; that 
the JWKB procedure is adequate outside. 

We transform the coupled pair of first order differ- 
ential equations (6) to the standard JWKB form of a 
single second order equation by way of the substitution 
given by Bartlett and Welton”: 


G(r) = (H—0+1)'y(7). (22) 
Then the equation for y(r) becomes 
Py/dr’ = — K*(r)y=«(r)y. (23) 


Here one form or the other of the right-hand side of 
the equation is preferable according as one is dealing 
with the region of r where y is oscillatory or exponential. 
In either case the coefficients of y are abbreviations: 


K*(r) =—12(r) = — (h+4)*/°+ (H—0)?-1 
+[H—o+1}"[(k/r) (do/dr) —4d*v/dr* | 
—3[H—ov+1 }*(dv/dr)?. 


Here a correct use of the transformation (22) would 
have given for the first term —A(k+1)/r*, with all the 
other terms in (24) as listed. However, the change to 
— (k+}4)*/r? is required (1) to make the JWKB 
solution for G(r) behave near the origin as r!**#/+4, as 
demanded by the power series expression for G(r), (2) to 
give in similar well-studied problems the proper 
asymptotic phase shift, and (3) to make the JWKB 
approximation fit closer to the numerical results in 
cases previously investigated. This granted, the differ- 
ential equation has a turning point, 7P, for all k values, 
including k=0. Outside this turning point the nor- 
malized JWKB solution has the form 


G(r) =2-4(1—H)'(H—0+1)'K-4(r) 


(24) 


xsinl (/4)+ K nde] (25) 


TP 


and between the turning point and the origin it has 
the form 


G(r) = 2-1(1—H-*)?(H—0+1)*k 4 (r) 
TP 
xerp|— f cna]. (26) 


We do not use (26). We use (25) to get G outside the 


( oa) H. Barlett, Jr., and T. A. Welton, Phys. Rev. 59, 281 
1941). 
3 Yost, Wheeler, and Breit, Phys. Rev. 49, 174 (1936). 
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Fic. 7. Comparison of numerical and JWKB solutions of radial 
wave equation for case of a nuclear charge Z=170, radius 
(1/36) (4/mc), and rest plus kinetic energy of 10 mc? at infinity. 
The numerical solution was normalized to the JWKB formula 
at the point r=0.248 (units h/mc). Particularly relevant is the 
close agreement of slopes of numerical and JWKB solutions at 
the nuclear surface. 


nucleus, and compute F from the formula 
F=(H—»+1)"[(dG/dr)+ (k/r)G]. 
Consider the cases of numerical integration sum- 
marized in Fig. 6. The JWKB fit to these results will 
be least accurate when (1) the charge is greatest 
(Z=170), and (2) the energy is least (H=10). For this 
case we have compared numerical and exterior JWKB 
results in Fig. 7. Evidently the fit is good down to the 
nuclear radius. Even the slopes at the nuclear surface 
agree much better than we have any right to expect: 


(dG/dr) numerical — 7.92, 
(dG/dr) jwxs= — 7.66. 


In the absence of nuclear attraction the radial wave 
function, after normalization, has the form 


G(r) =2-4(1— H-)! sin[ (H?—1)'7], 


F(r)=2-74(1+H~)'{cos[ (H?—1)'r] _ 
— (A?—1)—r™ sin[ (H?—1)!7}}. 


(27) 


(28) 


(29) 


At the origin the component F is negligible compared 
to G. Consequently the probability, y*y, to find an 
electron at the origin is proportional to G*/r’; that is, 
to (dG/dr),?. This circumstance makes it reasonable to 
define a “central attraction factor,” Gzentra, by the 
formula 


[(dG/ dr) 0° Jactual field 
i [ (dG/dr ) 0° zero field 





Qcentral (30) 
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This factor is plotted as a function of energy in Fig. 8. 
The factor increases monotonically as the energy is 
decreased. There is no evident trace of anything like 
the Ramsauer effect found in the interaction between 
electrons and atoms. That effect occurs when the 
electron wavelength changes strongly over one electron 
wavelength. Then the ratio, (amplitude of the wave 
function inside)/(amplitude of the wave function 
outside), shows characteristic resonances. This effect 
does not occur in appreciable measure in the present 
problem because we are dealing with a smoothly varying 
potential and electron energies large compared to the 
depth of the potential. 

Another measure of the attraction effect of the 
nucleus is the “average attraction factor,” average, 
defined as the ratio of the values of the integral 
Jo’(F?+G*)dr, calculated (1) with the charge and (2) 
without charge, 


b 
daverage = (f (°-+@ir) / 
0 actual field 
b 
( f (+a) ‘ 
0 zero field 


This average attraction factor is also plotted in Fig. 8. 


(31), 
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Fic. 8. “Central” and “average” attraction factors as a function 
of electron energy for two values of the nuclear charge. At the 
origin (where the component of the radial wave function F is 
negligible compared to G) the probability, y*y, to find an electron 
is proportional] to G?/r?; that is, to (dG/dr)o*. The ratio of this 
central probability for the actual field to its value for zero field 
is the central attraction factor, acentral. The average attraction 
factor, daverage, is the ratio of the values of the integral of the 
probability over the volume of the sphere with radius 6, with and 
without uniform charge Z within the sphere. 
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This quantity is smaller than the “central attraction 
factor” for the following simple reason: (1) The 
electronic kinetic energy is roughly 40 mc* greater 
inside the nucleus than outside. (2) Consequently an 
electron with an energy of 10 mc* has its wave number 
increased by a factor of about 5. (3) Therefore the wave 
function varies more rapidly over the region r=0 to 
r=b when the potential is present than when it is 
absent. (4) Hence an “interference effect”’ reduces the 
integral /,°(F?+G*)dr more, proportionately, for the 
case of Coulomb attraction. (5) This interference effect 
compensates in considerable measure the direct effect 
of the Coulomb field in increasing the probability 
amplitude at the center—the effect seen in @central- 

The “average attraction factor” shows a minimum 
for kinetic energies of 20 to 30 mc*, depending upon 
charge. At lower energies the effect of the Coulomb 
attraction rapidly increases and becomes dominating, 
whereas the factor measuring the interference effect 
approaches a constant value. At higher energies inter- 
ference begins to cut down the integral /°(F?+G*)dr 
even for the free-particle case; and this diminution 
proceeds faster for the free-particle case than for the 
case of Coulomb attraction, leading to a rise in Gaverage- 


III. BETA DECAY OF A SUPERNUCLEUS 


The detail with which one analyzes the beta decay 
of a supernucleus will depend upon one’s objectives. 
The most primitive arguments show that heavy nuclei 
will have beta half-lives longer than i0~* sec. A more 
careful analysis allows for the reduction of the matrix 
elements through interference effects by way of one or 
another idealized model—a free nucleon picture, or a 
harmonic oscillator model. A still more precise treat- 
ment would decompose the contributions to the tran- 
sition probability by the method of spherical harmonics. 
This treatment, though complicated to carry out, would 
be easy in principle to formulate, were the four particles 
in question described by scalar wave functions. Sup- 
pose one could write the electron and neutrino wave 
functions in the form 


(32) 
(33) 


ye=exp(ik,-x), 
y,=exp(ik,-x). 


The transition probability, integrated over angles of 
emergence of electron and neutrino, would be pro- 
portional to 


p=ff | Lf [ervrvrvdaayas 


The method of analysis into spherical harmonics, Vim, 
reduces this expression to the form 


P= , a | Comrx|?, 


L,m,,e 


2 
d2.dQ,. (34) 





(35) 
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where 
crm (Ho ff [vet ¥ inl e)LFi(ba)/A2] 
x V,*(0,e)[Fy(kor)/kor War? sinddrdédy, (36) 
and where F) is that solution of 
@F,/de’-+[k,2—d(A+1)r? JF, =0 (37) 


which is regular at the origin and is normalized to unit 
amplitude at infinity. To allow for Coulomb attraction 
it would only be necessary to replace the free-particle 
solution, F;, of the given angular momentum by the 
solution of the wave equation with attractive potential. 
The analog of this procedure for spinor wave functions, 
with scalar and tensor beta-decay coupling, has been 
described by Takebe in three articles.* One can hope 
to go further with the program that Takebe has started 
when one knows nucleonic wave functions well enough 
to justify such precision. In the meantime it is rea- 
sonable to proceed with a less detailed analysis. 

The most elementary analysis proceeds as follows. 
The semiempirical formula for nuclear binding energies’® 
allows one to estimate for any given mass value the 
maximum number of neutrons which a nucleus can 
bind, as indicated by the appropriate line in Fig. 1(b). 
When one of these neutrons transforms to a proton, the 
beta-decay energy will have the maximum possible 
value consistent with the given choice of A, in so far 
as one looks apart from odd-even effects, When this 
correction is included, one can get still higher energies, 
as indicated in Table II. Consider a single nucleon 
bound in a potential whose value alters by 26 mc* when 
the particle changes its character from a neutron to a 
proton. Let the region of binding be so small that one 
can overlook any decrease of the beta-decay matrix 
element by reason of interference effects. Then the 
matrix element has the same value as one has for the 
decay of a free neutron. The lifetime will be smaller in 





44H. Takebe, Progr. Theoret. Phys. Japan 12, 561, 574, and 
747 (1954). See also M. Yamada, Progr. Theoret. Phys. Japan 
10, 245 (1953) and R. Nataf, Compt. rend. 238, 1012 (1954). 

16 See C. Coryell, in Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1953), Vol. 2 Chap. 13, for a review of 
different formulations of the semiempirical mass formula and 
agreement with experiment; also A. E. S. Green, Nuclear Physics 
(McGraw-Hill Book Company, 1956). We use the semiempirical 
formula without odd-even corrections in the form 


M (Z,A)=A—Ci:A+C2A1—C3Z+C,A (§—Z/A)*+-C527/Al, 
with Green’s constants, 
Ci=7.9357 mMU, C2=19.120mMU, C3;=0.84 mMU, 
C,=101.78 mMU, Cs=0.07628 mMU. 
Mneutron= 1.008982 amu. 10? mMU=1 amu=931.14 Mev. 


H. B. Levy [Phys. Rev. 106, 1265 (1957)], gives a new em- 
pirical equation for atomic masses in terms of first and second 
powers of A and Z with different coefficients for different nuclear 
shell regions. Separation into shell regions gives considerable 
improvement in reproduction of atomic masses. The form of the 
equation in each shell region is chosen for maximum algebraic 
simplicity and does not purport to have any theoretical justifi- 
cation. Therefore it is not suitable for the present substantial] 
extrapolations beyond the known nuclei. 
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TABLE II. Beta-decay energies of nuclei at the limit of stability 
with respect to neutron emission, as estimated from the semi- 
empirical mass formula. 











Eg (odd-A Eg (odd-odd 
nucleus) nucleus) 
A Zarip Za-4 Mev Mev 
500 147.0 171.2 13.2 13.8 
400 119.2 143.4 15.8 16.5 
350 105.2 128.6 17.0 17.7 
300 91.2 113.2 18.1 18.7 








inverse proportion to the decay factor, f, of beta-decay 
theory.'* Consequently one estimates on this primitive 
basis a half-life 


t,(27 mc?) =t,(26 mc?+ 1mc*) 
=[f(2.53)/f(27) }(1.53+1=2.53 mc*) 
= 1.69 768/4.8X 105 
=2.7X10° sec. 


Let the idealized bound nucleon be supposed to make 
its transition at the center of a charge cloud that (1) 
simulates the action of the actual nucleus on the 
electronic wave function but (2) does not have any 
direct effect on nucleonic processes. Then the rate 
factor of beta-decay theory is speeded up by the 
attraction effect (@centrai of Fig. 8) to the value 


(38) 


hi modified central (H. 0) 


Ho 
S (Ho— H)*(H?—1)'Hacentrai(H)dH, 
1 (39) 
Smodified central (27) 
=4.8X10°X39=1.9X10" (for Z=147), 


and the lifetime diminished to 
4: 1300 sec/1.9X10’=7X10- sec. (40) 


The primitive model of a single well-localized nucleon 
endowed with all the transition energy gives a much 
exaggerated idea of the speed-up of beta decay for a 
supernucleus: (1) in an actual nucleus the strength of 
the transition will be divided among many states; the 
residual nucleus will be left on the average with a 
number of Mev of excitation energy (ordinarily enough 
to drive off a “delayed” neutron); and the average 
energy of the transition will be less than has been 
supposed; (2) the Pauli principle will prevent tran- 
sitions of the neutron to a state already occupied by a 
proton; and (3) the variation of the electron and 
neutrino wave functions over the nucleus will cut down 
the effective value of the attraction factor by inter- 


16 As tabulated for example by E. Feenberg and G. Trigg 
Revs. Modern Phys. 22, 399 (1950), on the basis of the definition, 


f(He)= fo) 1) Ha, 


where Hp is the upper limit of the kinetic energy of the electron, 
plus its rest energy, in units mec’, 
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ference (Fig. 8). Consequently it is easy to conclude 
that the mean life for beta-decay will be longer than 
10~ sec for a supernucleus with Z= 147, even with the 
maximum possible neutron-proton ratio. 

It may become interesting to have a better estimate 
of mean life for beta decay than allowed by these primi- 
tive considerations. For this purpose two extreme and 
rather different models present themselves. In one the 
binding of the neutrons is idealized by a harmonic 
oscillator potential with one force constant; a different 
force constant is assumed for the protons; spin-orbit 
coupling is neglected; and the force constants are so 
chosen as to make the mean squared distance of the 
average nucleon from the center equal to the value 
estimated from u-meson and electron scattering experi- 
ments by Ford and Hill.’ The highest occupied levels 
of neutrons and protons are assigned an energy sepa- 
ration so as to agree with the mass difference M (Z,A) 
and M(Z+1, A) as determined from the semiempirical 
mass formula. The beta-decay rate is determined by 
matrix elements qualitatively of the form (36). Here 
the nucleonic wave functions are now harmonic oscil- 
lator functions. For the electron the radial function 
F,(kr)/kr in (36) is replaced by the proper spinor wave 
function, calculated as already described ; similarly for 
the neutrino. 

This is the plan of one method of analysis, but we 
have done nothing to carry it out, because there exists 
a still simpler method of analysis. We idealize the 
neutrons as one Fermi gas occupying the volume 
(4mr,?/3)A, the protons as a second gas filling the same 
volume in ordinary space. In momentum space the two 
kinds of particles occupy spheres as indicated in Table 
ITI. Beta decay is idealized as the transformation of a 
free neutron to a free proton, with different zeros of 
nucleon energy because of the different average binding 
forces experienced by the two kinds of particle. The 
beta decay of Z= 147, A=500 releases at most 26 mc’, 
according to Table II. The recoil of the decaying 
nucleon can at most be 26 mc. This amount is small 
compared to the difference of 136 mc in Fermi momenta 
of neutrons and protons. Moreover, the recoil is random 
in direction. A nucleon that starts as a neutron outside 
the Fermi sphere of the protons will be transformed— 
in the absence of the Pauli principle—to a proton inside 
that sphere with almost the same probability that a 
neutron inside will be transformed into a proton outside. 
Therefore it is reasonable to neglect altogether the 
recoil of the nucleon in the act of beta decay. This 


TABLE ITI. Occupied spheres in momentum space as calculated 
for the example A =500, Z=147, ro=1.23X10-" cm, from the 
formula Py =602 mc(N/A)!. 








Fermi kinetic energy, F Fermi momentum, P 





Neutrons 78.3 me? 536 me 
Protons 43.6 mc? 400 mc 
Difference 34.7 mc 136 mc 
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simplification leads to this conclusion: Every neutron 
outside the Fermi sphere of the protons decays quite 
uninhibited by the Pauli principle ; every neutron inside 
is completely blocked from beta decay. This model 
leads to the following formula for the beta half-life of 
the nucleus: 


1300 sec 


. (41) 
Nunhindered f (AM )(daverage) 


0.693/Ag=ty= 





Here Nunhinderea= N —Z is the number of neutrons with 
momentum greater than the Fermi momentum of the 
protons. The remaining factors in the denominator 
stand for 


(AM )(daverage) 


Ho 
-f (Ho— H)*(H?— 1)! H average (H dH, (42) 


1 


where Gaverage(H) is the volume average attraction 
factor defined previously [Eq. (31), Fig. 8] and 
(Ho—1)m?=CAM is the energy difference between 
ground states of the initial and final nucleus. Illustra- 
tive numbers for two rather extreme cases appear in 
Table IV. 

The Fermi gas model appears at first sight to be the 
very opposite of the harmonic oscillator model. The 
one picture treats the variation of electron and neutrino 
wave functions over the nucleus as sufficient to allow 
the leptons to feel out the momentum change of the 
decaying nucleon. The recoil momentum is regarded as 
concentrated in the individual heavy particle, not the 
nucleus as a whole. On the other hand, the harmonic 
oscillator model makes the source of the oscillator 
potential—the nucleus itself—the recipient of all recoil 
momentum. The contrast would appear still more 
clearly if the harmonic oscillator potential were replaced 
by an infinitely high square well potential, and if a 
detailed counting of particle states were replaced by a 
statistical analysis. Then the states of the one model 
would be identical with the states of the other model. 
But in the one case the particles are free, and take up 
momentum on an individual basis; in the other case the 
potential wall does all the taking up of momentum. 

Different as these two models appear, we expect 
from them not very different results for the supernuclei; 
(1) The actual change of the lepton wave functions 
over the nucleus is intermediate between the rapid 
variation envisaged in the one model and the nearly 
constant behavior imagined in the other. (2) Detailed 


TABLE IV. Beta-decay speed-up factor after averaging over 
both volume and energy, (42). 











Z Ho in me SF (AM )(Gaverage) (Gaverage) 
170 31 2.22 108 2.33 
137 31 1.69X 10° 1.78 
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numerical application of the two quite different methods 
to another problem—charge exchange reaction between 
a uw meson in a K orbit and the central nucleus—led in 
the two cases to reasonably compatible results for the 
calculated reaction rate.” (3) That problem was similar 
to the present problem in the following respects: (a) the 
ratio, (lepton wavelength/nuclear dimensions), agrees 
at least as to order of magnitude in the two problems 
(80-Mev neutrino and the smaller nuclear radius of 
O'* in the charge exchange reaction; in the f-active 
supernuclei, a greater radius but a kinetic energy of the 
electron at the nucleus of the order of 25 Mev); (b) as 
an incidental and not very important point it happens - 
that the variation of the wave function over nuclear 
dimensions is not very great for the other particle 
participating in the reaction (u meson in the charge 
exchange reaction; ~ 10-Mev neutrino in the 6 decay) ; 
(c) the change in nucleon kinetic energy in both proc- 
esses is of the order of 10 Mev. In view of the rough 
agreement of the two methods in the u-meson case and 
the similarity of that problem to the present one, it 
appears reasonable to use the simple Fermi gas model 
and Eq. (41) to estimate the rate of beta decay of a 
supernucleus, as in the following section. 


IV. BUILDUP OF SUPERHEAVY NUCLEI BY 
MASSIVE NEUTRON IRRADIATION 


Neutron addition moves the representative point 
of the nucleus one unit to the right in Fig. 1(b) and 
beta decay moves it one unit upward. Both processes are 
required to carry a nucleus up into the wedge-shaped 
region near A = 500, Z= 147. Upward motion associated 
with beta decay occurs at its own natural rate, while the 
rate of motion to the right depends on the neutron flux. 
If this flux is too small, the representative point will 
move up on too steep a slope. It will intersect pre- 
maturely the line where the spontaneous fission rate is 
10~ sec or less, and the nucleus will be destroyed. 
Actually the danger point comes even sooner. The 
fission barrier Ey decreases as the nucleus moves up 
step by step via beta decay to higher Z values. The 
neutron binding B, increases. Soon B, exceeds Ey. 
Then the nucleus will be destroyed with very high 
probability by the first neutron it captures. 

A rough semiquantitative estimate of the flux re- 
quirements for building superheavy nuclei is in order. 
For this purpose we shall make some drastic simplifi- 
cations in the treatment of both essential processes, 
neutron addition and beta decay. (1) We neglect (n,a) 
processes altogether. The rate of spontaneous alpha 
emission for these very heavy nuclei is calculated to be 
much less than the rate of spontaneous fission, and to 
rise more slowly with increasing excitation. (2) When 
B,, exceeds E;, we assume that neutron uptake leads 
to fission with 100% probability. (3) Conversely, when 


17 J, Tiomno and J. A. Wheeler, Revs. Modern Phys. 21, 153 
(1949). 
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Fic. 9. Liquid-drop fission barrier height and reduced pene- 
tration exponent as functions of x=(Z*/A)/(Z*/A)crit. The 
value (Z?/A)ecrit=50.37 used here is calculated from Green’s 
semiempirical mass formula constants (reference 15). Points in 
circles are calculated from the work of Frankel and Metropolis 
(reference 18), those in triangles from Businaro and Gallone 
(reference 18). The reduced penetration exponents 2//A‘/® for 
even-even nuclei from observed spontaneous fission rates are from 
Wheeler (reference 2). The smooth line of liquid-drop fission 
barrier height ¢ in terms of undistorted surface energy is from the 
formula of Swiatecki (reference 18). The dashed line is Swiatecki’s 
liquid drop barrier height multiplied by the constant factor 0.371 
to make it pass between the points for Th*” and U™* calculated 
from known barrier heights from Wheeler (reference 19). There is 
no theoretical basis for assuming this constant correction factor nor 
for using it to extrapolate barrier heights to very heavy nuclei. 


E; exceeds B,, we assume that radiative capture is the 
only neutron uptake process. 

The line in Fig. 1(b) where Ey= B, is calculated with 
B,, values from the semiempirical mass formula and 
with fission thresholds Ey estimated in the following 
very crude manner, neglecting all variations from 
nucleus to nucleus due to shell effects and other par- 
ticularities. (1) We take the detailed liquid drop calcu- 
lations of Frankel and Metropolis, Businaro and 
Gallone, and Swiatecki'® for §=E,/[4mrX (surface 
tension) X A] as a function of x= (Z*/A)/(Z*/A)critical- 


18S. Frankel and N. Metropolis, Phys. Rev. 72, 914 (1947); 
U. L. Businaro and S. Gallone, Nuovo cimento 1, 629 and 1277 
(1955); W. J. Swiatecki, Phys. Rev. 104, 993 (1956). We are 
indebted to Dr. Gallone and Dr. Swiatecki for kind communi- 
cation of their results, also to Dr. Swiatecki for the formula used 
in constructing Fig. 9. See also U. L. Businaro and S. Gallone, 
Nuovo cimento 5, 315 (1957) and V. G. Nossoff, Proceedings of 
the International Con ference on the Peaceful Uses of Atomic Energy, 
4 August, 1955 (United Nations, New York, 1956), Vol. 2, 
p. 205. 
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(2) We adopt for (Z?/A)criticat the value 50.37 based on 
Green’s evaluation of the constants in the semiempirical 
mass formula.'® (3) We do mot evaluate the factor of 
proportionality between EZ, and £A! from the mass 
formula, but (Fig. 9) from the empirical values” of 
E; for Th? and U™8, These data lead to a proportion- 
ality constant of 6.64 Mev, only 37.1% of the liquid 
drop vaiue of 4mr?X (surface tension)=17.89 Mev 
(Green’s constants). The liquid drop value refers of 
course to a spherical nucleus, whereas the observed 
fissionable nuclei are strongly deformed in the ground 
state. There is absolutely no warrant for assuming 
deformations sufficiently comparable for all the very 
heavy nuclei to justify a constant proportionality factor 
in the formula 


E;=6.64 Mev £(«)A!. (43) 


This formula is only an extrapolation formula relative 
to which nature may have surprises to offer. 

When Es>B, we have only the (n,y) process to 
consider. The neutrons will be supposed to have 
energies of the order of 5 kev, corresponding to typical 
stellar temperatures, whether created naturally or 
artifically. When the binding energy set free on addition 
of a neutron is very low, as it is near the line of ‘‘neutron 
drip” in Fig. 1(b), then the capture probability will also 
be low. Moreover, the spacing of neutron resonances 
will be so wide that it will be entirely a matter of 
chance whether one resonance does or does not lie in 
the 5-kev interval of thermal energies. Odd-even 
differences between nuclei will also be important. 
Nuclei of such low neutron binding energies are here 
said to lie in “the region of particularities” in Fig. 
1(b). We shall not analyze neutron capture quanti- 
tatively in this region. It does not contribute much to 
the build up of superheavy nuclei at the smaller and 
more critical neutron fluxes. 

At the boundary of the region of particuliarities the 
neutron binding rises to a value E= By crit, such that 
neutron resonances begin to come as close as D~5S kev. 
We calculate E from the formula given by Blatt and 
Weisskopf,”° 


D=G exp[—2(aE)*]. (44) 


The numerical values given for G and a by Blatt and 
Weisskopf have been fitted by us with the formulas 


G= (0.0652A — 1.36)? Mev, 
a= (0.0512A +0.45) (Mev). 


We found in this way from Eq. (44) the values of By crit 
at the boundary of the zone of particularities as listed 
in Table V. 


(45) 


19 Summarized for example by J. A. Wheeler, Proceedings of 
the International Con ference on the Peaceful Uses of Atomic Energy, 
Geneva, August, 1955 (United Nations, New York, 1956), Vol. 2, 
p. 155. 


2% J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), pp. 371-372. 
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‘Above the zone of particularities neutron capture 
will typically be due to more than one resonance. The 
cross section can be estimated from the familiar formula 


o(nyy)~(wX?/D)2aTTn/(Pot+ln). (46) 


The neutron width may be evaluated in order of 
magnitude from the expression?! 


r,.~9X10-Dey?, (47) 
where D is the level spacing in the compound nucleus 
and ¢ is the neutron energy in ev. 

About I’, we cite Blatt and Weisskopf,”° “ .. . it is 
necessary to admit that the theory does not yet make 
any significant predictions about the absolute magni- 
tude of neutron capture widths.” We therefore make 
the crudest kind of estimate, 


I',~constant (excitation)?, (48) 


where the constant and the power p are to be found 
from observation. If gamma emission were a single- 
channel process like slow neutron emission, we would 
think of !'/D as the quantity with the simple depend- 
ence upon energy. However, the given level of the 
compound nucleus can pass by gamma-ray emission 
to a great number of lower levels. Consequently the 
level spacing cancels out of the total radiation width, 
as it also cancels out of typical sum rules—hence the 
absence of D from Eg. (48). To evaluate the two 
constants in (48), we use two observations: (1) Slow 


TABLE V. Critical Z values as calculated from the semiempirical 
mass formula. Za, charge of 8-stable nucleus (so high that the 
nucleus undergoes spontaneous fission almost at once). Z,7, charge 
above which B, exceeds E;, so that neutron addition causes 
fission. Zs key, charge above which the calculated spacing of 
neutron resonances is 5 kev or less. Zdrip, charge so low, and 
neutron number so high, that neutrons are no longer bound. The 
1.49-Mev fission barrier for Z= 128, A =400 appears at first sight 
too small to inhibit spontaneous fission, when compared to the 
5.4-Mev barrier for Z=92, A=238. However, the U** nucleus 
makes about 8X10" yrX3.1X10" sec/yr/10™ sec=10** col- 
lisions with the barrier before penetrating. The extrapolation 
arguments of reference 2 lead to a penetration exponent propor- 
tional to A/8E,5/6 or 45.4(400/238)"/18(1.49/5.4)5/6= 21.3, 
corresponding to a half-life not many powers of 10 different from 
1014-2 sec=0.2 sec. Spontaneous fission of such a nucleus is so 
slow that it need not be taken into account in the present con- 
siderations of element building. 











A 300 350 400 
Z.(8-stability) 113.2 128.6 143.4 
Znj(Bnu=Ey) 106.1 117.2 128.0 
Zs xev (D=5 kev) 97.9 113.6 128.9 
Zarip (Bn =9) 91.2 105.2 119.2 
B,=Ey at Zny 3.52 Mev 2.39 Mev 1.49 Mev 
B, at Zs tev 1.95 Mev 1.78 Mev 1.64 Mev 








21 See for example the discussion by E. P. Wigner, Am. J. Phys. 
17, 99 (1949), leading to the formula ',~4.4X 104 /De4, and the 
analysis of E. Vogt, Ph.D. thesis, Princeton University, 1955 
(unpublished) and “The widths and spacings of nuclear reso- 
nance lines,” Nuclear Development Associates Report NDA-14, 
April, 1955 (unpublished), where f~0.2 is concluded to represent 
a reasonable average value. 
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neutron resonances have widths typically of the order 
of 0.1 ev. Consequently (48) becomes 


l',~0.1 ev (E/7 Mev)?. (49) 


(2) At lesser excitations, as at the excitation B,~7 
Mey, those transitions contribute the most to I’, which 
are the strongest and which are therefore in a certain 
sense atypical. Consequently the width I’, for a low- 
energy transition should be taken for the strongest 
known transitions, the E2 transitions due to collective 
nuclear vibrations. From Sunyar’s analysis of such fast 
transitions” we estimate for the 43.6 kev £2 transition 
in U4 a mean life against radiation of r~4.3X1077 
sec and a width ',~1.5X10-* ev. Inserting these data 
in Eq. (49), we find for the unknown exponent the value 
p~3.2. We shall adoptf the simpler value p= 3, 


T',~0.1 ev (E/7 Mev)*. (50) 


When capture of thermal (5 kev) neutrons produces an 
excitation of B,=2 Mev, for example, Eq. (50) predicts 
a y-ray width of 2.3 10~* ev, whereas the power p=3.2 
would give [,~1.8X10- ev. This difference is unim- 
portant compared to the uncertainty of perhaps as 
much as a factor 10 in T',. In summary, we arrive at 
the formula 


oa (5-kev n,y)~5X10-* cm?/ 
[1+ (D/16 ev)(7 Mev/B,)*]. (51) 


For the nucleus Z=129, A=400 with a calculated 
neutron binding of 1.64 Mev and level spacing of 5 kev, 
for example, we estimate o(5-kev n,y)~2X10-* cm’. 
Uptake of a neutron on the average within a time of 
10~* sec therefore requires a flux of ~5X 10* neutrons/ 
cm? sec. 

In analyzing more fully the competition of beta 
decay with neutron uptake, we distinguish three out- 
comes for beta decay of the nucleus (Z,A) (Fig. 10): 
(1) The residual nucleus is left with an energy less than 
B,, (which we suppose less than Fy). Then it de-excites 
radiatively to yield the nucleus (Z+1, A) in its ground 
state. (2) The residual excitation lies between B, and 
Ey. Then neutron emission occurs so much more rapidly 
than radiation that we assume the nucleus is always 
transformed to (Z+1, A—1) by “delayed” neutron 
emission. (3) The residual excitation exceeds Ey. 
Radiation is still more negligible compared to heavy 
particle processes. We estimate the relative probability 
of neutron emission and fission from the crudest kind 
of activation formula, 


\y/An~expl— (E;—B,)/ (3 Mev) ], (52) 


2 A. W. Sunyar, Phys. Rev. 98, 653 (1955). The importance of 
nuclear spins, odd-even differences, and shell effects in a more 
detailed treatment of total nuclear radiation widths is stressed by 
A. G. W. Cameron [Can. J. Phys. 35, 666 (1957) ]. 

t Note added in proof.—See A. Stolovy and J. A. Harvey, 
[Phys. Rev. 108, 353 (1957)], and references cited therein for 
alternative empirical formulas for the total gamma-ray width, 
designed to cover a much smaller range of nuclear excitation but 
to allow for shell effects. 
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where 
_j1 for E*<B,(<£y,) 
WR — ———-—-—----- —é wy(E)= |) for E*>B,, 
0 for E*<B, 
w,(E*)= 1 for B,<E*<E; 
Fete y {1+exp[—(E,;—B,)/(} Mev) ]}“ 
6) for E*> E;, 
/ 0 for E* <Ey 
Wp w,(E*) = | {1+exp[(E;—B,)/(} Mev) }} 
/, Wy, Af, for E*>E,;. (54) 
i —E, Typical evaluations of the branching ratios are sum- 
marized in Table VI. This analysis of the elementary 
processes in heavy-element building permits rough 
predictions of the outcome of exposure of uranium, for 
' example, to a constant flux of Q neutrons per cm? 
/; second for a time ¢. The transport equation has the 
form 
ee Br dnz, s/dt=QX (on) z, a1+ (Asypn)z-1, 






@ 2ioe")”* 
™———. 


e (A-e*)° 


—_ 








Z~104 
E *(Mev) A= 300 
| A= 7 Mev 
aN 
de* i 











Fic. 10. Competition between simple beta decay to (Z+1, A), 
“delayed” neutron emission, and fission as affected by the ex- 
citation E* of the residual nucleus. Here A=c*(M(Z,A) 
—M(Z+1, A)]. B, is neutron binding energy and Ey is the 
fission barrier height. 


where } Mev is a round number adopted for the effec- 
tive temperature. The probability of any given exci- 
tation E* of the residual nucleus is taken to be 
proportional to the expression 


(A—E*)* exp[2(aE*)*] (53) 


as in the theory of delayed neutron emission.” The 
branching ratios gs, ¢n, and gy for simple beta decay 
and “delayed” neutron emission and fission are repre- 
sented by the respective fractions of the excitation 
spectrum shown in Fig. 10 and are calculated from the 


formulas 
A 


f w,(E*)(A—E*)® exp[2(aE*)! ]dE 
0 
Gs= ’ 


F (A—E*)* exp[2(aE*)'dE 


23 N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 





+ (Agent) 2-1, 441 -OX (on)z,a—(Agn)z,a. (55) 
We define the averages 
Z(t)=XZnz,4/n, A(t)=XAnz,a/n, 
Z,A Z,A 
where 
(36) 


n(t)= > nz, a. 
ZA 


The transport equation allows a calculation of the time 
rates of change of Z, A, and n. In the approximation 
where the spread of the statistical distribution of nuclei 




















Fic. 11. Qualitative sketch of flow of representative point 
(Z,A) in the (Z,A) diagram of Fig. 1(b) during massive neutron 
bombardment. The upward component of the flow is due to beta 
decay proceeding at its natural rate which becomes less as the 
point moves up towards the line of beta stability. The horizontal 
component towards smaller A values is due to emission of “‘de- 
layed” neutrons from nuclei left excited in beta decay. This 
“backsliding” is greatest near the neutron drip line. The hori- 
zontal component of the flow towards greater A values is due to 
radiative neutron capture. It is least near the neutron drip line 
where the cross section drops off. Attrition due to fission of nuclei 
left excited in beta decay is least near the neutron drip line. 
Nuclei which start as U* would tend to follow a path represented 
by the heavy line whose diminishing width represents the di- 
minishing portion of these nuclei left after fission attrition. 
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TABLE VI. Branching ratios for simple beta decay and for “delayed” neutron emission and fission calculated from Eq. (54). Non- 
integral values of Z appear only because integral values for A made the numerical calculation easier to arrange. The last two columns 


give the beta-decay constant Ag from Eq. (41) and o(n,y) from Eq. 


(51). 











A Z Bn (Mev) Ey (Mev) A (Mev) “Bp on es dg (sec) a(n,y)(10-% cm?) 
300 105.6 3.4 3.9 6.0 0.45 0.47 0.082 100 6.110 
104.4 3.1 4.8 7.0 0.15 0.84 0.0079 220 2.5X 10 
103.2 2.8 5.9 8.0 0.037 0.96 0.00031 430 9.4X 10-3 
102.0 2.5 7.1 9.0 0.0082 0.99 1.0 10-5 760 3.4X 10-3 
350 117.3 2.4 2.3 8.0 0.010 0.45 0.54 530 44x 10-8 
114.6 1.9 3.9 10.0 0.00034 0.85 0.15 1600 4.310 
400 127.9 1.5 1.5 10.0 3.9X10~° 0.53 0.47 1900 8.1X10-5 








is treated as small compared to the ranges of Z and A 
over which o, ¢,, and Ag vary strongly, these rates take 


the form 
dZ/dt= (vst ¢n)As; 


dA/dt=Qo— Az, 
dn/dt= — gsdgn, 


(57) 


where the right-hand side is evaluated at the “center 
of gravity” (Z,A) of the cluster of transforming nuclei. 

Equation (57) makes it clear that a critical neutron 
flux is required for building superheavy nuclei. The proc- 
ess of delayed neutron emission lowers A at a rate ¢,Ag 
which, according to Table VI, is typically of the order of 
10° sec-!. Merely to balance this backsliding tendency, 
a flux is needed of the order 


Qcrit.~ 10° sec!/a~ 2X 10”/cm? sec. (58) 
Such a flux is not adequate for buildup. A stays constant 
but Z increases, Eq. (57). The fission threshold soon 
drops below B,,. The nuclei are all destroyed by fission. 
To avoid this fate, the nuclear cluster in its motion in 
the (Z,A) diagram (Fig. 11) must stay below the line 
Z=Z,;(A) where Ey, drops to equality with B,. The 
slope of this line (Table V) is of the order dZ,;/dA 
=(.22. To this we equate the slope of the flow in the 
(Z,A) diagram and find a formula for the minimum 
flux needed for element building: 


0.22=dZ/dA = (gst ¢n)/(AsoQpuila— Gn). (59) 
For example, for A= 350, Z=114.6 (Table VI) we find 


QOpuita 2X 10**/cm? sec. (60) 


A still higher flux will increase A even more than five 
times as fast as Z. The representative point will ap- 
proach the line of particularities. The cross section will 
diminish. Despite this drop in o(n,7), a sufficiently high 
flux will carry the representative across the line of 
particularities. Then it will move along in the direction 
of increasing A nearly parallel to the neutron drip line, 
Z=Zarip(A), but a little above this line. Element 
building is guaranteed to the extent that our extra- 
polations are valid. Moreover, this building procedure 
will take place in a strip of the (Z,A) diagram where the 
fission branching ratio is least and the attrition is 
smallest (Fig. 11). 


For a quantitative estimate of the yield under the 
most favorable circumstances of high neutron flux, so 
that transport occurs near the neutron drip line, we 
find it most convenient to speak of the fractional loss, 
L, from the nuclear cluster per unit increase in the 
average nuclear charge: 


L=—dn/ndZ= ¢;/(1—¢,). (61) 


Along the optimum buildup path, the neutron drip 
jine, this quantity is estimated to have the following 
values (Table VII). From this quantity we calculate 
the fraction F of the nuclei not destroyed by “delayed”’ 
fission after buildup from a charge Z; grip to a charge 


Z) drip: 
22 
F= exn( -f Liz). 
Zi 


Table VII indicates that there is a reasonable yield of 
nuclei of mass number A = 350 under sufhciently intense 
neutron irradiation, and a small but still quite appre- 
ciable yield of nuclei of mass numbers as high as A = 500. 

Fission as neutron source gives a borderline flux. 
Sudden fission of an indefinitely large mass of uranium 
of density 19 g/cm* will produce a neutron density of 
only (2.5n/U)(6.02X 10%U/Avogadro [ (19/238) Avo- 
gadro/cm* ]= 1.2 10%n/cm*. Assuming a velocity of 
10® cm/sec, we calculate a flux of 10%/cm? sec. The 
presence of transplutonium elements in the November 1, 
1952 thermonuclear test debris has been observed and 
discussed.™ 


(62) 


TABLE VII. Attrition by “delayed” fission in building up very 
heavy elements by massive neutron irradiation along the optimum 
path—the neutron drip line. 











A 300 350 400 500 
Zarip 91 105 119 147 
E; (Mev) 203 160 8.4 0.7 
A (Mev) 184 174 15.9 13.2 
er 0 4.3X10- 4.9X 10-8 0.2 
L 0 43X10°5 4910-8 0.25 
[LaZarip 0 <5X10-" <7X10-77_ <3 
F 1  >1-5xX10-" >1-7xK10-7 >0.05 








* Fields, Studier, Diamond, Mech, Inghram, Pyle, Stevens, 
Fried, Manning, Ghiorso, Thompson, Higgins, and Seaborg, Phys. 
Rev. 102, 180 (1956). 
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Mechanisms for the production of still higher fluxes 
in stars have been discussed. It has been pointed out 
that matter at the center of a sufficiently massive and 
cool star can be compressed to such a high density that 
the electrons are squeezed onto the nuclei and a neutron 
core is formed.”* Formation of heavy elements by boil- 
off of pieces from such a core and their subsequent beta 
decay has been discussed.”* The 55-night half-life of the 
light curves of Type I supernovae and its identity with 
the half-life of Cf?** has been argued as evidence for the 
production in stars “on a fast time scale of heavy 
elements by neutron capture processes.””’ Buildup of 
the known heavy elements in stars by such irradiation 
at fluxes of the order of 10 neutrons/cm? sec has been 
considered, and found to account for many of the 
features of the observed abundance curve.” In a star 
one can achieve fluxes much higher than on earth, not 
of course by neutron velocities substantially in excess 
of 108 cm/sec, but by densities far higher than the 
10%n/cm* coming from complete fission of substances 
obtainable on earth. Therefore there seems to be no 
difficulty on this score in considering the production 
of superheavy nuclei. 

The real issue is the stability of superheavy nuclei: 
How far can one trust the extrapolations of the semi- 
empirical mass formula which form the basis of this 
paper? On this score it will be surprising if future 
experiments do not bring future surprises. 
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APPENDIX. FIRST-ORDER VACUUM POLARIZATION 
BY A FINITE NUCLEUS 


Wichmann and Kroll® have considered the charge 
and potential induced by a pure Coulomb field to the 
third order in the charge, Ze, that induces this polari- 
zation. The first-order vacuum polarization had been 
calculated by Uehling, the second-order effect vanishes 
identically, and the level shift due to the third-order 
vacuum polarization for a charge as great as Z=95 is 
only 6% of the first-order term, according to Wichmann 
and Kroll. Accordingly, we neglect all terms of order 
higher than the first in the strength of the field. The 


28. Landau, Physik. Z. Sowjetunion 1, 285 (1932); J. R. 
Oppenheimer and R. Serber, Phys. Rev. 54, 540 (1938); J. R. 
Oppenheimer and G. M. Volkoff, Phys. Rev. 55, 374 (1939). 

26 M. Mayer and E. Teller, Phys. Rev. 76, 1226 (1949) ; Peierls, 
Singuri, and Wroe, Phys. Rev. 87, 46 (1952). 

27 Burbidge, Hoyle, Burbidge, Christy, and Fowler, Phys. Rev. 
103, 1145 (1956). 

28 Fowler, Hoyle, Burbidge, and Burbidge, Science 125, 747 
(1957). See also P. Fong, Bull. Am. Phys. Soc. Ser. IT, 2, 15 (1957). 

2% E. H. Wichmann and N. M. Kroll, Phys. Rev. 101, 843 (1956). 
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wave number of the field is also assumed small in 
Uehling’s original analysis, for only low wave numbers 
affect the energy of an electron in an orbit of sub- 
stantial size. However, when the charge is high, the 
electron is pulled in to distances where high wave 
numbers contribute or where the space dependence of 
the polarization potential has to be analyzed more 
closely. Kroll and Wichmann have made such a detailed 
analysis for the case of a point nucleus. In our case the 
finite size of the nucleus is all important. Therefore we 
have determined the polarization potential for a finite 
nucleus to first order in the field strength. 

We treat the charge, Ze, as spread uniformly over a 
sphere of radius R=roA!. Here r=r*(h/mc) and 
R= R*(h/mc) are position and radius. We represent the 
electric charge in the form 


3Ze/4rR’, 
Oo, 


(r<R) 


Pariving (7) = 
(r>R) 


= (2r)-! f pariving(k) exp(tkr)d*k, (A1) 
where 


Pariving (k) = (3Ze/4arR®) (24)~* (4ar/k*) 


X (sinkR—kR coskR). (A2) 


The induced polarization charge is obtained by multi- 
plication with the polarization coefficient,*® —h,(k), 


Pdriven (k) = —hy(k) pariving (k), (A3) 


1 
hy(k)= (¢/xte) f a? (1—2*/3) 


4m?2c? —1 
x(#-1- ) dx. 


hk? 





The substitution, 
= (1 ree y”) i, 


leads to the alternative expression, 


hy(k) = (2/ahe)(—¥) f (QQ-y?-y-) 
y=1 





«(142 “( 1)-4dy. (A4 
— y—1)~tdy. (A4) 


This charge creates a supplementary potential under 
the action of which the potential energy, V(r), of an 
atomic electron is changed by the amount 


8V (1) = (2n)-3 f (4are/k2) h(E) pariving (2) 
; X (sinkr/kr)(4ek%dk). (AS) 


% First derived by W. Pauli and M. E. Rose, Phys. Rev. 49, 
462 (1936); for a dispersion theoretic derivation see G. Kallén 
and A. Sabry, Kgl. Danske Videnskab. Selskab. Mat.-fys. Medd. 
B29, No. 17 (1955) or R. N. Euwema and J. A. Wheeler, Phys. 
Rev. 103, 803 (1956). 
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Into this expression we substituted the integral formulas 
(4) for the polarization coefficient and (2) for the 
driving charge and found the formula 


5V (r) = — (mc*) (3Z/4eR®) (e?/hc)*(h/ mer) 


x (4/3n) f dy(y?—1)-1(2—y2#—y) 


x J (sinkR—kR coskR)k~ 
x (k-+-4y%m*c?/h?)| sinkrdk. (A6) 


The integral over wave numbers was performed by the 
method of evaluation of residues, and gave the result 


(h/mc)* (/4y") 
[r*— (24-y1+ R*)e*v®* sinh (251°) J, 
— 
[R* cosh(2yR*)—2-y— sinh (2yR*) Je?", 
r*> R*, 


where r* and R* are the position coordinate and radius 
in units #/mc. Inserting this expression into (6) and 
integrating with respect to y, we found the following 
expression for the electronic potential energy due to 
polarization : 
5V (7) = — (mc*) (3Z/4aeR™) (€/hc)?(12r*)> 
{ {4r*M,(0) —M,[2(R*—r*) ] 
+M,[2(R*+r*) ]—2R*M¢[2(R*—r*) ] | 
+2R*M,[2(R*+1*) ] 
for r*< R* 
—M,{2(r*— R*) ]4+-M[2(r*+R*) | 
Bor <tr (r*— R*)]+2R*Mo{2(r*+R*)] 
for r*>R*. (A8) 
In the limit where the nuclear radius goes to zero, this 
expression goes over to the form 
5V (7) = — (me*) (32/4) (e?/hc)?(4/9r*) M 4(2r*) 


~ — (me*)Z (e*/hc)?(2/m)}(2r*)—! exp(—2r*), 
for large r*. 








(A9) 


We have not seen the polarization potential for a point 
charge expressed as it is here in terms of tabulated 
functions. Uehling gives 6V(r) as a double integral. In 
(8) and (9) we have used the abbreviation 


M,,(a)=2 Kin—s(a)—Ki,,-2(a)—Ki,,(a@) (A10) 
for the combination of integrals of the form 
° exp(—a coshé) a wannsd™ 
Ki,(a)= | ey ae 
cosh"@ 
=f yrem(yt—1)My, (Aut) 
1 


Kio(a)=Ko(a) (standard Bessel function). 
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Fic. 12. First-order vacuum polarization contribution to 
electronic potential energy for two uniform finite spherical charge 
distributions and for point charge, all for charge Z=137. Since 
these first-order potentials are linear in the nuclear charge they 
can be scaled to any other nuclear charge. If the arrow at 137 on 
the scale ruler is carried along the appropriate curve, the division 
mark for the desired charge Z will trace out the curve for this 
charge and that radius. 


These integrals have been tabulated* for values of a 
from a=0.05 at intervals of 0.05 up to a=0.2 and. 
intervals of 0.1 from there up to a=2. Values of these: 
integrals for smaller a we computed by integration of 
the appropriate series. 

Figure 12 shows the contribution of polarization to 
the electronic potential energy for the cases Z=137, 
R=0.02, 0.03h/mc=7.7, 11.6X10-" cm=0.912, 1.37 
X 10- (600)! cm; and also, for comparison, the cor- 
responding curve for the first order effect of a point 
nucleus. Both first-order potentials are linear in the 
nuclear charge and can therefore be scaled to any other 
nucleus, for two special values of the nuclear radius: 
R=0, 0.02, and 0.03 %/mc. In this way one can estimate 
without tedious computation the order of magnitude 
of the polarization potential for any Z and any R that 
are likely to be of interest. 

The energy shift due to vacuum polarization was 


31 Bickley and Nayler, Phil. Mag. 20, 343 (1935). 
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the K-electron wave function as obtained by numerical 
integration for Z=170, R=11.3X10-" cm. In this way 
we obtained the value 


5E vac. pol. = — 9.0185 me’, 
as reported in the text. 


calculated from the formula 


bEvac. pa favinm+erndr / f +@)dr. (A12) 
(A13) 


Here F(r) and G(r) are the two radial components of 
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Capture-to-Fission Ratios for Fast Neutrons in U***+ 
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The ratio a=a,/;, where a, is the neutron capture cross section and oy the neutron-induced fission cross 
section, has been measured for U™* as a function of neutron energy. A pulsed and collimated neutron beam 
is passed through a U™** sample at the center of a large liquid scintillator. Captures and fissions are detected 
by means of their prompt gamma rays; elastic and inelastic scattering events are ignored because of smaller 
pulse heights. Fissions are distinguished from captures by means of delayed pulses from the capture of 
thermalized fission neutrons. It is found that in the neutron energy range E,=0.175 to 1.0 Mev the value 
of @ is given approximately by a=0.190-0.116£,,. The accuracy of the determination of a is 10 to 15% 











in terms of the standard deviation of individual points. 


INTRODUCTION 


HE simplest and most widely used method of 
measuring neutron capture cross sections is 
activation, in which a radioactive end product is 
detected. For many nuclides, however, no radioactivity 
is produced. For capture reactions leading to stable 
or long-lived products, cross sections can be measured 
by the use of a mass spectrometer for determination of 
the product nuclides; this method usually requires the 
high fluxes present in reactors and does not seem to be 
suitable for fast monoenergetic neutrons. In addition 
to these methods involving detection of the end product 
of capture, two other basic methods are available. 
One is measurement of the change in neutron flux 
produced by capture, used, for example, in pile oscillator 
and reactivity measurements. The other basic method, 
used in the work reported here, is detection of the 
gamma rays emitted as a result of the capture process. 
For capture measurements with fast monoenergetic 
neutrons, this is in many cases the only practical 
method. 

In the present experiment, neutron capture in U™* 
is detected by counting the capture gamma radiation 
in a large liquid scintillator’ surrounding the sample; 
the cross section is determined by comparison with the 
fission rate of the same sample. Ideally the scintillator 
should be large enough to absorb all the energy of the 
gamma radiation emitted at its center. In this case, 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

! Liquid scintillator technique is described by Reines, Cowan, 
Harrison, and Carter, Rev. Sci. Instr. 25, 1061 (1954). 


capture gamma rays would produce a pulse correspond- 
ing to the sum of the energies of the gamma rays, which 
is equal to the binding energy of a neutron in U¥* 
(6.29 Mev) plus the kinetic energy of the incident 
neutron. Fission is also accompanied by prompt gamma 
emission and the total energy of fission gamma rays 
is nearly the same as the total energy of capture gamma 
rays.?~* Consequently, observation of the gamma pulses 
alone is not sufficient to distinguish between capture 
and fission. The prompt neutrons emitted in the 
fission process produce delayed pulses which enable 
us to identify a fission event. The scintillator is large 
enough to cause most of the fission neutrons to be 
thermalized and finally captured in the liquid. The 
addition of cadmium salt to the solution ensures that 
most neutrons will be captured in cadmium, and the 
resulting 9 Mev of gamma radiation provides an 
ample pulse for observation. The cadmium concentra- 
tion is adjusted so that the mean life of neutrons in the 
solution is about 40 usec. The pulses due to fission 
neutrons are then spread out in time so that they may be 
counted individually with almost negligible losses due 
to resolving time. The neutron beam is pulsed so that 
the neutrons which cause capture or fission in the 
sample arrive in bursts of 0.1-usec duration every 
100 usec. Pulses in the scintillator which are caused by 
prompt gamma rays due to capture or fission are 


21. Francis and R. Gamble and also F. Maienschein ¢é al., 
Oak Ridge National Laboratory Report ORNL-1879, October, 
1955 (unpublished). 

’ Smith, Fields, and Friedman, Phys. Rev. 104, 699 (1956). 
=m Hanna, and Van Patter, Can. J. Research 26, 79 

1948). 
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essentially coincident with the beam pulse. Fission 
events are identified by the observation of one or more 
pulses in the 100-usec interval following the prompt 
pulse, with corrections both for background pulses and 
for the small fraction of fissions known to be followed 
by no pulse. 

The only interaction other than capture and fission 
produced in U™* by neutrons of energy less than 1 Mev 
is scattering. Elastic scattering of neutrons by the 
sample leads to a delayed capture pulse in the solution 
but provides only a small prompt pulse produced by 
recoil protons during the slowing down of the neutron 
in the solution. Inelastic scattering can produce 
scintillator pulses due to gamma radiation and the 
kinetic energy of the scattered neutron, but the sum 
remains less than the prompt pulse bias of 1 Mev. 
If we require that the prompt pulse correspond to 
more than 1 Mev of gamma radiation, all scattering 
events will be ignored. The prompt pulses observed 
are thus the result of fissions and captures, plus a 
small number due to random coincidences and other 
minor effects. The ratio of the capture to fission cross 
sections of U**, a quantity which will hereafter be 
designated by a, may thus be determined experimentally 
in a straightforward way. 

The characteristics of a large liquid scintillator which 
make this experiment feasible are the high efficiencies 
for detection of gamma rays and of neutrons. The 
efficiencies for detection of capture and fission by 
prompt gamma rays are assumed to be equal under the 
conditions of this experiment, and are about 90%; 
this assumption has been checked by taking data at 
various biases for prompt pulses. The efficiency for 
detection of fission neutrons is found to be 57%. This 
relatively low figure (for a liquid scintillator) is the 
result of losses caused by a bias for delayed pulses high 
enough to eliminate most background pulses, a gate 
length somewhat shortened for the same reason, and 
a scintillator size smaller than was used in previous 
work.°* This efficiency for neutrons results in a probabil- 
ity of 18% that no neutron pulse will be observed 
following a U*® fission. In order to correct the data 
for this effect, measurements are made with a fission 
counter in place of the capturing sample. The prob- 
ability that no detectable neutron pulses follow fission 
is observed under the same conditions as with the 
capturing sample, except that coincidences between 
fission counter pulses and beam pulses are required to 
open the 100-ysec gate. 

It is particularly useful to measure a as a function of 
neutron energy for U™*® because the fission cross 
section of this isotope is well known®’ and serves as a 


( 5 Diven, Martin, Taschek, and Terrell, Phys. Rev. 101, 1012 
1956). 

*D. J. Hughes and R. B. Schwartz, Neutron Cross Sections, 

rcokhaven National Laboratory Report BNL-325, (Superintend- 
ent of Documents, U. S. Government Printing Office, Washington, 
D. C., 1957), Suppl. 1. 

7B. C. Diven, Phys. Rev. 105, 1350 (1957). 
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convenient laboratory standard. Thus we may use 
os+o-.=0;(1+a) as a standard for the measurement of 
capture cross sections of other nuclei by the method 
described here (such measurements are in progress; 
some preliminary results are given in the compilation 
by Hughes and Schwartz®). Furthermore, the ratio a 
for U*®* is of considerable interest to reactor designers 
because it specifies the rate at which fuel is wasted by 
capture. 


EXPERIMENTAL PROCEDURE 
General 


The equipment and techniques used in the a measure- 
ment were suggested by, and do not differ greatly from, 
those used in the measurement of the multiplicities 
of fission neutrons.’ Electronic counting has been 
substituted for photographic recording of single 
oscilloscope sweeps. The scintillator assembly has 
been replaced by a smaller one because of shielding 
requirements, and the collimator geometry has been 
improved. Pulsing the proton beam from a 2.5-Mev 
electrostatic accelerator has made possible a large 
increase in the peak intensity of the T(p,m) neutron 
source; the maximum target current is about 40 ya, 
but the average current of 0.04 wa gives reduced 
background in the scintillator and long life for the 
aluminum window of the gas target. At the lowest 
neutron energies used (below 285 kev) a slower second 
group of neutrons is always present with a T(p,m) 
source, but the pulsed beam prevents it from affecting 
the data, because of its considerably longer time of 
flight. Similarly, the effects of any neutrons of degraded 
energy, originating, for example, in the shielding, 
are essentially eliminated by the pulsing technique. 
Fission chamber data show that slow neutrons arriving 
at almost random times are responsible for considerably 
less than 1% of the fissions occurring at the time of 
the beam pulse. Primarily, however, pulsing the beam 
makes it possible to discriminate against the delayed 
pulses from scattered neutrons, without which the 
experiment could not be done. To maintain adequate 
neutron flux, fairly thick targets, and hence broad 
bands of neutron energy, are used. Proton beam pulses 
0.1 wsec wide are produced at a repetition rate of 10* 
per second by the use of an electrostatic beam deflector. 
The beam is deflected from the gas target by a fixed 
potential on the deflector except for the 0.1-usec 
intervals when the voltage is removed and the beam 
is allowed to enter the target. 

Figure 1 shows the arrangement of neutron source, 
collimator, scintillator, and shielding. The collimator 
provides a narrow beam of neutrons which pass through 
the axial tube of the liquid scintillator. The neutron 
beam diameter is 0.75 inch at the sample position. 
The scintillator tank is a cylinder 19 inches in diameter 
and 19 inches long, with a porcelain-enameled interior. 
The detectors are six 5-inch-diameter photomultipliers 
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Fic. 1. Schematic diagram of equipment used in the a measure- 
ment, showing neutron source, collimator, liquid scintillator, 
and shielding. 


(DuMont 6364), all mounted on the end of the tank 
opposite the collimator, with outputs in parallel. The 
gains of the photomultiplier tubes are equalized by 
adjustment of the individual voltage dividers. The 
stabilized high voltage for the tubes is monitored 
continuously by a differential voltmeter, allowing the 
voltage to be maintained at 1600+1 volts. The liquid 
scintillator solution is triethylbenzene and terphenyl, 
with POPOP® as a wavelength shifter and cadmium 
octoate to increase the neutron sensitivity. The amount 
of cadmium is such as to give a cadmium-to-hydrogen 
atomic ratio of 0.0005. 

The primary capture (plus fission) sample is composed 
of 40 disks of 93% U™*, each 0.75 inch in diameter, 
0.005-inch thick (9.5 g/cm? total), and spaced 0.12 
inch apart in a light aluminum frame. Eacn disk is 
suspended by two 0.005-inch steel wires and a 0.008-inch 
steel helical spring. A similar set of 0.010-inch poly- 
ethylene disks, used to produce scattering only, is 
mounted in the same way, and a third identical frame, 
with no sample or wires, is used as a blank. The dimen- 
sions and arrangement of the U** disks were chosen to 
provide a sample which would be as transparent as 
possible to capture and fission gamma rays and to 
fission neutrons. The mass of the U**® sample is limited 
both by the mean free path of primary neutrons and 
by the need to minimize multiplication, i.e., the 
production of secondary fissions by fission neutrons, 
either promptly or after some energy loss in the 
solution. The latter effect is minimized by surrounding 
the U*®, as well as the polyethylene and blank samples, 
with 0.030 inch of cadmium. The fraction of fissions 
producing prompt secondary fission is estimated to be 
1% in the present arrangement. 

The fission counter, which may be inserted in the 
2.5-inch-diameter central hole of the scintillator in 
place of the capture sample, has 36 surfaces, each 
coated with about 1.2 mg/cm? of U™®, 


Electronics 


Pulses from the scintillator are amplified by two 
systems, A and B, in parallel, as shown in the block 


8 Hays, Rogers, and Ott, J. Am. Chem. Soc. 77, 1950 (1955). 
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diagram, Fig. 2. Amplifier A delivers pulses to a Los 
Alamos Model 12 time-to-pulse-height converter,® 
which also gets a synchronizing pulse from the beam 
pulser to establish a zero of time. The converter 
produces an output pulse whose amplitude is essentially 
proportional to the time interval between the syn- 
chronizing pulse and the scintillator pulse. A Los 
Alamos Model 2A 100-channel pulse-height analyzer” 
at the output of the time converter records the time 
distribution of scintillator pulses during a 2-ysec 
interval, centered on the beam pulse time. Figure 3 
shows a typical set of such data, with the prompt 
peak due to capture and fission gamma rays from U™* 
superimposed on a background of random pulses in the 
scintillator which are produced mostly by cosmic rays 
and radioactivity. This display provides a method of 
determining what fraction of the total number of pulses 
in the peak are random and not related to prompt events 
produced in the scintillator by the neutron beam. 

Time-converter pulses also drive two single-channel 
analyzers in parallel (Fig. 2). Each of these analyzers 
selects a pulse-height (and therefore a time) interval of 
interest. One analyzer is adjusted to respond only to 
“prompt” scintillator pulses, i.e., those coincident with 
the beam pulse. The output of this analyzer is used to 
open the 100-usec gate for delayed pulses. Most of the 
trigger pulses thus obtained are due to capture and 
fission in the U** sample, though some are due to the 
random pulses in the scintillator. In order to obtain 
the distribution of numbers of pulses following such 
random pulses, the second single-channel analyzer is 
used to select “early” trigger pulses which occur in a 
0.5-usec interval closely preceding the beam pulse. 

The delayed pulses from system B pass through"a 
discriminator and pulse shaping circuit to the gate 
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Fic. 2. Block diagram of electronics. For the purpose of analyz- 
ing fissions only, the fission chamber is placed within the liquid 
scintillator and is then connected to amplifier A in place of the 
scintillator output. 


ase Johnstone, and Cranberg, Rev. Sci. Instr. 27, 166 
* Developed at Los Alamos largely by C. W. Johnstone and 
P. W. Byington. 
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Fic. 3. Time distributions of scintillator pulses with various 
samples in the scintillator, as determined with a time-converter 
and 100-channel pulse-height analyzer. Certain groups of channels 
are designated as “early,” “prompt,” and “late” for analysis of 
data. The symbols E, P, L, etc., refer to total counts within such 
groups of channels, and are discussed in the text. All sets of data 
are for equal integrated beam current and similar times except 
for the beam-off data. 
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which is opened by pulses from the single-channel 
analyzers of system A. Time delays in the two systems 
are so arranged that prompt pulses (corresponding to 
the time converter pulses which triggered the gates) 
arrive at the gate about 1 usec too early to be passed. 
A Burroughs tube (MO-10R) is used in a fast scaler 
to count the number of pulses, ”, which arrive during 
the 100 usec that the gate is open. Each count of m is 
recorded in one of a bank of 11 registers designated 
0, 1, 2, ---, 9, >10 by the advance by one unit of 
the nth register. A three-position switch (actually an 
array of mercury relays) selects “prompt,” “early,” or 
“background” trigger pulses which open the gate 
(“background” trigger pulses are arbitrarily selected 
beam pulses not necessarily associated with scintillator 
pulses). The switch moves automatically to the next 
position in rotating sequence whenever the circuit is 
triggered. The final result is that three banks of eleven 
registers record the distribution of numbers of pulses 
following “prompt,” “early,” and “background” trigger 
pulses. 

By placing a fission chamber in the center of the 
scintillator and gating on the fission pulse, it is possible 
to measure with the same equipment the probabilities 
of observing 0, 1, 2, ---, 9, >10 pulses following a 
fission, and an appropriate background distribution. 
From such observations are deduced the probabilities 
C, that a fission event is followed by m-detectable 
neutron pulses during the 100-usec gate. These data 
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have been taken primarily at one neutron energy 
(500 kev), for the distribution C, changes slowly with 
neutron energy and several days of running are required 
to obtain sufficiently accurate data at one energy. 
During the course of this experiment 28 000 fissions 
induced by 500-kev neutrons were observed and 
analyzed. Slight changes in C,, with neutron energy were 
computed on the assumptions (1) that the average 
number of neutrons per fission changes with energy at 
the rate of 0.14 per Mev and (2) that the width of 
the neutron number distribution from fission is substan- 
tially constant with energy. These assumptions are in 
accord with all available experimental evidence" for 
U*>, including that taken during this experiment. 
The result of this computation is a maximum correction 
to a of 0.014 at 1000 kev, with correspondingly smaller 
correction for energies nearer 500 kev. For these fission 
chamber runs the bias for delayed pulses must be the 
same as during all other types of runs. Calibration 
runs are made each day using a Co™ source in the 
scintillator, during which the (normally gated) dis- 
criminator bias is set for a fixed counting rate in ungated 
operation. The over-all gain has been found in this way 
to be stable to within a few percent over a few months. 
The bias setting of the time converter discriminator 
is checked at the same time, although this is not a 
critical setting. 


ANALYSIS 


A cycle of measurements at one neutron energy 
consists of runs with U™®, polyethylene, and blank 
samples. For each of these runs there is a set of data 
from the time-converter, which shows the time spectrum 
of scintillator pulses at prompt time +1 usec. For the 
U*® there is also a set of data from the cyclic selected 
counter, which gives the pulse number distribution 
during gates triggered by prompt pulses, by early 
pulses, and at random. From the time-converter data 
for the U*® sample it is possible to determine what 
fractions of the gates are tripped by events other than 
capture or fission in the U™*, such as random pulses 
and other minor effects. After corrections have been 
made for the effects of such trigger pulses, the cyclic 
counter data allow the ratio of capture to fission 
events to be determined. 

The gate trigger pulses with the U** sample in place 
may be divided into five categories, given by the 
trigger probabilities: 


T.=the fraction of gates triggered by capture 
gamma rays. 

T;=the fraction triggered by fission gamma rays. 

T,=the fraction triggered by random coincidences 
between scintillator pulses and beam pulses; this 
includes effects of cosmic rays, radioactivity, and 
neutrons from earlier beam pulses. This rate is measured 


uJ. Terrell, Phys. Rev. 108, 783 (1957). 
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at “early” time, but is assumed to be the same at 
“prompt” time. 

T.=the fraction triggered by scintillator pulses 
associated with the beam, but not with the U™® sample, 
such as target gamma rays and collimator leakage; it 
is measured with the blank sample holder. 

T,=the fraction of trigger pulses due to neutrons 
scattered by the U™** sample into the scintillator and 
captured early enough to appear prompt, plus any 
other pulses which are beam- and sample-associated 
but are not caused by capture or fission ; it is measured 
by means of the polyethylene sample. 


Neglecting the extremely small probability that a 
trigger pulse will be due to the combination of pulses 
from two separate events, there is the necessary 
relation 


P.+1T;+T,+T.+T.=1. (1) 


The quantities T,, T,, and 7, are determined from 
time-converter data. Figure 3 shows typical time- 
converter data for U**, polyethylene, and blank 
samples, in addition to a long run with no beam. 
Certain groups of channels of the 100-channel pulse- 
height analyzer are chosen to represent “early,” 
“prompt,” and “late” time intervals, as is shown in 
Fig. 3. All channels would have equal weight if the 
time-converter and associated amplifiers were perfectly 
linear in operation. Since this is not quite the case, 
periodic beam-off runs are taken to determine with very 
good statistics the ratios of counts in “early,” “prompt,” 
and “late” channels with beam off. The ratios of 
interest are P/E and L/E, in which E, P, and L are 
the total counts in the three groups of channels men- 
tioned. The corresponding totals with U™®, polyethylene, 
and blank samples in place, with beam on, are 
designated by subscripts u, p, and 6, respectively. 
It is assumed here that all runs with beam on are for 
the same integrated beam current and under as nearly 
identical conditions as possible. Since (P/E)E, is 
the number of counts out of the prompt total P, 
which are due to random background, it is easy to 
show that 


T,= (P/E) (E./P.). (2) 
Similarly, 


T.=[Po— (P/E) Ey]/P.. (3) 


In order to compute T,, it is necessary to assume that 
the part of the polyethylene prompt peak which is 
not included in the blank prompt peak, after both have 
been corrected for random counts, is due almost entirely 
to neutrons scattered from the sample which are 
captured promptly in the scintillator tank. T, may 
then be calculated on the further assumption that the 
number of such pulses has the same ratio to the 
corrected counts in late channels, due also to scattered 
neutrons being captured in the solution, for U** and 
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polyethylene. The polyethylene sample is thus intended 
to simulate the scattering of U** without the capture 
and fission. It should be pointed out that fission 
neutrons from the U™® sample will not in general 
produce counts in the late channels, because the 
prompt fission gamma rays will almost always have 
previously set the time-converter into operation for 
those particular beam pulses. The fact that the time- 
converter can produce only one output pulse per beam 
pulse causes no appreciable counting loss, however, 
since only about one beam pulse out of a thousand is 
associated with a scintillator pulse falling in the time 
range of the time-converter. Typical values of 7,, T., 
and 7, are 0.07, 0.03, and 0.01, respectively. The 
remainder of prompt triggers are due to capture and 
fission in the U** sample. 

In order to separate captures from fissions, it is 
necessary to use the cyclic counter data for U™®, 
for which the following probabilities may be defined : 


A,=probability of m pulses occurring in any gate 
tripped by a prompt pulse. 

B,=probability of m (background) pulses occurring 
in any gate triggered at prompt time by a randomly 
selected beam pulse. 

C,=probability of m correlated pulses (i.e., after 
correction for background) occurring in a gate triggered 
by a fission in the sample. 

E,=probability of m pulses occurring in a gate 
triggered by an early pulse, or by a prompt pulse in 
the category 7, (the distribution E, is not the same as 
B,, because of the occurrence of groups of pulses in 
the scintillator; such groups may arise from cosmic 
rays, for example). 


Obviously A,, B,, and E, are given directly by the 
distributions of pulse numbers from the cyclic selected 
counter with the U”* sample in place. The fission-pulse- 
number distribution C, is determined by the use of the 
fission chamber with the cyclic counter; slight correc- 
tions for the expected multiplication and absorption of 
fission neutrons in the U¥® sample must be made. 
The background-corrected distribution C, is used here 
because the background is not the same with the 
fission chamber in place as with the capture sample in 
place. The removal of background from the fission 
distribution is done by means of the set of equations 


F,*= Co*¥B,*+Ci*B,_1*+ ms +C,,*Bo*, (4) 


in which F,*, B,* and C,* are the uncorrected fission 
distribution, the background distribution, and fission 
distribution corrected for background, all as measured 
with the fission chamber in place. 

The simplest way of determining the fractions 7, 
and 7; of capture and fission triggers is to use the 
probabilities that no counts follow the various types 
of trigger pulses. Since trigger pulses of the types 
T., T,, and T, are not followed by correlated pulses, 
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it can be shown that 
T. (1-—T7,—T,—T,.)(1—Co) 


—s : (5) 
T; 1—7,(1—E/Bo)—Ao/Bo 





As was mentioned earlier, the total prompt gamma- 
ray energy is roughly the same for fission and capture. 
Since, in both cases, the energy is almost always 
divided among a number of gamma rays,’ the chance of 
total escape of the gamma-ray energy from the scintil- 
lator is essentially negligible. Hence, for a sufficiently 
low bias on prompt pulses, 


a=o,/0/,=T./T;. (6) 


For capture and fission gamma-ray spectra sufficiently 
similar in total energy and multiplicity this should also 
be true at higher biases. The procedure used has been 
to measure T./7; for several biases at one neutron 
energy, in order to establish the limiting value a. 
The result is that 7./7; is relatively insensitive to 
- bias changes in the vicinity of the 1.25-Mev bias used. 
This will be discussed in more detail in the next section. 

Equation (5) does not exhaust the information 
contained in the distributions An, Bn, Cr, and E,. It 
is only one of a set of equations, 


ie (1—7,—T.—T.)(F.—Bz) 1 ( 


f,.. .duntee fie BS 


s 
— 





in which F, is the distribution of pulses following a 
fission in the capture sample, which may be obtained 
from fission-chamber data with some small corrections. 
Solution of Eq. (7) yields a set of values for T./Ty, 
with increasing uncertainty and decreasing weight 
as n increases. It is found that, under the conditions of 
this experiment, about 70% of the weight is contained 
in the first of these equations, equivalent to Eq. (5). 
For this reason the rest of the distribution data has 
been used only as a check. 

The result of Eq. (5) has been checked primarily by 
calculating T./T; from the first and second moments 
of the various number distributions. The method is 
straightforward and the equations will not be enu- 
merated here. The result is similar to that of Eq. (5) 
but is consistently higher by about 0.015, an effect 
which would be expected from neglecting to correct 
for a very small amount of multiplication. Since T./T; 
from Eq. (5) is at least ten times less sensitive to this 
effect, somewhat more confidence can be placed in that 
result because of the agreement with the “moments” 
calculation. 

Among other processes which could require correction 
of the data are absorption of capture and fission gamma 
rays in the sample and pile up of prompt pulses from 
capture and fission with small slowing-down pulses 
from scattered neutrons. The first could cause trouble 
only by a differential effect between capture and fission ; 


149 





T T r 


0.20 














q a T T T ' 
0.18 + 4 
235 
0.16} Sh U : 
0.14; hy ot : 
0.12} THERMAL VALUE a : 
(BNL-325, SUPPLEMENT I) 
a 0.10} 
| a-%.«0,190-OIG E, he 1 
0.06} : | 
0.04} 4 
0.02} 4 
0 200 400 600 800 1000 1200 


NEUTRON ENERGY (KEV) 


Fic. 4. Experimental results for a of U** as a function of neutron 
energy. Standard deviations are indicated, as well as energy 
spreads. The straight line is a least-squares fit to the data. 


the second could cause increased counts in many 
triggered gates. These effects, however, have been 
shown to be negligible in this experiment. The almost 
negligible effect of the 0.2-ysec over-all resolving time 
on the probabilities A,, Bn, C,, and E, has been 
corrected for; Ao, Bo, Co, and Ey do not require such 
correction. 


RESULTS 


The experimental values of a are shown in Fig. 4. 
The standard deviations are based on a combination of 
the statistical uncertainties, related to the number of 
events observed, and estimates of uncertainties in the 
relative efficiencies for detection of capture and fission 
gamma rays. A total of twelve runs of 10000 cycles 
each on the cyclic selected counter were taken at a 
neutron energy of 400 kev. Biases of 1.25, 2.5, and 5.0 
Mev were used on the time-converter discriminator, 
which determines the minimum acceptable height of 
prompt fission and capture pulses. The value of T./T; 
at 1.25-Mev bias was 1.08+0.06 and 1.8+0.4 times 
as large as at 2.5 and 5.0 Mev, respectively. These 
values are consistent with the assumption that the 
total energy of fission gamma rays is 1 or 2 Mev higher 
than the 6.7 Mev from capture and that the pulse- 
height distributions are similar. It is observed that the 
scintillator pulses from fissions range in height from 
less than 1 Mev to a maximum of perhaps 9 Mev. 
Since the exact spectra of gamma rays from capture 
and fission are unknown, as are the detailed shapes of 
the pulse-height distributions at low pulse heights, 
the extrapolation of T/T; to zero bias and the assump- 
tion that the extrapolated value is o./o; are subject to 
some uncertainty. 

On the basis of the results of these runs, all values 
of T./T; were extrapolated to zero bias by multiplying 
values obtained at 1.25 Mev and 2.50 Mev biases by 
1.08-+0.08 and 1.17+0.08, respectively. The standard 
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deviation of the 400-kev point arises mostly from the 
uncertainty of this extrapolation and partly from small 
variations of the efficiency for detection of neutrons. 
All other points of Fig. 4 consisted of either one or two 
runs of 10 000 cycles each. The standard deviations are 
relatively larger than at 400 kev because of the smaller 
amount of data taken. All data have been corrected for 
capture in the 7% of U™* which was present in the 
sample; the cross sections used in this correction were 
taken from a published compilation.* Neutron energy 
spreads are also indicated for each point in Fig. 4. 


DISCUSSION 


The experimental values of a=o,/o;, when plotted 
against neutron energy as in Fig. 4, lie approximately 
on a straight line in the energy range 175 to 1000 kev. 
The equation of the line is given by a least-squares 
fit as a=0.190—0.116£,, in which E, is the neutron 
energy in Mev. There is no theoretical reason to expect 
such a linear decrease of a with energy, and it is purely 
coincidental that the extrapolation of this line passes 
near the thermal value® of 0.192. The thermal value is 
strongly influenced by the properties of one or two 
resonances, and a is known® to fluctuate widely from 
level to level in the resonance region. 

An integral experiment,”” involving irradiation of 
suitably shielded U** samples in a Hanford reactor to 
give average values of a above a cutoff energy, has 
given values ranging from 0.41 to 0.52 for median 
energies of 15 kev and lower. Values of a obtained at 
higher energies were 0.10 at 215 kev and 0.17 at 300 
kev, which are in reasonable agreement with those 
reported here. Similar values of a for U*® have been 
obtained by Kafalas, Levenson, and Stevens from 
integral measurements in the reactor EBR-1. Measure- 
ments of 7»=9/(1+a), the number of neutrons emitted 
per neutron absorbed in U™® (i is the average number 
of neutrons emitted per fission), have been made by 
Spivak ef al.® using photoneutron sources. These 
values of 7, when combined with the known*®" 3, 
yield values of a at 140, 250 and 900 kev of 0.16+0.06, 
0.13+0.08 and 0.13+0.05, respectively. These results 
also agree satisfactorily with those of the present paper. 

A theoretical prediction of a in the 100- to 1000-kev 


2 Kanne, Stewart, and White, Proceedings of the International 
Conference on the Peaceful Uses of Atomic Vat Geneva, a 
1955 (United Nations, New York, 1956), Vol. 4 

18S. Oleksa, J. Nuclear Energy 5, 16 (1957). 

4 Kafalas, Levenson, and Stevens, Nuclear Sci. 
(to be published). 

16 Spivak, Yerozolimsky, Dorofeev, Lavrenchik, Kutikov, and 
Dobrynin, as reported by Kozodaev, Proceedings of the International 
Conference on the Peaceful Uses of Atomic Energy, Geneva, August, 
1955 (United Nations, New York, 1956), Vol. 4, p. 352. 


and Eng. 
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region is a matter of some difficulty, involving the 
effects of various angular momenta, competition with 
inelastic scattering, and varying fission and radiation 
widths. If the distributions of fission and radiation 
widths were exactly the same in this energy region as in 
the resonance region where these parameters have been 
measured, and if the other effects mentioned could be 
neglected, a decrease in a would be expected for 
increasing energy. As Wigner'® has pointed out, the 
relative weights of energy levels are different in the 
two regions; when the neutron emission width, which 
varies approximately as E', is larger than the fission 
width, as is true in the 100- to 1000-kev region, levels 
with large fission widths are given relatively more 
weight than in the resonance and kev regions (this 
conclusion depends on the fact that the radiation 
widths are smaller than the fission widths). The result 
is a decrease of a with energy, the amount depending 
on the extent of the fluctuations of the various level 
widths. However, this effect alone is not enough, 
as is shown by calculations of Wigner'® and Oleksa," 
to account for the considerable decrease in a for high 
energies from the values of 0.4 to 0.5 found in the kev 
region. Weisskopf'? and Bethe'* have found evidence 
that fission widths increase more rapidly with energy 
than radiation widths, thereby accounting for the 
experimental decrease in a. 

It is interesting to note that the capture cross 
section for U**, which is essentially in the range 100 
to 250 mb in the present data, is very similar in 
magnitude to capture cross sections for Th*? and U™* 
in the same energy range.® 
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The zenith and azimuthal angular distribution of primary cosmic rays with charges Z>5 has been 
measured at Texas using horizontal emulsions with known orientation relative to the earth. The magnitude 
of the azimuthal asymmetry is consistent with Stérmer theory down to a zenith angle of about 65° while 
for larger zenith angles the effect of the solid earth (shadow cone) is observed. The direction of the asymmetry 
seems to be consistent with the centered dipole approximation of the earth’s magnetic field (north pole 
at 79°N and 70°W). The flux at the top of the atmosphere is 1.6+-0.3 particles/m* sec sterad for nuclei 
with Z>10 and 4.8+1.0 particles/m? sec sterad for CNOF nuclei. 





INTRODUCTION 


ECENT investigations of geomagnetic effects on 

cosmic radiation have indicated that the magnetic 
field that affects cosmic radiation is not the same as 
the average magnetic field predicted by geomagnetic 
physicists from measurements on the field at the earth’s 
surface. The first investigation to indicate this was the 
measurement of the cosmic-ray equator by using the 
sea-level neutron minimum.! These results suggested 
a dipole approximation consisting of a centered dipole 
which protruded at latitude 79°N and longitude 115°W 
rather than at 79°N and 70°W as does the centered 
dipole which best represents the surface measurements. 
Experiments? on the cutoff energies and fluxes of alpha 
particles in England and in Italy show that England 
and Italy are geomagnetically further south then the 
surface field measurements would indicate. Similar 
experiments’ in the United States indicate that the 
United States is geomagnetically further north than 
the surface field measurements would indicate. The 
above two experiments can be combined to give a pole 
at 75.5°N and 90°W. 

In September, 1953, we oriented (i.e., maintained the 
orientation parallel to the earth’s magnetic field of) two 
horizontal stacks at the Galapagos Islands which are 
at a geomagnetic latitude of 10°N.‘ It was found that 


the maximum number of heavy primaries did not come’ 


from the geomagnetic west, but rather from about 30° 
south of west. This is qualitatively in agreement with 
a shift of the north magnetic pole westwards. It is, 
however, too large by more than a factor of two. 
In order to try to verify this shift, a horizontal stack 
was oriented at Texas in February, 1956. Texas has 
nearly the same geomagnetic longitude as the Galapagos 
Islands. The second objective of this experiment was 
to observe the magnitude of the azimuthal asymmetries 
of the heavy primaries as a function of the zenith 

* This work supported in part by the joint program of the 
U.S. Atomic Energy Commission and the Office of Naval Research. 
we Fenton, Katzman, and Rose, Phys. Rev. 102, 1648 
2 P. H. Fowler and C. J. Waddington, Phil. Mag. 1, 637 (1956) 

aaa Fowler, and Ney, Bull. Am. Phys. Soc. Ser. II, 2, 191 


(1957 
‘Daneon, Freier, Naugle, and Ney, Phys. Rev. 103, 1075 
1956). 


angle to see if these magnitudes agreed with the values 
predicted by using the — approximation to the 
earth’s magnetic field. 


BALLOON FLIGHTS AND APPARATUS 


The apparatus consisted of a cylindrical float having 
a diameter of 7 inches and a height of 2% inches. 
Four }X}xX6 inch Alnico magnets were fastened 
horizontally in the float. Sufficient antifreeze solution 
(40% glycerine in water) was poured in a 15-inch- 
diameter aluminum sphere to make the float in the 
sphere a large liquid compass. The horizontal stack 
consisted of three 600-micron Ilford G-5 emulsion 
strips (334 inches) and was fastened to the top of 
the float in a waterproof container. The float was 
adjusted 30 as to float level during the entire flight. 

To check on the orientation, a camera inside the 
sphere photographed the float from above at the same 
instant that a parallel down camera outside the 
sphere photographed the terrain below. These photo- 
graphs were taken at the rate of 48 per hour. By 
comparing the down pictures with aeronautical charts, 
it was possible to determine the geographic azimuth of 
the camera inside the sphere. Then from photographs 
of the float, the geographic azimuth of the stack was 
obtained. The distribution of these azimuth angles is 
shown in Fig. 1. During the time at altitude, the 


PHOTOGRAPHS PER AZIMUTH INTERVAL 





GEOGRAPHIC AZIMUTH ane 
Fic. 1. Analysis of the orientation of the horizontal stack. 
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Fic. 2. Time-pressure curve for the balloon flight. 


average orientation of the stack was about 6}°E 
and half of the time it was oriented within 8° of the 
average. One can also see from this distribution that 
at no instant during the time at altitude did the stack 
get more than 40° away from the average. The width of 
the distribution results from the fact that the sphere 
turned randomly at altitude and in order for the float 
to oppose the torque of the rotating antifreeze fluid, 
it had to be somewhat off the equilibrium position. 
During the ascent, the sphere turned more rapidly than 
at altitude so during the last half hour of ascent 
(before this the ground was too dark to photograph), 
the half-angle of the distribution was about 30°. 
The value of the declination varied from 7°E to 11°E 
during the flight. The average value of 63°E is consistent 
with this range of declination and with the ideal dipole 
declination which varied from 6°E to 8}°E during the 
flight. Therefore, as shown in Fig. 1, the average 
orientation of the horizontal stack was within one 
degree of magnetic north as determined by a centered 
dipole with the north pole at 79°N and 70°W. 

A pressure gauge and a watch were simultaneously 
photographed along with the float and the terrain 
below. Figure 2 shows the time-pressure curve. The 
balloon rose at a rapid rate (approximately 1000 ft/min) 
to an atmospheric depth of 9.25+0.3 g/cm? (104 200 
+700 feet) and remained within 0.2 g/cm? of this depth 
for eight hours. The trajectory of the flight was quite 
straight from the launch point of 100.5°W and 31.4°N 
(geographic) to the impact point which was 91.5°W 
and 32.8°N. The average position during the flight 
was 96°W and 32°N. The geomagnetic latutude 
corresponding to this is 41.7°N if the pole is at 79°N 
and 70°W, or is 42.3°N if the pole is at 79°N and 115°W. 


CHARGE CLASSIFICATION 


The top strip of the horizontal stack was area scanned 
for all particles with Z>6. In order to insure getting 
all Z>6 particles, all tracks which appeared on 
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inspection to be Z >5 were recorded. The classification 
into CNOF (carbon, nitrogen, oxygen, and fluorine) 
and Z>10 groups was done by inspection except for 
the borderline cases, i.e., those which appeared to be 
Z=5 and Z=6 and those which appeared to be Z=9 
and Z=10. These borderline cases were decided by 
delta-ray counting. The bottom two strips provided 
enough path length to identify slow alpha particles 
that ionized as much as fast borons or carbons. By 
this method the following number of fast particles was 
found in an area of 53.7+0.1 cm?. 


Z=5 519 
CNOF 1523 
Z>10 377 
Total 2419 


ANALYSIS OF THE ASYMMETRIES 


In order to determine the orientation of the effective 
cosmic-ray dipole using the azimuth from which the 
maximum number of particles arrive, it is necessary to 
consider only those directions corresponding to tra- 
jectories which do not intersect the earth’s surface at 
some previous time. Thus, one must use only the data 
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Fic. 3. Azimuthal asymmetries for the zenith angle of 30°. 
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in the zenith angle intervals in which Stérmer theory 
alone describes the observed asymmetries. This is 
because Stérmer theory describes the motion of 
charged particles in a dipole magnetic field only and 
ignores the presence of the earth. 

The data were divided up into zenith angle intervals 
of 26°-35°, 36°-45°, ---, and 76°-85° in order to 
to compare with theoretical curves for 30°, 40°, ---, 
and 80°. Since no significant differences in the azimuthal 
asymmetries of the Z=5 component, the CNOF 
component, and the Z >10 component were observed, 
all three charge groups were included in the analysis 
in order to increase the statistics. In an attempt to 
extract the maximum information out of the data, 
the following parameter, the asymmetry ratio, was used. 


Asymmetry ratio 
Flux: ¢—90°<azimuth angle<¢+90° 
~ Flux: o+90°< azimuth angle<$+270° 





where ¢ is the geomagnetic azimuth angle. The asym- 
metry ratio for a zenith angle interval is just the ratio 
of the particles in the zenith angle interval arriving 
from opposite 180-degree intervals of azimuth. 
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Fic. 4. Azimuthal asymmetries for the zenith angle of 40°. 


153 


Theoretical asymmetry ratios for each zenith angle 
interval were computed by using Stérmer theory and 
the simple shadow-cone calculations of Schremp.*® 
The effect of the penumbra was not included in the 
computations, because it is small compared with the 
statistics of this experiment. For the numerical calcula- 
tions, the curves of Schremp’s results prepared by 
Alpher® were used. Two integral energy spectra were 
chosen : 


(1) N(>£)~1/(E+1)'5 E20, 


(2) N(>E)~1/(E+1)!" 0<E<2.5 Bev/nucleon, 
N(>E)~1/(E+1)** E>5.0 Bev/nucleon, 


where E is the kinetic energy per nucleon of the nucleus. 
These two energy spectra were chosen because either 
spectrum might describe the flux values available now 
for heavy primaries. The first spectrum is a single 
power-law spectrum which many investigators believe 
is valid to quite high energies. The second spectrum is 
what appears to be the best fit of the intensities 
measured at various latitudes using emulsions.‘ The 
best curve through these for both the CNOF and the 
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Fic. 5. Azimuthal asymmetries for the zenith angle of 50°. 


5E. J. Schremp, Phys. Rev. 54, 158 (1938). 
*R. A. Alpher, J. Geophys. Research 55, 437 (1950). 
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Fic. 6. Azimuthal asymmetries for the zenith angle of 60°. 


Z> 10 components is not a single power law but rather 
spectrum (2) with a smooth transition region between 
2.5 and 5.0 Bev/nucleon. 

The theoretical asymmetry ratios along with the 
experimental results are shown in Figs. 3-9. Spectrum 
(2) has been labeled the “observed spectrum.” The 
shadow-cone calculations used had no simple shadow 
cone for zenith angles less than 45°. The results up to 
45° (Figs. 3 and 4) show that in these zenith angle 
intervals, the observed asymmetries are consistent 
with Stérmer theory for an integral energy spectrum 
with an exponent in the range of 1.1 to 1.5 [the observed 
spectrum, (2), corresponding to these zenith angles is 
N(>E)~1/(E+1)!" since all the cutoffs are less 
than 2.5 Bev/nucleon]. For the zenith angle of 50° 
(Fig. 5), the observed asymmetry ratio is larger at an 
azimuth of 300° than Stérmer theory alone would 
predict, but is in better agreement with Stérmer theory 
than with Stérmer theory plus simple shadow-cone 
theory. Figure 6 predicts that at a zenith angle of 60°, 
the effect of the shadow cone should be very large. 
The observed asymmetry ratios are not large, however, 
and are consistent with Stérmer theory. This is shown 
more clearly in Fig. 7 which has the same scale as 
Figs. 3, 4, and 5. Again the observed asymmetry ratios 
are of the right magnitudes so they could be explained 
by an integral energy spectrum with an exponent in 
the range of 1.1 to 1.5. At a zenith angle of 70° (Fig. 8), 
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Fic. 7. Azimuthal asymmetries for the zenith angle of 60°. 
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however, the observed asymmetry ratios are definitely 
too large to be described by Stérmer theory, but are 
much too small to be described by the shadow-cone 
calculations. Finally, at a zenith angle of 80° (Fig. 9), 
the observed asymmetry ratios for both spectra are 
comparable with, though smaller than, the shadow-cone 
predictions. 

Thus, for both of the energy spectra, one can see 
that Stérmer theory for a geomagnetic latitude of 42° 
is consistent with the observed asymmetries of heavy 
primaries at the geographic latitude of 32°N and 
longitude of 96°W down to a zenith angle of about 65°. 
This is in agreement with an experiment of Winckler 
and Anderson’ in which they measured the azimuthal 
asymmetries at Texas of all charged particles with a 
Cerenkov detector. They found agreement with Stérmer 
theory at a zenith angle of 60°. At a zenith angle of 90°, 
they found asymmetries comparable with, though 
smaller than, those predicted using Schremp’s shadow- 
cone cutoffs. Recent calculations by Schwartz® indicate 
that the reason for the lack of agreement between the 
experiments and Schremp’s calculations may be 


7 J. R. Winckler and K. A. Anderson, Phys. Rev. 93, 596 (1954). 
®M. Schwartz, Bull. Am. Phys. Soc. Ser. II, 1, 319 (1956), 
and private communication. 
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largely due to errors in the calculations. Schwartz has 
investigated the structure of the penumbra for a 
geomagnetic latitude of 41° and finds no simple 
shadow cone down to a zenith angle of 60° while 
Schremp’s results have the shadow cone appearing at a 
zenith angle of 45° with a large effect at 60°. Schwartz 
has not extended his calculations below 60° but 
estimates that the simple shadow-cone cutoff for a 
geomagnetic latitude of 41° appears at about a zenith 
angle of 70°. 

Since the shadow cone appears at about 65°, only 
particles with zenith angles less than 65° were used in 
determining the direction that the maximum number 
of particles arrive (geomagnetic west). Also because of 
the horizontal stack, only particles with zenith angles 
of 26° or greater were used because for zenith angles 
less than about 20° the detection efficiency is less than 
unity. Since no difference in the observed asymmetries 
between the charge groups is evident in this experiment 
and since no difference between the asymmetries of 
the CNOF component and the Z>10 component at 
the Galapagos Islands was observed, all the primary 
nuclei (Z >5) which were recorded with zenith angles 
between 26° and 65° were used. This comprised a total 
of 1688 particles. The resulting entrance angle distribu- 
tion in a polar plot is shown in Fig. 10. One can see 
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Fic. 8. Azimuthal asymmetries for the zenith angle of 70°. 
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immediately that, as at the Galapagos Islands, there is 
a relative maximum from south of west (at approxi- 
mately 250° in this experiment). However, one also 
has a relative maximum from north of west (approxi- 
mately 305°) with a relative minimum from the west 
(approximately 275°). 

If one assumes that these relative maxima are 
statistical fluctuations rather than any departure from 
Stérmer theory, then one method of choosing the 
direction of arrival of the maximum is to make a 
least-squares fit of the data to a function of the form: 
y=a+b sin(@—@o). This was done and the result is 
shown in Fig. 11. The data plotted are the same as in 
Fig. 10. In this analysis a was chosen to be 47, the 
average number of particles per 10-degree azimuth 
angle interval. The least-squares analysis yielded 6=8 
and ¢@o= 183° and thus the maximum from 273°. There- 
fore, the least-squares analysis yields the conclusion 
that if the relative maxima are statistical fluctuations, 
then the direction of arrival of the maximum is geo- 
magnetic west as determined by a north magnetic pole 
at 79°N and 70°W. 

FLUX 


A\though it was not a primary purpose of this 
experiment to measure fluxes, they were computed for 
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Fic. 9. Azimuthal asymmetries for the zenith angle of 80°. 
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Fic. 10. Azimuthal entrance angle distribution for Z > 5. 


the CNOF and the Z>10 components using the data 
from this experiment along with data from a vertical 
stack flown in Texas: in 1953. If one takes a given 
zenith angle interval at a geomagnetic latitude of 
42° and averages over all azimuth angles the incoming 
flux as predicted by Stérmer theory, one finds that for 
both of the integral energy spectra used in this experi- 
ment the resulting average is constant within 1%, 
as is shown in Fig. 12. The shadow cone, however, 
removes particles that Stérmer theory would allow, 
and thus the ratio of the average intensity for a zenith 
angle in which the shadow cone is present to the 
vertical intensity is less than unity since there is no 
shadow cone in the vertical direction. Figure 12 shows 
how the intensity predicted on the basis of Schremp’s 
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Fic. 11. Least-squares analysis for the direction of the asymmetry. 
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Fic. 12. The average flux as a function of zenith angle. 


shadow-cone calculations varies with zenith angle for 
the two spectra used in this experiment. Also shown is 
the curve that best describes this experiment. 

One can determine the flux at the top of the atmos- 
phere by computing the flux in each zenith angle 
interval using the total number of particles arriving in 
that zenith angle interval corrected according to Fig. 
12. If one then plots these fluxes as a function of 
atmospheric depth, one gets the graph shown in Fig. 13. 
This figure contains the data from this experiment 
along with 435 particles from. vertical plates flown in 
nearly the same region of Texas on January 30, 1953. 
The average atmospheric depth of this flight was 24.4 
g/cm? and the effective time at altitude was 7} hours. 
The data in the graph should fall off exponentially with 
a mean free path equal to the absorption mean free 
path in air. Rather than determining both the absorp- 
tion mean free path and flux from these data, absorption 
mean free paths of 22.6 g/cm? for the Z > 10 component 
and 34 g/cm? for the CNOF component for the extra- 
polation were used. These values were computed by 
using the interaction mean free paths and fragmentation 
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Fic. 13. The fluxes of the CNOF nuclei and the Z>10 nuclei 
as a function of atmospheric depth. 
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probabilities of Fowler e¢ al.? The data were then fitted 
to exponential curves by least squares, weighted 
according to the errors. These curves, when extrapolated 
to zero atmospheric depth, yielded the following flux 
values: 


CNOF 4.8+1.0 particles/meter? sec sterad, 
Z>10 1.6+0.3 particles/meter? sec sterad. 


SUMMARY AND DISCUSSION 


The direction of arrival of the maximum number of 
particles at Texas appears to be from the geomagnetic 
west (determined by a north magnetic pole at 79°N 
and 70°W) and not from south of west as was observed 
previously at the same longitude at the Galapagos 
Islands. This conclusion depends on the assumption 
that two relative maxima in the azimuthal entrance 
angle distribution are statistical fluctuations rather than 
a departure from Stérmer theory. Thus it appears 
that there is no simple relation between the asymmetries 
observed at Texas and those observed at the Galapagos 
Islands. 

It was found that the observed asymmetries at 
Texas were consistent with Stérmer theory down to a 
zenith angle of about 65°, but the statistics are not 
good enough to determine whether Stérmer theory 
provides a good description of the asymmetries. For 
zenith angles larger than 65°, the observed asymmetries 
are larger than Stérmer theory would predict. This 


® Fowler, Hillier, and Waddington, Phil. Mag. 2, 293 (1957). 
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is interpreted as being due to the effect of the solid 
earth beginning to appear at 65°. That the effect of 
the earth does not appear until about 65° (rather than 
at 45°) is not in agreement with the shadow-cone 
calculations of Schremp. ; 

The method of determining the flux provides more 
evidence that Stérmer theory is at least a fair approxi- 
mation. This is because the absorption mean free 
paths derived from direct measurements of interactions 
seem to fit the absoprtion data in Fig. 13. The measure- 
ments from the two flights used in the flux determina- 
tion appear to be consistent with each other. The 
Z >10 flux of 1.6+0.3 particles/m? sec sterad is 
smaller than previous measurements” which are in 
the neighborhood of 2.5 particles/m? sec sterad. 
The CNOF flux of 4.81.0 particles/m? sec sterad is 
also smaller than previous measurements which are in 
the neighborhood of 6.3 particles m? sec sterad. 
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Small-Angle Photoproduction of Positive Pions from Hydrogen* 
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The angular distribution of + mesons produced in hydrogen by 225-Mev photons has been measured in 
the small-angle region. The mesons were produced in a liquid hydrogen target placed in the x-ray beam of 
the 300-Mev betatron. A focusing magnet was used to select mesons of the desired momentum. The large 
electron pair background was avoided by use of a very short x-ray pulse and a counter system which operated 
only after the pulse, counting the decays of u*+ mesons. Points have been obtained at center-of-mass angles 
of 10, 15, 20, 30, 45, 60, and 90 degrees. The observed angular distribution cannot be fitted by a quadratic in 
cos6*, but is well fitted by the cross section calculated from the field theory of Chew, Goldberger, Low, and 


Nambu. 





I. INTRODUCTION 


HE photoproduction of + mesons from hydrogen 

has been the subject of numerous experiments, 
and the angular distribution of the mesons between 
45° and 135° is reasonably well known. This angular 
distribution is well represented by a quadratic function 
of cos6*, where 6* is the center-of-mass meson angle, as 
predicted by the phenomenological theory of Brueckner 
and Watson” and of Feld." The meson field theory 
developed by Chew and others®~® also describes this 
angular distribution and the excitation function for the 
reaction rather successfully. In this theory, the inter- 
action betwéen the photon and the meson current 
was evaluated so as to include only “almost real” 
mesons, i.e., those not contributing to the matrix 
element between single physical nucleon states.'® The 
result is a term’in the angular distribution with a 
denominator (1—8 cosé*)*, where 6 is the meson 
velocity, and with an amplitude depending on the 
renormalized interaction constant and substantially 


* Supported in part by the National Science Foundation and by 
the joint program of the Office of Naval Research and the U. S. 
Atomic Energy Commission. 

t Now at John Jay Hopkins Laboratory for Pure and Applied 
Science, General Atomic Division of General Dynamics Corpora- 
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smaller than if the entire meson current had been 
included. This term, the direct interaction term, has 
an important effect on the predicted cross section 
mainly at small angles, and at photon energies above 
about 200 Mev. Measurements at small angles in the 
energy range above 200 Mev therefore represent the 
best possibility of verifying if the above term is present 
in the cross section and has the predicted magnitude. 
The present experiment was designed to investigate 
these questions. We have measured the meson angular 
distribution in the range 10° to 90° at a photon energy 
of 225 Mev. 


Il. EXPERIMENTAL ARRANGEMENT 


The major difficulty encountered in an attempt to 
detect charged photomesons at small angles is the very 
large background of pair electrons. In the present 
experiment, this background is avoided by using a very 
short x-ray pulse and a counter system which is turned 
on only after the pulse to count the decays of the ut 
mesons. 

The experimental arrangement is shown in Fig. 1. 
A doubly-collimated 280-Mev x-ray beam falls on a 
liquid hydrogen target located 4.2 meters from the 
internal target of the University of Illinois betatron. 
The liquid target is a vertical cylinder of 2§ inch 
diameter with Mylar walls. The x-ray beam is 0.93 
inch in diameter at the hydrogen target. #+ mesons 
are focused by the analyzing magnet into a telescope 
of three liquid scintillators, A, B, andC. The momentum 
bin is determined by a brass collimator F immediately 
in front of the telescope. The extreme trajectories 
possible in the magnet are determined by the two 
aluminum blocks S which fill the magnet gap on either 
side of the region used. These blocks serve as aperture 
stops, and define the range of angles accepted by the 
magnet. Since both the energy and angle of the meson 
are known, the energy of the incident photon is deter- 
mined. The hydrogen target and the counter telescope 
are both rigidly attached to the analyzing magnet, 
which may be rotated about a vertical axis through the 
target. The region from the secondary collimator to the 
counter telescope is evacuated to reduce scattering and 
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background. A beam-clearing magnet is placed at the 
exit of the secondary collimator to remove charged 
particle contamination from the x-ray beam after it has 
entered the vacuum system. 

The pion beam passes through a copper absorber D 
so chosen that the pions will stop approximately in the 
center of counter B, The short-range decay muons stop 
still close to the center of counter B. About two micro- 
seconds after the x-ray pulse, the photomultipliers are 
turned on and coincidences between A and B and be- 
tween B and C are counted. 

The short x-ray pulse is obtained by use of a “shaker” 
circuit which puts a 30-microsecond half-sine-wave 
current pulse through windings arranged to weaken the 
guide field on the target side of the machine and 
strengthen it on the other side. To a first approximation 
this slides the whole orbit towards the target, which is 
at the outside of the accelerating tube. In addition, the 
amplitude of the radial oscillations is rapidly increased. 
The x-ray pulse so produced looks approximately 
Gaussian and has a full width at one half maximum of 
0.6 microsecond. A small fraction of the electrons which 
pass through the target have a sufficiently small 
scattering angle and energy loss so that their subsequent 
orbits are completely contained in the accelerator tube; 
these electrons will eventually pass through the target 
again. A rough calculation indicates that such multiple 
transits through the target should produce a tail on the 
pulse with a relative intensity of the order of 10~* and a 
time constant of the order of a microsecond. Such a tail 
is observed. If the target were placed at the inside of 
the stable orbit, as is done in many synchrotrons, no 
orbits of this type would be possible, and there should 
be no tail on the x-ray pulse. 

The betatron yield is measured by a thick-walled 
copper ionization chamber intercepting the entire 
collimated x-ray beam. The chamber is continuously 
monitored by a vibrating reed electrometer of 0.1% 
accuracy. Since the chamber is not sealed, the readings 
must be reduced to NTP conditions. This correction 
contributed less than 0.1% error to the final results. 
The betatron energy during the present experiment was 
controlled to better than 1%. Since the experiment is 
not very sensitive to betatron energy, errors due to 
uncertainties in this energy are negligible. 

The liquid hydrogen target has been described in 
detail by Whalin and Reitz.'® The target vacuum is 
isolated from the magnet vacuum by Mylar windows. 
In addition to the 0.0025-inch Mylar walls of the 
hydrogen container there are 0.001 inch of aluminum 
foil and 0.010 inch of Mylar in the beam. The latter 
foils are sufficiently far from the hydrogen container so 
that their contribution to the empty-target background 
is appreciably reduced. 

The analyzing magnet used in the present experiment 


16 FE, A. Whalin and R. A. Reitz, Rev. Sci. Instr. 26, 59 (1955). 
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Fic. 1. Plan view of the experimental arrangement, roughly to 
scale. The focusing magnet has a uniform gradient perpendicular 
to the entrance edge. The aluminum blocks S define the range of 
angles accepted by the magnet. The lead blocks G and H stop most 
of the very low-energy pair electrons which are swept out of the 
forward direction by the fringing field. D is a copper absorber 
which is chosen so that the mesons stop near the center of counter 
B. The magnet return yoke has been omitted. The neutron 
shielding around the counters, which is not shown, consists of 
16 in. of borax-paraffin mixture. 


was designed, built, and calibrated by Miller.” The 
magnetic field has a uniform gradient parallel to the 
median plane, and perpendicular to the entrance edge 
of the magnet, such that the exit gap height is about 
one-half of the entrance gap height. The momentum of 
the magnet was calibrated to 1% in terms of both the 
field at a certain point and the current. Both these 
quantities were measured to 0.1% frequently during the 
experiment. They always agreed to within 0.2%. The 
magnet horizontal angle bin is 4.9°. The solid angle is 
0.0126 steradian +2.4% and has been shown by direct 
measurement to be momentum-independent to 1% 
over the range of momentum used in this experiment. 
The fractional momentum bin of the magnet as used in 
this experiment is approximately 0.025. 

The magnet angle is read to 0.2°. The “0°” angle is 
determined to 0.2° by measuring the pair electron 
counting rate for a succession of angles near the forward 
direction, and finding the center of the angle bin so 
traced out. The magnet vacuum is always kept an order 
of magnitude better than necessary to make its effect 
negligible. 

The lead shield G in Fig. 1 stops most of the very 
low-energy pair electrons which are swept out of the 
forward direction by the magnet fringing field. Without 
the shield, these electrons would strike the pole faces or 
the aperture stops S and give rise to a large background 
of low-energy bremsstrahlung directed toward the 
counters. The counts produced by these x-rays are not 

17R. C. Miller and C. S. Robinson, Ann. Phys. 2, 129 (1957); 


R. C. Miller, Ph.D. thesis, University of Illinois, 1956 (unpub- 
lished). 
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easily removed by use of absorbers in the counter tele- 
scope. Absorption curves indicate that the counts are 
produced by x-rays of a few Mev energy. Even though 
these x-rays are produced and detected with a small 
efficiency, and even though only those arriving after 
the main x-ray pulse are recorded, the pair production 
cross section is so large that the corrective shield G is 
essential. 

The most effective way to prevent spurious counts 
due to these x-rays is to arrange the shielding so that the 
pair electrons are not traveling toward the counter 
telescope when they strike the shielding. Their brems- 
strahlung is then directed away from the telescope. At 
large angles, this is accomplished by use of the lead 
brick H. Since this brick is outside the shield G it has no 
effect on the magnet aperture. 


III. COUNTING EQUIPMENT 


The geometry of the counter telescope is shown in 
Fig. 2. The scintillation fluid is contained in and viewed 
through Lucite light pipes. The absorbers are put in the 
telescope to prevent knock-on protons and electrons 
from neutron-capture gamma rays from counting as 
coincidences. They are not sufficiently thick to prevent 
counts resulting from double knock-on or double 
Compton scattering processes. A typical 2-u-e decay is 
sketched. 

When the magnet is at a small angle, hundreds of 
particles pass through the scintillators during the main 
part of the x-ray pulse. Two microseconds later, the 
scintillators and photomultipliers must have recovered 
sufficiently from this blast to be useful detectors. In 
fast solid scintillators, about 5% of the light comes out 
with a decay time of a few microseconds.'* In liquid 
scintillators this slow component is absent. Therefore 
liquid scintillators were chosen for the present experi- 
ment. The solution used consists of three grams of 
p-terpheny] per liter of phenylcyclohexane. 


Fic. 2. Plan view of 
the counter telescope. 
A typical 2-u-e decay is 
sketched. The energy 
bin of the detecting sys- 
tem is determined by 
the brass collimator. 
The copper absorber is 
chosen so that the in- 
coming x* mesons will 
stop approximately in 
the center of counter B. 
Counters A and C are 
1 inch thick and counter 
B is 2 inches thick. All 
three counters are 4} 
inches in diameter. The 
carbon absorbers AB 
and BC are each 
3.0 g/cm’. 






































18 F. B. Harrison, Nucleonics 12, No. 3, 24 (1954). 
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Since afterpulsing in the photomultipliers lasts for 
several microseconds, the photomultipliers must be off 
during the x-ray pulse. This was accomplished by bias- 
ing dynodes 2 and 4 about three hundred volts negative 
with respect to their normal operating voltages and 
pulsing them up to their normal voltages to turn on the 
tube.” With this pulsing method the noise is approxi- 
mately equal to the dc value. Tests showed that the 
gain of the tube is the same as the dc value to within 
5%. This was demonstrated by flashing a one milli- 
microsecond light pulse”® on the tube under pulsed and 
dc conditions. 

The phototube gate pulse-height stability is better 
than 1%. During the rise of the gate pulse, the photo- 
tube gain changes from 10% to 95% in 0.03 micro- 
second. The gate length was 6.20.2 microseconds. The 
error in meson counting rate due to changes in the gate 
length is hence limited to 0.2%. 

To avoid errors resulting from instabilities in the 
shape of the x-ray pulse, the gate pulse was triggered 
by a circuit”! which selects the time when a fixed 
fraction f of the mesons remains. This selection was 
done by differentiating the integrated x-ray intensity 
with a 2.2-microsecond time constant, and determining 
when the resulting quantity has dropped to a fraction f 
of the total undifferentiated value. The accuracy of this 
determination depends only on the resistance and 
capacitor values in the circuit, which can be made very 
stable. 

As a test of the timing circuit, the meson counting 
rates with the normal 0.6-microsecond x-ray pulse and 
with a 1.2-microsecond x-ray pulse were compared and 
found equal within the 3% counting statistics. This 
change in pulse length is much greater than any in- 
stability encountered during the experiment. In addi- 
tion, the data at 30° c.m. were taken partly with one 
one value of f and partly with another; the observed 
counting rates have the same ratio, within the 5% 
counting statistics, as that computed from the ac- 
curately measured components in the timing circuit. 

The photomultiplier output pulses are limited in 
voltage and time duration and then fed to a coincidence 
circuit with a resolution of 8X 10~ second. Each of the 
coincidence outputs AB and BC is amplified, passed 
through a crystal diode to remove small pulses, ampli- 
fied, and passed through a pulse height discriminator 
into a trigger circuit. The outputs of the trigger circuits 
are combined to form the triple coincidence ABC and 
the anticoincidences AB-C and BC-A. These events 
and also AB and BC are recorded on scalers. Since the 
AB and BC counting rates can be obtained by adding 
the A BC rate to the A B-C and BC-A rates respectively, 
we have a redundancy check on much of the electronics 
and on the recording of the data. 


1 RCA 6199 photomultipliers were used. This method of pulsing 
was suggested by Dr. Raphael Littauer. 

2 J. H. Malmberg, Rev Sci. Instr. 28, 1027 (1957). 

21 J. H. Malmberg (to be published). 
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IV. TESTS OF THE EQUIPMENT 


The counters were extensively tested with a beam of 
high-energy electrons and it was shown that they were 
working properly. The arrangement used to count 
mesons is necessarily much less favorable. The decay 
electrons are emitted in all directions by muons which 
have stopped in counter B, and corner-clipping effects, 
in which electrons traverse only a short length of 
scintillator, are very important. Some of the decay 
electrons will be counted mainly as the result of 
Cerenkov radiation emitted as they traverse the Lucite 
light pipes. Further, the mesons stop with a rather 
large spatial distribution due to the dispersion of the 
magnet, multiple scattering, and ionization straggling. 
The result is that the efficiency for counting mesons 
depends appreciably on the gain of the counter system. 
A typical curve of meson counting rate vs photomulti- 
plier voltage is given in Fig. 3. The slope of the plateau 
is about 25% per one hundred volts. Hence it is neces- 
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Fic. 3. Meson counting rate vs photomultiplier high voltage. The 
counting rate is the sum of the rates for the AB-C and BC-A 
channels. The voltages were changed simultaneously on all three 
photomultipliers. The data were taken at a laboratory angle of 74°. 


sary to show that the equipment is sufficiently stable to 
prevent drifts in the electronics from affecting the meson 
counting rate. 

The effect on the meson counting rate of changes in 
the various circuits was determined and these changes 
were kept sufficiently small to contribute less than 
3% change in counting rate during the experiment. 
This stability was achieved in part by frequent calibra- 
tions with a mercury switch pulser. The photomulti- 
pliers were magnetically shielded and the effect of the 
magnet fringing field on them was shown to be com- 
pletely negligible. 

We prove that we are counting mesons by showing 
that the particles counted have the correct range, sign 
of charge, decay time, and dynamic threshold. At 74° in 
the laboratory system the counting rate from a carbon 
target was measured for two meson energies as a func- 
tion of the thickness of copper absorber preceding the 
telescope. A typical result is given in Fig. 4. The solid 
curve represents a crude calculation of the expected 
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Fic. 4. Range curve for mesons in the counter telescope. The 
BC counting rate is plotted against the thickness of copper in 
front of the telescope. The magnet is set to focus 82.4-Mev zt 
mesons into the telescope. The data were taken at 74° in the 
laboratory system. The solid curve represents a crude calculation 
of the expected counting rate. The minimum near 12 g/cm? occurs 
because most mesons are then stopping in the carbon absorber 
between B and C, and their decay electrons cannot make BC 
coincidences. The maximum near 20 g/cm? occurs because most 
mesons then stop in counter B, and many of their decay electrons 
traverse B and C. 


counting rate, using reasonable assumptions about 
counter sensitivity and spatial distribution of stopped 
mesons, and considering solid angle effects and nuclear 
absorption. The shape of the curve is explained as 
follows. For about 20 g/cm’, the mesons stop near the 
center of counter B. If some absorber is removed, the 
mesons will stop in carbon absorber BC, and their 
decay electrons cannot produce BC counts. If more 
absorber is removed, mesons will stop in counter C, and 
can again produce BC counts. If more than 20 g/cm? is 
used, mesons stop nearer A, and the solid angle for 
detection of decays by BC decreases. The measured 
counting rates agree with the calculation about as well 
as can be expected considering the crudeness of the 
calculation. The qualitative features of the data leave 
no doubt that we are counting mesons. 

. Further evidence on the range of the particles counted 
is that the triple coincidence rates from hydrogen at all 
angles were negligible, while the tests with fast electrons 
showed that 90% counted as triples. The low triples 
rate proves that no appreciable percentage of our 
counting rates is caused by fast electrons. 

The counting rate as a function of delay time is shown 
in Fig. 5. The data were taken at 7.6° in the laboratory 
system. The observed decay agrees with the muon 
lifetime within the counting statistics. It should be 
noted that a decay curve does not by itself demonstrate 
that the counts arise from muons, since the tail on the 
x-ray pulse, the afterpulsing in the photomultipliers, 
and the slow component of light from the scintillators 
all exhibit roughly similar lifetimes. Under certain con- 
ditions the neutron background will also have a similar 
decay. 

The counting rate as a function of betatron energy is 
shown in Fig. 6 for 7.6° in the laboratory system. The 
magnet is set for mesons produced by 225-Mev photons. 
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Fic. 5. Counting rate vs delay time after the x-ray pulse. The 
data were taken at 7.6° in the laboratory system. The straight line 
represents the known ut lifetime of 2.22 microseconds and has 
been normalized to the data. 


The solid curve was computed from the bremsstrahlung 
spectrum and the energy dependence of the monitor 
sensitivity, and has been normalized to the point at 
280 Mev. 

The most convincing evidence that we are counting 
only pions is that the counting rate drops by about a 
factor of ten at all angles when the hydrogen target is 
emptied or when the magnetic field is reversed or 
reduced to zero. Since positive and negative electrons 
are made in about equal numbers by the x-ray beam, 
any counting rate due to electrons would be roughly 
symmetric with respect to magnet polarity. The only 
charged particles other than mesons and electrons that 
can be produced in hydrogen by x-rays of this energy 
are protons. No proton focused by the magnet could 
penetrate the counter telescope sufficiently to be 
detected. It is known that muon production from hydro- 
gen is small compared to pion production. Moreover, 
muons of the correct momentum will have a consider- 
ably greater range. The observed background of 6 to 
10% decays with a time constant of about 100 micro- 
seconds. We conclude that we are counting pions and 
that the background consists primarily of neutrons. 


V. EXPERIMENTAL RESULTS 


Data for the angular distribution were taken with two 
different settings of the gate timing circuit. In order to 
keep the counters completely free of electron-induced 
effects at small angles, a longer delay time before 
turning on the counters was used below 30°. The longer 
delay corresponds to a smaller value of f, and gives a 
proportionately smaller counting rate. Below 30°, f was 
0.321; above 30°, f was 0.450; at 30° about half of the 
data were taken with each setting. For the angles at 
which the smaller delay was used, the background was 
essentially the same for the two delay settings. This is 
to be expected since the background consists primarily 
of neutrons and decays quite slowly. For each angle the 
background was subtracted from the total counting 
rate, and the resulting net counting rate was divided 
by f to obtain the number of mesons per unit x-ray 
yield. 
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Two sets of background data were taken: one set 
with the magnetic field reversed and the target filled 
with hydrogen ; the other with the magnetic field normal 
and the target evacuated. The empty-target, normal- 
field counting rates are consistently about 10% higher 
than the full-target, reversed-field counting rates. If we 
were counting an appreciable number of electrons 
(21% of the meson rate from hydrogen), the reverse 
would be true, since the full hydrogen target is a much 
better pair producer than the empty target, and since 
the Compton process contributes to negative electron 
production so that more negative than positive electrons 
are produced. A further indication that we are not 
counting electrons is that the background does not rise 
at forward angles whereas the electron production is 
sharply peaked in the forward direction. In fact, the 
background rises as we move toward 90°. This occurs 
because at the large angles the counters are closer to the 
betatron, which is a source of photoneutrons, and 
because not as much of the shielding is between the 
counters and the betatron at large angles, 

The 10% difference between the two sets of back- 
ground data is accounted for by + meson production in 
the walls of the target. (#~ mesons are not detected by 
the counters.) In order to utilize both sets of background 
data, the reversed-field data have been corrected as 
follows. The expected meson counting rate from the 
empty target was computed from the observed full- 
target, normal-field counting rate, a knowledge of the 
various foils that are in the beam, and an approximate 
knowledge of the relative cross sections for photomeson 
production of the materials involved. This correction 
(1% of the rate from hydrogen) was added to the full- 
target, reversed-field data. The combined background 
data from both sets are shown in Fig. 7. From the 
geometry of the apparatus we expect that the back- 
ground, which we have shown to be almost entirely 
neutrons, will be a slowly varying function of angle. A 
cubic curve, shown in Fig. 7, provides a statistically 
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Fic. 6. Counting rate vs betatron energy at 7.6° in the laboratory 
system. The magnet is set for mesons produced by 225-Mev 
photons. The empty-target background has been subtracted. The 
solid curve is computed from a knowledge of the bremsstrahlung 
spectrum and the energy dependence of the monitor sensitivity, 
and has been normalized to the point at 280 Mev. 
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good fit to the background points, confirming that the 
background has the expected behavior. Values read 
from this curve were used in obtaining the net counting 
rates from hydrogen. The statistics used for the back- 
ground values read from the curve are the calculated 
standard deviations for the curve at those points, and 
are in general smaller than the statistics on the in- 
dividual data points. It makes no significant difference 
in the results whether the original background points or 
the values from the curve are used. The background was 
6 to 10% of the total counting rate. 

In order to obtain relative cross sections from the 
observed counting rates, it is necessary to know how the 
efficiency of the system for detecting mesons varies with 
meson energy. There are several factors entering into 
the detection efficiency which vary with energy. Among 
these is the solid angle of the scintillators for detecting 
decay electrons, which can be calculated only roughly. 
In order to determine accurately the energy variation 
of the detection efficiency, the equipment was calibrated 
by counting mesons of three energies from hydrogen at 
90° c.m. where the cross section is known from previous 
experiments. For a given meson energy in the laboratory 
system the cross section at any angle 6 is then obtained 
from the equation 


& -)- Re No (d2*/d2Q)o0 (= =): 
dQ* Roo Ne (dQ*/dQ)e dQ* 
where pure is the differential cross section, R is the 
number of mesons per unit x-ray yield, V is the number 
of photons per unit x-ray yield which have an energy 
such as to produce mesons in the energy bin of the 
detecting system, and dQ*/dQ is the solid angle 
transformation. ' 

The values of Roo at intermediate energies are ob- 
tained by interpolation. N is obtained from tables 


(1) 


TaBLE I. Relative cross sections for photoproduction of positive 
pions from hydrogen at 225 Mev. The counting rates are included 
in the table to show that the essential features of the angular 
es niga of the cross section at small angles appear also in the 
raw data. 











or Counting rate* da/dQ* » 
10° 2.15+0.04 0.539+0.011 
15° 2.04+0.06 0.515+0.015 
20° 2.034-0.06 0.515+0.016 
30° 2.09+0.05 0 543+0.013 
45° 2.38+0.05 0.638+0.015 
60° 2.72+0.07 0.760+0.021 
90° 3.3740.09 1.000+-0.027 








® No. of mesons per joule. These numbers are weighted averages of the 
individual runs, corrected for temperature and pressure, with background 
subtracted, and divided by the delay factor /. 

b Normalized to unity at 90°. Our absolute values cf the cross section 
agree with those from other experiments within the accuracy of estimating 
the detection efficiency of the counter system (about 30%). Since five large- 

angle experiments at or near this energy (refs. ay when compared using 
the theory of Chew et al. for interpolation, agree in absolute cross section 
with a total spread of only 18%, it is not considered worthwhile to give 
absolute values here. 
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LABORATORY ANGLE 


Fic. 7. Background counting rate vs laboratory angle. The 
points are weighted averages of the full-target reversed-field data 
with a correction added to represent ++ meson production in the 
target walls, and the empty-target normal-field data. The curve 
is the least-squares cubic for the points. Values and standard 
deviations computed from the curve were used in obtaining the 
cross sections. 


prepared by Leiss” using the zero-angle spectrum of 
Schiff,* and from dynamics tables prepared by Malm- 
berg and Koester™ recomputed for the most recent pion 
mass (139.7 Mev). dQ*/dQ is also obtained from the 
dynamics tables. The energy dependence of (da/dQ*)9o 
is obtained from the paper of Beneventano et al.’ As is 
pointed out in that paper, there is substantial agreement 
among the various laboratories on the energy de- 
pendence of the 90° cross section even when there is 
disagreement as to the absolute value. 

The counting rates R are corrected for the fact that 
the projected width of the irradiated portion of the 
target changes as the magnet is rotated. In order to 
make this correction, the sensitivity of the detecting 
system as a function of source position was determined 
by counting mesons at 74° from carbon cylinders placed 
at various positions along the x-ray beam. The effect 
of the apparent change in target shape was then 
obtained by numerical integrations of the sensitivity 
over the target volume. The correction amounts to 1.6% 
in the worst case and is made to an accuracy of about 
10%. The relative cross sections are tabulated in Table 
I. A summary of the counting rates is also given in 
Table I to show that the essential features of the 
angular dependence of the cross section at small angles 
appear also in the raw data. 


VI. EXPERIMENTAL ERRORS 


The reproducibility of the data is demonstrated in 
two ways. First, each point is the average of a large 
number of runs. A careful statistical analysis of the 


22 J. E. Leiss, ‘““Bremsstrahlung Spectra,” privately circulated 
tables, University of Illinois, Physics Research Laboratory, 1952 
(unpublished). 

% L. I. Schiff, Phys. Rev. 83, 252 (1951). 

% J. H. Malmberg and L. J. Koester, Jr., “Tables of Nuclear 
Reaction Kinematics at Relativistic Energies,” privately cir- 
culated tables, University of Illinois, Physics Research Labora- 
tory, 1953 (unpublished). 
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Fic. 8. Compari- 
son of the observed 
4 cross sections with 
the theory of Chew, 
Goldberger, Low, and 
Nambu. Photon en- 
ergy is 225 Mev. The 
data have been nor- 
malized to the 
theory. 


o @ ro) 
ws T 
4 1 


-4¢] IN MIGROBARNS / STERADIAN 
» 
T T 
1 1 











individual runs for the whole experiment shows excellent 
internal consistency. Second, the 10° point was meas- 
ured 3 times, near the beginning, middle, and end of the 
experiment. The three measurements agree very well. 
The reproducibility of the data, together with the 
stability tests mentioned earlier, shows that no appreci- 
able drifts occurred in the counting equipment. 

A systematic error would arise if the axis of rotation 
of the magnet were not exactly through the center of 
the hydrogen target, since in this case the number of 
protons in the beam would be a function of angle. The 
position of the hydrogen target is uncertain to about 3 
millimeters. A 3-millimeter displacement would produce 
a systematic relative error of about 0.01 sin?(@+4,) in 
the cross section, where @ is the laboratory angle of the 
magnet and 6; is the angle between the magnet and the 
displacement of the target. 

Two other possible sources of systematic error are 
statistical errors in the observed counting rate at 90°, 
and uncertainty in the energy dependence of the 90° 
cross section. These errors may cause a systematic 
distortion of the cross section of as much as 5% be- 
tween 90° and 10°. However, since the distortion is a 
function of energy only, and since the pion energy 
changes very slowly at forward angles, the effect of 
these errors will be important only when comparing 
forward to backward angles and will not exceed 1% for 
the interesting region of angles, namely from 45° 
forward. 


VII. COMPARISON WITH THEORY 


The differential cross section for positive photopion 
production from hydrogen has been computed by 
Goldwasser* from equations developed by Chew, 
Goldberger, Low, and Nambu" using the general dis- 
persion relations. Figure 8 compares our experimental 


6 E. L. Goldwasser (private communication). 
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Fic. 9. Compari- 
son of our data with 
| other experiments. 
4b + Thesolid curve is the 
same theoretical 
curve shown in Fig. 
4 8. The data from 
each experiment have 
| been normalized to 
4 the theory. No cor- 
rection has _ been 
made for the fact 
4 that the experiments 
were not all done 
at exactly the same 
4 energy. The correc- 
tions required tocon- 
vert the no i 
cross sections to 225 
Mev would not ex- 
ceed 3% in the worst 
case, except for the 
Cornell and ‘ 
Tech. points at 39° 
which would be raised 
by 8% and 5%, 
respectively. 
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results with this calculation. The data have been 
normalized to the theory. The agreement between 
theory and experiment is excellent. The standard 
deviations shown in Fig. 8 for the experimental points 
are those due to counting statistics only. As previously 
pointed out, there may also be small systematic distor- 
tions in the observed angular distribution. 

In order to see if the theory of Brueckner and 
Watson” and Feld" could explain the observed angular 
distribution, an attempt was made to fit our data with 
a quadratic in cos6*. The best-fitting curve of this type 
represents a statistically improbable fit, and further-. 
more has an unreasonably high value at back angles. If 
the requirement is added that the curve have a reason- 
able value at 180° (i.e., not higher than at 90°), the 
best-fitting quadratic represents the data so poorly as to 
be completely unacceptable. This fit cannot be mate- 
rially improved by inclusion of any distortion possible 
within the systematic errors of the experiment. At- 
tempts to’ fit a quadratic to the combined data of all 
experiments at or near this energy were equally un- 
successful. We conclude that the theory as formulated 
by Chew ef al. is necessary to explain the observed 
cross section. 

In Fig. 9 our data are shown together with the 
results of all other available experiments at or near this 
energy. A curve is also shown of the theory of Chew 
et al. To avoid the effects of apparent differences of as 
much as 18% between experiments in the absolute cross 
section scale, the data from each experiment have been 
normalized to the theory. No correction has been made 
for the fact that the experiments were not all done at 
exactly the same energy. The correction required to 
convert the normalized cross sections to 225 Mev 
would not exceed 3% in the worst case, except for the 
Cornell and Cal. Tech. points at 39° which would be 
raised by 8% and 5%, respectively. The agreement of 
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our data with other experiments is satisfactory in the 
region of overlap. The disagreement among experiments 
at angles beyond 140° appears to exceed what might be 
expected from the standard deviations of the points. 
Cross sections at small angles have been measured at 
other energies by experimenters at the General Electric 
Research Laboratory,”* at M. I. T.,?’ and at the Uni- 
versity of California.** Of these, final results are avail- 
able at this time only for the California 260-Mev 
measurements, which indicate an angular distribution 
similar to that found in the present experiment. 


VIII. CONCLUSIONS 


We conclude that the angular distribution of positive 
photopions from hydrogen at 225-Mev photon energy is 


‘ (i le Miller and R. Littauer, Bull. Am. Phys. Soc. Ser. II, 2, 
1957). 

27B. Richter and L. S. Osborne (private communication to 
E. L. Goldwasser). 

38 re , Imhof, Kenney, and Perez-Mendez, Phys. Rev. 107, 
323 (195 Y 
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very satisfactorily described by the theory of Chew 
et al., and cannot be fitted satisfactorily with a quadratic 
in cos§*. This constitutes direct evidence that the inter- 
action of the photon with the meson cloud exists and 
has approximately the magnitude calculated by Chew 
et al. 
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Observation and Analysis of K~ Interactions* 
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In nuclear emulsions, 289 K~ mesons were observed. The mass and lifetime of K~ mesons is the same as 
that of K+ mesons. The K~ mean free path in nuclear emulsion is geometric. Charge-exchange scattering 
and inelastic K~-nucleus scattering are rare. Positive hyperons are emitted in 8% of K~ capture stars, 
negative hyperons in about 9%, hyperfragments in 5%. It is estimated that a A® is trapped without pro- 
duction of a visible hyperfragment in an additional 8%. A K~ is captured by one nucleon with formation of 
a = hyperon and a pion in about 0.77 of the cases, with creation of a A° and a pion in approximately 0.18 of 
the events. Capture by two nucleons occurs in roughly 0.05 of the cases. From a comparison of production 
and emission frequencies of = hyperons it is concluded that an attractive nuclear potential for 2 hyperons 
must be less than 20 Mev. Limits for the mean free paths for ordinary scattering, for charge-exchange scat- 
tering, and for absorption of 2 hyperons in nuclear matter are given. The trapping of A° hyperons in nuclei 


is discussed. 
1. INTRODUCTION 


N continuing earlier studies! of K~ events observed 
in nuclear emulsions, 289 K~ mesons were found, 
most “of them in stacks exposed at the Cosmotron. 
Analysis of this much enlarged sample (which includes 
the events of the previous study) made it possible to 
confirm or revise some of the earlier conclusions by 
basing them on statistically more reliable data, and to 
arrive at additional results relating to the behavior of 
hyperons in nuclear matter. 
The presentation is divided into two essentially 
independent parts. The first deals with K~ interactions 


* Research carried out under the auspices of the U. S. Atomic 
Energy Commission. 

1 J. Hornbostel and E. O. Salant, Phys. Rev. 102, 502 (1956); 
hereinafter referred to as HS I. 


in flight (Sec. 3) and with decays (Sec. 4). In the second, 
experimental data relating to K~ captures at rest are 
presented (Sec. 5) and analyzed (Secs. 6 and 7). In 
this analysis, use is made of experimentally determined 
relative frequencies of the three basic capture reactions 
of K~ mesons: 


K-+N-2+1, (Ia) 
K-+N-—A"+r, (Ib) 
K-+2N—-Y+N’, (It) 


where N and WN’ are nucleons and Y may be either a 
> hyperon (reaction IIa) or a A®° (reaction IIb). Re- 
actions (Ia) and (Ib) are referred to as mesonic, 
reaction (II) as nonmesonic captures. By comparing 
the reaction frequencies with the frequencies of observed 
charged 2 hyperons (corrected for inefficiency of de- 
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that is, of observed 


which a <A° 


tection) and of hypernuclei 
hyperfragments and of events in 
captured in a nucleus without emission of a visible 
hyperfragment—information is obtained relating to 
the processes that can lead to trapping of hyperons in 


was 


a nucleus. 


2. EXPERIMENTAL TECHNIQUE 


The methods employed in exposing the stacks, in 
processing and scanning the emulsions, and in analyzing 
the events were the same as the ones previously de- 
typi ally 


1 


scribed.! Briefly, the stacks, each consisting 
of 36 G5 stripped emulsions, 2X3 in. in area and 400 « 
thick, were exposed to a magnetically analyzed beam 
of negatively charged particles and were scanned near 
their leading edge for beam tracks of the grain density 
about 2 times the minimum) expected for A~ mesons. 
A track so selected was followed to the point where 

particle had decayed, interacted in flight, come to rest, 
or left the stack. A K could be immediately 
identified if it decayed, came to rest and made a star 
or interacted in 
parti le. For other interac 


that did not end in a , the 


meson 


flight with production of an unstable 
fe 
tions in fli 


pion, proton, or K to be determine 


measurements. It is important to note that 
cedure of scanning and measurement yields an 


sample of the A~ events. 


Most A~ mesons were found in 12 fully 


scanned stacks exposed at the Cosmotron wher 


ese conditions, t 


set to operate at 2.95 Bev. Under tl 


nominal A~ momentum was 340 Mev/c, except for the 


case of one larger stack, when it was 420 Mev ‘c. Several 


, fn rey 
lower Cosmotron 


additional stacks were irradiated at 


energies (and somewhat lower beam momenta); in 


these exposures, the yield per stack of A~ mesons was 
reduced. One stack was exposed at the Bevatron to A 


c. Init, 34 A 


events previously 


mesons to 260 Mev mesons were found. 


Except for the reported on, no 
attempt was made to identify by multiple-scattering 
measurements nuclear particles ejected in A~ capture. 
Typical evaporation prongs were classified as protons, 
alpha particles, or fragments in the manner previously 
described.! For tracks ranging in density from 1.5 times 
the minimum to broken black, observation of the change 
in density with range made the assignment either to 
pions or to nuclear particles unambiguous in almost all 
cases. Tracks that, from K 
captures, were attributed to pions. 

Kinetic energies T were determined from range, if 
the particle came to rest in the stack, and from ioni 


lighter than arising 


zation measurements, if it did not. 

Lighter tracks were grain-counted. Each 
density g was normalized by reference to the density 
go of beam pion tracks found in the immediate vicinity 
of the track to be measured. For each stack, the rela- 
tionship between 7/mc* (m=mass of the particle) and 
g/go was established by grain-counting calibration 


grain 


AND G ZORN 


tracks. In some of the stacks, these were tracks of 
negative pions that stopped in the emulsions. Other 
stacks were exposed, in part of their area, to a beam of 
80-Mev pions that traversed the emulsion at right 
angles to the main beam. (It was found that for g/go< 2, 
the energy-grain-count calibration was within the limits 
the interval g 20-35 


If tracks were too dense for grain count 


of error independent of go in 
grains /100 wu. 
ing, then the energy was estimated from gap measure- 
ments. In particular, this method was applied to most 
of the tracks of hyperons decaying in flight. In several 
cases, energies were confirmed by multiple-scattering 


measurements 


3. INTERACTIONS IN FLIGHT 
3.1 Mean Free Path 


K~ interactions in flight were systematically sought 
in 11 stacks. Only 1 out of 7 of the beam tracks followed 
was made by a K particle, the remainder being due to 
background protons. Consequently, the number of A 


mesons interacting in flight could be 


found only by 
determining for all interactions in flight the f 
the incoming particle by grain-coun 

scattering measurements. To provide sufficient 
length for these measurements, events occ 

1 cm from the leading edge of the emulsion were o1 
identified AK 
coming to rest in the stack served for calibration, 
number of 


mesons 


from consideration. Tracks of 
To compute the mean free path, the total 
K~- mesons must be known, including t} 


Iherefore, in 6 of the 


ose stopping 


without producing a star (A 


stacks, containing 112 stopping A rticles, the fraction 
of K, mesons was determined by measuring the 


In W hi h 


mass 
of all particles stopping in the range interval 
A~ capture stars 
to be 0.15+0.03. It was used 


were found. This fraction was found 


to estimate the number of 
unidentified A, mesons in the remaini 

In the manner described, 44 A flight 
were identified in the 11 stacks. The corresponding total 
number of K \ 226. The 
of stopping A particles was 5.55 cm. If (in addition to 


tions occurring 


mesons was average range 


the interactions in the first cm) interac 
in the last 0.2 cm of range are also ignored* because in 
that interval it cannot always be decided whether the 
event occurred at rest or in flight, then the length of 
interactions in 
flight are accepted is x=5.: 1.20 The 
corresponding energy interval is 15-100 Mev. Calcu- 


the average range interval in which 
4.35 cm 


lating the mean free path A from the equation 


Vo—N; N exp x/N), 1 


where Nr is the number of interactions in flight, we 
obtain A= 20.4+3.0 cm. The error represents the sta- 


tistical fluctuation only. 
? Actually, no interaction in flight was observed in which the 


K~-track density near the event indicated a residual range <0.2 
cm. 





RVATION 


Corre 

turing nucleus a 
energy of 70 Mev, 1 
our measured 


give X 3 "Vd 


energy interval. We hav 


crepancy. Barkas « 


The energy 


* histogram, 1 
ines above the do 
used 


peak il) 


between 


could have 


by A meson 


ess than tl} 


44 interactl 

However, 

events are 

estimated by a comparison 

frequently produce 

energy. First will be assumed that charge exchan; 
1. If one takes 30 Mev, whict 


vy less than one half of the average kinetic energ 


at rest can be ignore 
slight] 


of 70 Mev, as the portion of the kinetic energy appearing 
then F ci » equated to the experimental and calculated data are in good agreement 


as visible star energy, 
fraction of stars produced ¢ 70 


10 Mev. When A, mesons are included, this fra 
which lead he expectath 


is observed to be 0.26, whi 


3.4 K -Proton Interactions 
c seg ; Ai the interactions produced in flight in a total 
that 0.26X44=11 stars resulting from A~ capture Spree ; ; se 
Z ' ath length of 1303 cm traversed by A~ mesons of from 
flight should be small enough to meet the energy ° : 
far . } : T “ate ic energy, there were two elasti 
criterion for charge-exchange scattering. Upon making . 


alternatively the extreme assumption that all A, events 


R. M. Sternheimer, Phys. Rev. 101, 384 (1956 
41). M. Fournet and M. Widgoff, Phys. Rev. 102, 929 (195¢ 
Barkas, Dudziak, Giles, Heckman, Inman, Mason, Nickol 
and Smith, Phys. Rev. 105, 1417 (1957 cross secti 
6 Private communications from W. H. Barkas and from R A simil 


White * Fer 
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TABLE II. K 
K>~ scatterir 
angle, la 
Og 8 
5.0 
acks 





scatterings by free protons. Data referring to these 
vents are given in Table II. K~ masses calculated from 
the kinematics of the scattering agree with the 7 
mass, m,=966 m,,!° and with A~ mass values given by 
Gilbert ef al." (their most accurate value is 966.2+5 
me) and by Barkas et al.® (965.341.5 m,., 961.4+3.3 


mM, 
4. DECAYS 


lassified 


Of the K 


as decays. To be accepted in this class, an event had to 


events occurring in flight, 8 were « 


meet two criteria. First, the appearance had to be 
consistent with a decay; especially, there could not be 
a blob at the junction of primary and secondary tracks. 
Second, the measurements of the tracks had to give 
results consistent with at least one of the established 
K-meson decay modes. Two events acceptable with 
regard to the first 


because they failed to meet the second. 


condition were rejected as decays 


For the analysis, grain densities of primary and 


secondary tracks and, where feasible, 
density with range and the multiple scattering of the 


track was not 


the change in 


secondary tracks were measured. If a 
flat, 


lic 


then it was ascertained that distortion had not 


falsified the scattering results, for which purpose the 
y of the 


distortion of steep tracks found in the vicinity 
track in question was examined. 

Preferred identifications of the dec: 
Table III. In no case was it 
decay mode unambiguously. 

From the number of decays and the total proper time 
of flight of all K~ mesons, of 8.4 10~ sec, 
of (1.1+0.4)X10~* sec is calculated. This value agrees 
with the lifetime of K* mesons’® and with K~ lifetimes 
reported by Goldhaber et al.'* [ (0.95 36) X 10-8 sec ] 
and by Barkas ef al.® [ (1.46_0.3:7°*) K 10-8 sec 


given in 


possible to establish the 


a mean life 


5. K- CAPTURES AT REST; EXPERI- 
MENTAL RESULTS 


We now turn to an analysis of K~ captures in nuclei 
and shall first present a classification of these events 
mainly with regard to the presence or absence of charged 


10 A. M. Shapiro, Revs. Modern Phys. 28, 164 (1956). 

1 Gilbert, Violet, and White, Phys. Rev. 103, 248 and 1825 
(1956). 

12 Tloff, Goldhaber, Goldhaber, Lannutti, Gilbert, Violet, White, 
Fournet, Pevsner, Ritson, and Widgoff, Phys. Rev. 102, 927 
(1956). 








scatterings by free protons 
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ig Angle between K~ scattering 
mary K~ mass 
and proton Coplanarity* stem Me 
24.6 0.1+0.6 133 960+ 7° 
75.2 0.2+0.4 39 9094-604 


negative 


y 


hyperparticles, that is, of positive and 
hyperons and of hypernuclei. 


5.1 Classification of Events 


In Table IV, the K 
according to their characteristics. Observed numbers of 
events are entered in column III. Hyperons designated 
line 3) decayed in flight into a pion.* In columns 


captures at rest are grouped 


as 4 
III and IV, numbers followed by a question mark refer 
to cases in which the identification of a track as that of 
a hyperon was probable but not quite certain. 





In one event, distinct vetween a decay in flight =*—+p and a 
scattering of a proton was somewhat ambiguous. In two ques 
tionable =~ | s,as t track anda yw Auger electron 
een at tl of the presumed © tra ) have ( inci 

tal. I e even stinct vetween DT” a 1 ertrag 

vas no sible; according this event was ered as 

i guous th s 4 and 8. I ting entages 
es ’ events given one-half weight. Of the hyp 

ag $ e 8, 3+1 ide visible tracks, a 1+1 ss 
10 g. I ema gy cases, the s i ouble 

r events, tI I ) T t tra vas o ry the 

) at the f the A i ir, t esence of a 
do star being inferré ym t f star |} gs to 

wnt a ae 

The adjusted numbers and corresponding _per- 


centages, columns IV and V, were obtained as follows. 
tion of K, 0.15, 


3.1) it was estimated that 14 A, mesons had 


a) From the measured fra mesons 
see Sec. 
been missed in those stacks, in which no systematk 
search for K, mesons was made. The total number of 
K~ mesons (line 1) was accordingly increased. (b) From 
our observed average moderation times (4.6 107"! sec 
for Zz. S1KAG and from the ©* and = 

lifetimes,’* the expected numbers of 2* and of =~ decays 
in flight was computed (9 ©*—4 or w, 4 =~). Using this 
9:4 ratio, 5 of the observed 2+ hyperons were assigned 
to =* (line 5), 2 to =~ (line 6). (¢ An appreciable 
fraction of =~ hyperons are captured without formation 
of a prong or emission of an Auger electron, and, 
therefore, escape detection. Fry ef al.'® have estimated 
that 0.4 of all 2~ captures at rest remain unidentified. 
From this fraction it is calculated that in our sample 8 


sec for 


>~ hyperons were missed. The number of =~ hyperons 
3 TIn NK4, the decay product was possible e*; see HS I. 


144 NKS; see HS I. 

16 See Alvarez el al , reference 7. 

16 Fry, Schneps, Snow, Swami, and Wold, Phys. Rev. 107, 257 
(1957). 
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TABLE ITI. K~ decays 


Event number 78 430 433 437 720 66 39a B20 


Preferred 
Kye Ka Ky Kya Kya Kye no decision 
Ka 


} 
aecay modes 


Exclude 
n re Bs Kis Kas - 


hi ‘ction, well th 5.3 Visible Star Energies 


Inciué 








2 above-mentioned decays in flight d) As, of the The distribution in visible energy. / of stars 
observed = hvyperons. one-half were emitted 1 aSSo- t 
ybserved lyperons, I wer IN asSsO- resulting from A shown for events 
;' : se 
clation with a pion, and one-half were unaccompanied without hvperpat and for event 
‘ , E I 
by a pion (compare Table \ the data in column III, with charged hvpe vas evaluated 
va ii > 4 y} i’ s ya y 4a l 4 
line 11 (events with pions but v out Nyperparuici€s, — a. outlined in Se iptures, Lyis=0 
called gro ip C in HS I) and line 12 (events without a en are r to captures wi 
NOT r hywnernarticles. evrout ) \ » adine 1 4 . ; 
pions ul hyperpal 1cies, ET I I wee @ . , pion ¢ SS1O! shaded tot se W ut plons Eve iLS 
}] far } mig +\¢ Be) , + iy 
r tne I ‘ntl nhyperons ¥ 3 fa In } Fs + +} 
allow for the unidentified >, hyperons, by subtri £ with pion track before process greater than 
if 7 ac} nmoher vddit the cs Re , 
+ from each number. In additio e 14 missed A 60° were not used for the plot. because kinetic energies 


mesons were added to group D. (e) The events entere derived from grain counts of such steep tra 
iT ne O nad > tually members fF oroiups r 2 4 

oe and 10) are actually members of groups € or unreliable. In order not to distort the spectra, events 
D which are not widually 1dentihed heir numbet with pions were given, in the plots, a weight inversely 





cepted [0.69 





was estimated on the basis of t a prop : 4 
In Sec 5.4 No corresponding aeqduction was ! ) lI in I v2 ane Fig. 2(B 

the numbers listed in the table for gr ups ¢ an It is see that in about e-half of e events wit 

charye yperons, | 2(B), € vis e energy 1s se 

5.2 Hyperon Events o the available energy of 494 Mev. (One event. shown 


yT ited in Table V (5 A™ intera ms mn cabsuaae dae ‘ ; BY _ 
| nts of between 450 and 500 Mev have no 











el ssl IS presel L¢ l 
‘ j ' 
} : . 1 » the ¢ Ve S / etwee a 
flight are in bols are explained } € sie 
} 7 } prongs ¢€ ¢ se ol tpe 2 ind of the pio I} 1S 
caption. The nu yperons found is too small to Peng pt t 1 the & and ol pl us, 
ay? a ‘ 
allow statistically reliable conclusions with regard to 
t energy distribution, or to the characteristics of 
their decay and capture processes ‘ 
raspie IV. Chara A " sa t > 
©) ‘ . 
1 Total A 225 239 100 
» v 14 1 
ae: 7 
$ p » 11+3 é 
5 Total =* 1941 8+2 
6 Total = 21+3 9+2 
7 Total 3*+2 40+-4 ? 17 
8  Hyperfragments 12+1? 1241? 5 
9 Possible trapped A°’s” 0+ 11 & 
10 Hyperfragments+ possible 
trapped A°’s® 3241? 14+4 


11. With x, without hyper 
particles (group ¢ 

12. Without x or hyperparticles 
(group D 22 : : ae 


hout hyperparticles, histogram B for 


® See text for met! sofa 
> A®’s trapped in residual nucle 


for observation; see text for method of 
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TABLE V. Data of events with hyperons. f41 ig 
of flight of 2 and decay pion in rest system of 
are the residual momentum and the visible energy of A~ star. In column 1, F denotes K 


interaction in flight 


ZORN 


ne and fyot are actual and potential hyperon flight times. 3’ is the angle between directions 
>. Ty and T, are kinetic energies of Y and of w, respectively, at emission. Pres and Evie 
In column 2, F and R 


denote decays in flight or at rest, respectively; (?) means slight uncertainty whether F or R; ? means stronger ambiguity. In column 


(11), (2) and ? have the same meaning with regard to the identification of the hyperon 


1 2 3 4 ) 6 7 8 ) 10 (11) 
ftlight t d Ts . pr key Other prongs 
Event Terminat 107" sec 107" se egrees Mev Me Me Me { K~ star® Comments 
435 zt—p, R 3.8 6-4 20 82+10 211 503+ 10 
606 ?, R 2.6 100 14 275 
701 p>, R 3.1 130 16 27 140, 
508 p, R 12.0 112 $9 330 psy React. II ? 
311 », F 1.5 2.5 95 (or 85 14. 11 (x 222 463 12,p;5,p 
716 ». F 62 396 10,029, “4 ? Or scattered ¢ 
8 xt,R 1.7 170 10 66 60 476 i 
305 xt, R 4.0 101 21 53 100 474 
B8 at, R a2 44 25 60 104 486 
422 x*, R 3.5 20 18 47 155 466 f 
511 xt, R 3.8 60 19 35(x 114! 492 1a 73 
307 xt, RQ? 3.3 145 18 45 227 464 
802 r*, R(? 15.3 55 30) 37 240 488 
806 xt, R(? 1.6 31 12 16(x 128 429 
B26 %*+—-x*, R? 0.3 16 3 Q2 146 496 
73F at, F 4.9 7.8 39 35 a9 29 505 
1 at, F(? a2 6.34 6 34 57 170 491 
229 r+, F 3.8 6.8 30 31 22 192 495 31,p 
315 rt, F 35 $48 66 24 £285 
Bl at, F 1.1 5.0 116 25 445 120, p ;29,p 
718F x*, F 8.7 12.7 31 51 408 4,.p;43,p;ll,a; 
10,a;f 
B22 x*, I 8.7 16.6 32 66 303° 463 126,p;f React. Il 
std x+, I 14.4 37.3 84 120 414 9,a;l4,a; React. Il 
4 e*?, F 4.9 6.0 125 406 11, React. II 
226 ~~—1 prong+ Auger 2.2 13 65 960 480 
308 2 prong 2.4 14 56 184 478 
B29 blob ae 12 154! 574! 
222 4u prong 1.5 9 50 87 467 
500 1 prong 0.52 4 34(x-) 136 446 
14F 2 prong 15.0 38 100 86° 558 
25 2 prong+¥Y fe 0.45 + 321 10, p ;8,p ;8,p 
150 3 prong 0.48 } 436 154,p 
704F 4 prong 4.1 21 289 
801 blob 4.3 21 361 40,p;12, 
51 clump+12, prong 3.7 9 324 13,a ?) clump+prong 
poss. accidental 
601 Auger+10u prong 1.6 10 46(x* 100! 480 6,p electron + prong 
poss. accidental 
B19] 3 prong+ fe 1.4 301 14.¢ x or scattered 
K not excluded 
94 g 
sidy ange vit 3 k 





hyperfragment 


they illustrate the basic capture reaction 
K-+pott+n*, (Ia’ 


the effect of the binding of the proton in a nucleus 
appearing only in the energy and momentum balance 
of the events. In these cases, the residual momenta 
Pres, see Table V 
nucleon momenta and are, therefore, readily balanced 


are of the order of magnitude of 


by nuclear recoil. 

The events without charged pions can be A~ captures 
with x° emission, nonmesonic captures (reaction II), 
or captures in which a charged pion is subsequently 
absorbed in the nucleus. 


Figure 2(A) shows that in events without a charged 
hyperparticle (group C with r*, group D without 7*) 
A° emission is energetically possible, as the visible 
energies do not exceed the limit above which a A° could 
not have been ejected, namely 307 Mev.’ (The 2 events 
shown with E,i,>300 Mev are no exceptions, as their 
visible energies are /y;,=300 Mev and Fyi,=320+50 
Mev.) Thus, the present more extended data confirm 
the conclusion of HS I that the energy balance of K 


capture is consistent with the theoretical postulate’® of 


184 Pais, Phys. Rev. 86, 663 (1952); M. Gell-Mann, Phys 
Rev. 92, 833 (1953); A. Pais, Physica 19, 869 (1953); T. Nakano 
and K. Nishijima, Progr. Theoret. Phys. (Japan) 10, 581 (1953); 
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conservation of strangeness. However, it does not 


follow—nor does the law of conservation of strangeness 


demand—that a A° actually emerged from all the stars 


of group C and D. On the contrary, it can be expected 
that in a number of events a A° was captured either in 
the residual nucleus, or in a fragment which could not 


be detected because of insufficient range. In the next 


section, an estimate of the frequency of such occurrences 
will be attempted 


5.4 Estimate of the Number of Unidentified 
A’ Captures 


Ina subsequent section, we shall require an estimate 


of the number of all the A hyperons trapped in the 


capturing nucleus. If a hyperfragment was formed but 


made a track so short (say <O.5y) that the two star 


centers cannot be resolved, or if the A®° was retained 


the residual nucleus, then the A° capture cannot be 


detected direc tly An estimate of the Irequency of these 
processes was obtained by comparing the visible-energy 
tra derived for 


spec 


spectra of groups C and D wit! 


} 


events in which a A° was trapped. For this purpose, the 


distribution in visible energy contributed by stable 


secondaries only, Fyis, was studied. Except for the 


omission of the energy of unstable particles, Eyis’ was 
evaluated with the conventions described before 


In events in which a A° is trapped, /yi.’ will contau 


contributions from several processes 


I) On the average, A 


nuclear excitation of 10-20 Mev, whic 


captures will result In a 
can lead to 
production of evaporation prongs 

II) Frequently, the pion (#* or 7°) resulting from 
the A 
energy to the nucleus 


III) If the A 


subsequent collisions transfer 


capture will in 


+ 


results Irom tne secondary reaction 


s 


then the nucleon V’, on the average of about 50-Mevy 
kinetic energy, can directly (if a proton) or indirectly 
contribute to Ey is’ 

(I\ Finally, the dec ay ot the A 
Mev. 


will liberate 176 


The spectrum of the portion of /yis’ resulting from 
processes (I) and (II) was taken to be the same as that 
of the observed £,;,/ distribution of events in which a 
charged ¥ was seen. If the A® results from reaction (A), 
then this is appropriate.*° If, instead, the A° is formed 
in reaction (Ib), then, as can be easily seen, the contri 
bution to Eyis’ of process (II) may be underestimated, 


M. Gell-Mann and A. Pais, Proceedings of the 1954 Glasgow 
Conference on Nuclear and Meson Physics (Pergamon Press, 
London, 1955); K. Nishijima, Progr. Theoret. Physics (Japan) 
13, 285 (1955); R. G. Sachs, Phys. Rev. 99, 1573 (1955); M 
Goldhaber, Phys. Rev. 101, 433 (1956 

19 Gilbert, Violet, and White, Phys. Rev. 107, 228 (1957 

We shall see below that the majority of As created in A 
captures do come from reaction (A 
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} 
| 
i 
“ 
G. 3. Distri vVisibie star energ Stable } cles O1 
r events with | { 1 s. Histogram A 
SETVE rl ti histograr B S expected for 
eV s 4 na ¢ A avs 
because the pion is more energetic than a pion created 
In association with a = 
Process Ill was lgnored, which leads again to al 


underestimate of /y;. 


rhe distributior taken from 


the work of Fry ef al For consistency, Eyi,) was 


calculated fron eir data with our aforementioned 


Ihe distribution in star energy expected to be found 


in events in which a A° was trapped is obtained by 


i 
, é, , 
folding the spectrum of processes (I), (II) into that of 


The calculations were carried out sepa- 


process I\ 


+ 


rately for stars with and without pion emission 


histograms B of 
th 
ul 


lig. 4 for 


without pions; they are superimposed on the histograms 


shown in 


rhe resultant spectra are 
Fig. 3 for events with pions, and in lose 
A representing the visible energy distributions of groups 
\ and B differ in 
The spectra A are peaked at energies below 100 


C and D. It is seen that histograms 
shape 
Mev, whereas the spectra B are rather flat up to roughly 
200 Mev. The estimate of the number of trapped A' 
hyperons was obtained by assuming that the high- 
energy tails of histograms A are due to events in which 
Accordingly, histo- 


the decay of a trapped A° occurred 
gram B of Fig. 3 was normalized so that above 100 Mev 
the area under B equals that under A. Similarly, in 
Fig. 4 the areas above 125 Mev were made equal. With 
this normalization, the total area under A in Fig. 3 
his 


1e normalization area under B 


corresponds to 12+7 events number is sta- 
| 


tistically unreliable, as t 


contains only 3 events.) The total area of B in Fig. 4 


See Table HI of HS I 
22 Fry, Schneps, and Swami, Phys. Rev. 99, 1561 (1955 
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= 
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N 
a 
ve) 
2 
5 
; - 
, es 
0 i 
oO. 2 
Eig Mev 
~ , fctahle narticl Bee 
renergy of stable particles only, 





4 am A 


r events in 


observed 





for events without pions or hype 
distribution; histogram B: dis 
which a trapped A 





1 expected I 


aecays 


corresponds to 28+8 events. Thus, a total of 40+11 
events is assigned to trapped A°’s. 

This number, however, is an overestimate for the 
following reasons. (a) Our normalization procedure is 
equivalent to the assumption that in the absence of 
trapped A° hyperons the yi.’ spectra of groups C and 
D would be cut off sharply at 100 Mev and at 125 Mev, 
respectively. This is not likely to be the case. In group 
D, for instance, high values of Eyi,’ can also result if 


the K 


was captured by reaction (II’ 
K-+2p-Y°+ p, IT’ 


with the fast (~150 Mev) proton escaping. In fact, 
half of the events in the tail of histogram A, Fig. 4, owe 
their high energy to a proton of >100 Mev, and could 
possibly contain examples of reaction (II’). (b) The 
contribution to Eyis’ of process (III) was ignored. 
(c) The Eyis’ spectrum of hyperfragments was taken 
from a sample of fragments of average Z~4. If the 


nonmesonic™ decay of the A° occurs by the reactions 
A°+ pon- pf, 
ANT eh, 

then } of the decay energy is transmitted to neutrons. 


In lighter elements, these neutrons will frequently 
escape; in heavier elements, as typified by residual 
nuclei of AgBr,** the energy will more often be redis- 
tributed in secondary collisions and in part be trans- 


23 In heavier elements, Z 23, mesonic decay is rare 

24 In making use in Sec. 7 of the results here obtained, it will be 
assumed that in three-quarters of the cases A° capture involves a 
heavy element. 
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ferred to protons, so that the fraction of the decay 
energy contributing to /yji,’ will be closer to 3. 

The considerations of (b) and (c) show that the areas 
of histograms B above 100 Mev and 125 Mev, respec- 
tively, used in the normalization, actually represent a 
larger fraction of the total area than was estimated; 
consequently, the number of events corresponding to 
the area below these energies was overestimated. 

A rough estimate of corrections a, 6, and c leads to 
the conclusion, that the number of trapped A°’s was 
overestimated by about a factor 2. Using, therefore, a 
correction factor 0.5+0.25, it is found that in 0.540 

20+ 11 events a A° was trapped without formation 
of a visible hyperfragment. This number is entered in 
line 9 of Table IV. 


5.5 Pion Spectra 


Pion kinetic energies 7, were determined from grain 
counts. The pion energy distribution for events without 
hyperparticles (group C) in Fig. 5(A), that 
for events with charged hyperons in Fig. 5(B). Pions 
from K 
plots, nor are pion tracks of dip 
energy of the distribution of Fig. 5(B) is 55 Mev. 

From reaction kinematics it follows that if the Fermi 
momenta of the capturing nucleons are taken to be less 
than 200 Mev/c, the pions created in reaction (Ia) have 
energies below ~ 90 Mev, pions from reaction (Ib) have 
energies 2 90 Mev.*® 

The number of energetic pions allows, therefore, an 
Of course, 
pions of energy - Ib), 
if they have lost energy in secondary collisions.) In the 
plot of Fig. 5(A), 7 pions have 7,2100 Mev. Five 
tracks in the interval 75-100 Mev have individual 
energies of 85, 85, 87, 88, and 91 Mev, with an average 


is shown 


interactions in flight are not included in the 
> 60°. The median 


stimate of the frequen y of reaction (Ib). 
90 Mev can come from reaction 


error of +10 Mev; they could be due to either reaction. 
If these tracks are distributed between the parts of the 
spectrum below and above 90 Mev in proportion to the 
populations of the 50-75 Mev and the 100-125 Mev 
intervals, respectively, namely in the ratio 4:1, then a 
total of 1+7= 

Several corrections must be applied before the fre- 
quency of reaction (Ib) is deduced. (a) The sample used 
for the plot contains only 3 of all pions. (b) The pions 
must traverse nuclear matter before emerging. As their 


8 pions are assigned to reaction (Ib). 


mean free path is short—their calculated median energy 


inside the nucleus is ~160 Mev,”* not far from the 
28 HS I; Haskin, Bowen, and Schein, Phys. Rev. 103, 1512 
(1956). The values given in these papers were calculated by 
ignoring the effects of nuclear and Coulomb potentials. However, 
the effect of these potentials on the kinetic energies is small. 

26 In computing this energy, the pion-nucleus potential [R. M. 
Sternheimer, Phys. Rev. 101, 384 (1956), and private communi 
cation] and the average nuclear excitation resulting from K 
capture by a bound nucleon (references 1 and 19) were taken into 
account. The number calculated in HS I without these corrections 


is slightly smaller than 160 Mev because it refers to the pion 
energy outside the nucleus. 
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resonance peak of x-nucleon scattering—,a considerable 
fraction will collide and emerge with reduced energy. 
An estimate of the fraction g, of pions which will emerge 
with energies above 90 Mev was based on the measured 
pion-nucleon cross section (equal to 4 the x*-p cross 
section),”? on the angular distribution of the scattering 
process,”* and on calculations, discussed in Sec. 6.3, of 
the relation between the mean free path in nuclear 
For 
resulting in a degradation of the pion energy below 90 


Mev, a partial mean free path in nuclear matter of 1.3 


TT ; 
COMISLONS 


matter and the collision probability. 


times the geometric was found. To this value corre- 
If emulsion nuclei are 


consist of equal numbers of 


sponds a fraction ' fame 3 (k 
taken to 


neutrons, then it 


protons and 


follows from charge independence 


that the number of x° mesons from 


K-+p Ib” 


is one-half the number of z~ mesons. 
Applying t} 


1e three corrections, the total number of 
pions, charged or neutral, created in reaction Ib) is 


3x (1/0.3)K}X8= 060. Thus, it is estimated that of the 
239 K 
reaction (Ib).* 

This fraction may be compared with that derived 


et al.6* who observed in A--p 


captures at rest, 254-997 occur according to 


from the data of Alvare 


captures the ratios 2~:2+:2°:A°=4:2:2:0.5. By in- 
voking charge independence, it is found that in self- 
conjugate nuclei reaction (Ib) should occur in 0.11 


+().03 (error statistical only) of all captures. In view 
of the large errors, there is no discrepancy between the 
two results that the relative 


frequency of reactions (Ia) and (Ib) is actually different 


However, it 1S possible 


when the hyperons are created in A 


} ~ - 


with the proton at rest, than when tl 





ey are 


captures by nucleons moving within the nucleus.** In a 





} } } } . > , ] } 
nucleus the distribution in hyperon energy may also be 
affected by the presence ol discrete energy levels. This 
point will be considered more fully in Sec. 6.2. 

27S. J. Lindenbaum and L. C. L. Yuan, Phys. Rev 
(1955 


28H. A. Bethe and | e Hoffmann, Meson 


29 See Fig. 11. The best value of the parameter d in Fig 
between O.1r7 and 0.2r 

®Compare M. Kos} 
Gasiorowlcz, 
Report UCRL-3074 (unpubl 

31 Owing to a statistical fluctuation, the sample of A~ captures 
at rest analyzed in HS I « 


fast pions than the present sample. Conse¢ 





uently, the frequency 
of reaction (Ib) was overestimat lication 


Alvarez et al., 


earlier pul 
reference 7; also University of California 
Radiation Laboratory Report UCRL-3691, plus revised Table 
(February 26, 1957 Falk-Vairant, Alvarez, Bradner, Gow, 
Rosenfeld, Solmitz, and Tripp, Bull. Am. Phys. Soc. Ser. IT, 2, 
422 (1957); A. H. Rosenfeld (private communication). It should 
be noted that these ratios apply to A~-hydrogen captures, where 
the relative kinetic energy of the A~ and the proton is zero. If 
these ratios are strongly energy dependent, then they may not 
apply to A~ captures by nucleons bound in a nucleus, where the 


nucleons, and possibly also the A~, are not at rest 
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5.6 Nonmesonic K~ Capture 


captures, resulting in the appearance 


of a charged = (reaction IIa) can be identified by the 
| 
kineti 


energy 7’: of the L. The highest energy of a 2 
from reaction (Ia) is about 45 Mev, whereas hyperons 
from reaction (IIa) have energi 30. and 
180 Mev.*® Accordingly, hyperons of kinetic energy 
>50 Mev This limit 
excludes the minor Mev of tl 


inor not only because its 


es between ~ 





represents a less 





captures, 
VA 4, 444, 


v 
~ 


In three stars, representing 1% of all K 
such energetic = hyperons were observed 
B22). If it is assumed that 
hyperons either are absorbed or emerge with appre- 
clably reduced } 


doubled In 


roughly one-half of the 


energy, then this percentage must be 
order to obtain the fraction of charged 

tion (IIa). A further allow- 
ance hyperons. Assuming arbi- 
trarily® that the number of =° hyperons does not much 


hyperons produced in rea 


made for = 


must be 
exceed that of charged hyperons, the total abundance 
1%, of all K <5% 


I 5 captures, and <:; 
of captures leading to = formation (compare Sec. 6.1). 


of reaction (IIa) is < 


Nonmesonic capture may also result in the production 
of a A° (reaction IIb). Events involving this reaction 
cannot be identified; the only clue to its possible occur- 
rence is the high kinetic energy of the nucleon emitted 
in association with the A°. This energy is between 70 
and 250 Mev, with a median of about 170 Mev.* A 
self-conjugate nuclei it follows from 
values of the matrix 
(see reference 30). We were 
nonmesonic capture. 


For mesonic capture in 
irrespective of the 
sO .. »:] 


charge independence e. 
elements, that (= 
unable to find an equivalent theorem for the 
54 Haskin, Bowen, and 


Schein, reference 25 
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Fic. 6. Spectrum of protons emitted from A~ captures 


limit for the abundance of the reaction can be obtained 
by taking the number of protons with energies above 
170 Mev, and doubling this number to allow for the 
lower half of the spectrum of reaction (IIb). From the 
spectrum of protons emitted from A™ stars, Fig. 6, one 
obtains in this way 2X1}=3 possible examples of 
reaction (IIb). Correcting for energy losses of protons 
and for unobserved fast neutrons (combined factor 6), 
is obtained as a rough limit for the 
Iib). However, this number is 


an estimate of 6% 
frequency of reaction 
not only statistically quite insecure, but the observed 
high-energy protons could have originated in other 


IIa) in association 


processes ; for instance, in reaction 
. 


with a 2° or with a subsequently degraded or 


. 
absorbed, or in the absorption of a fast pion. Indeed, 
Fig. 6 gives in 


the shape of the proton spectrum of 
itself no reason for the suspicion that the high-energy 
tail is not produced by the same processes, presumably 
pion interactions, which dominate below 170 Mev; it 
is incompatible with the interpretation that a large 
fraction of the protons below 170 Mev are due to 
reaction (II). It is therefore, entirely possible that the 
frequency of reaction (IIb) is much | ian 6% 
In summary, it can only be said that the frequency 
of nonmesonic capture is low, of the order of 5%. 
will be 


ess U 


Because of this infrequency, this reaction 
ignored in subsequent discussions. 

On the theoretical 
deduced that in light nuclei approximately 20° of the 


K~ captures leading’ to = formation and 55% of the 
Cheston 


basis of arguments, Cheston 


A°-producing captures should be nonmesonic. 
gives no corresponding estimate for heavy nuclei. If 
one assumes (a) that 0.4 of the A~ mesons interact with 
light nuclei,*® and (b) that reaction (II) occurs quite 
infrequently in heavy nuclei, a lower limit of 0.4 20% 

8% is obtained for the theoretical frequency of 
reaction (IIa). The experimental and theoretical num- 
bers would agree, if we had overestimated the fraction 
of © hyperons which escape without appreciable energy 
losses and if assumption (b) is indeed valid. No cor- 


5 W. B. Cheston, Phys. Rev. 102, 517 (1956). 

6 We take the relative capture probabilities of K~ mesons to 
be equal to those of ~« meson which were measured by H 
Morinaga and W. F. Fry [Nuovo cimento 10, 308 (1953) ] 
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responding comparison can be made for reaction (IIb), 
mainly because this process is experimentally so poorly 
defined. 


6. ABUNDANCE OF CHARGED ~ HYPERONS 
6.1 Experimental Data 


If we take the frequency of reaction (Ib) to be the 
average of the two quoted numbers 0.11 and 0.25, say 
0.18, and accept 0.05 as an estimate for the abundance 
of reaction (II), then reaction (Ia) must have occurred 
in 1.00— (0.18+0.05) = 0.77 of all cases. The arguments 
to follow do not depend on the exact value of this 
frequency and are, therefore, not affected by the un- 
certainty in the abundance of reaction (Ib). If charge 
independence is valid, then charged hyperons are 
created in® 3X0.77=0.51 of all However, 
they were found to escape from the nucleus much less 


captures. 


frequently, namely in 0.17 of the stars (see Table IV). 

In order to be able to compare separately for =* and 
for >~ the fraction created with the fraction emerging, 
we again use charge independence. If we assume the 
results of Alvarez et al.** to be independent of A~ energy 
and apply them to emulsion nuclei, it is found that 
negative and positive hyperons are created in the ratio 
2>:2*= (3.0+0.5):1. Distributing the fraction 0.51 of 
all charged Y’s accordingly, we find that a Y* 
in 13%, andaZ~ in 38% of all A Phe fraction 
2% for =*+ and 842% for 2~-. Thus, the 
ratio of the number of hyperons observed to the number 
8 /13=0.61+0.15 for =* and a Q 38 


was made 
captures 


observed is 74 


created is a* 
0.24+0.05 for 
A comparison with the results of other workers makes 
it likely that the above-given nominal values for the 
and consequently the 


observed percentages oO 2, 


nominal values of the quantities a, are more reliable 
than our large statistical error indicates. Fry et al.!' 
observed a S* in 6.1% of 1001 A™~ stars plus an esti- 
mated*’ 170 AK, events, and a =~ in 7.3%. The latter 
number includes =~ decaying in thght into wr, but 
, and is to be compared with 
uncertainly 
is common to both 


excludes unidentified 2, 
our corresponding number of 6°%. The 
arising from the correction for 2 
groups. The results of the European A 
in 6.9% of 1800 stars, observed 


Collaboration** 
appear to be similar: S* 
dg 


in 7.8%. 


6.2 Discussion of Model 


In attempting to interpret the quantities a*, it is 
easiest to base the analysis on an optical model and 
treat the production of hyperons in a nucleus and their 
possible subsequent interactions with nucleons essen- 
tially in the same manner as if the particles were free. 


7 Fry et al. used area scanning and, therefore, missed A, endings 
We used our A, fraction to correct for this inetliciency. The 2* 
and &~ fractions quoted in the text as results of Fry et al. include 
this correction. 

36 European A 
communication 


Stack Collaboration. C. C. Dilworth (private 
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An obvious difference from the free-particle reactions Under these conditions, the ctrum is again con- 
results from the fact that the nucleons in a nucleus are — tinuous 

not at rest, ( ‘onsequently, hyperons created in reactions One obvious inadequacy of the l model as 
(I) do not have a unique kinetic energy, but a con- applied t » analysi the behavior of 2 hyperons 
tinuous spectrum of energies which is determined by in nuclei is, tl removed. In the remainder of 


the reaction kinematics. Scattering and absorption his section, we shall assume the validity of the model, 


processes are similarly moditied. (Changes in the kineti 

energy ol a nucleon are, olf course, subje t to the 1e fil i | ize. 1 ktent that the proba 
restrictions imposed by the exclusion principle.) In the ats reating = hyperons of kinetic energies less than 
model, the behavior of hyperor nuclear matter i is not the same ires bi nd and by free 
des¢ ribed by the three mean ‘ AS’ Aisa Sens Ay nt | Ons, he above n rat : 1 is Inac- 
for ordinary scattering, for charge-excl re scattering, irate cause the Coulomb potential ises the well 
and for absorption. ‘These 

corresponding cross SCCUIONS 0,4, Tee, ANA Ta DY Lhe well ne How ln alculation we Snhali aisoO assume 
known relation, h independence in strong reactions and ignore the 


number of protons and of 


where the subscript 7 stand , ce, or a, and p is the 
nucleon density. Furthermore, t! average force be 
tween a hyperon and the nucleons 1s represented by a 
potential cl Narged part Is the sum Ol already implied that the 
the Coulon 
We shall 

It is, h he surface but may disappear in a collision w 


a food approximatl I 1 | uation, a nu n ither by 


two mechanisms can prevent a hyperon from 


‘us. (a) A charged = may not 


a A” in reaction 
reason Of course, the 


pply of charged 

of Z S. b If 

itina potentia! 

inetic energy T less than V, 

urface, it will be unable to escape. 

it may be retained by reflection at the 

». LOf course, if reaction (A) occurs at all, 
| ultimat ly be converted into A°’s 

product of two factors 

ns: first, the proportion 


and, second, 


mean 
ie second 
id on V. Of course, 


tne proba- 

ucleon scattering, an effect which egrades 

and .V’ stand for 1 we assume lor / a and thereby increases the fraction of >’s 

ier large value, namely the transit time through a a potential well. Moreover, as the probability 

silver nucleus— this corresponds to a reaction cross ion depends on the angle of emission (with 

section about one-tenth the geometric—then the half to a nuclear radiu , hyperons arriving 
width #, ¢ of a level is about equal to the level spacing. at the surface at different angles will have been de 

tl graded in varying degrees. This complicates the calcu’ 

*H. Margenau, Phys. Rev. 46, 613 (1934 last Ry 
© We are indebted to Dr. G. A ow for bringing point to ation ol 


scattering, because retle: 


e probability of reflection in the presence of 
tion and collision processes 
be treated lenendent Such lculati 
. cannot be treated independently. Such calculations 
kamp 1 . 
go We " were not attempted. 

of no ot! lating to the strength The effect of charge exchange scattering on the 
ol reaction f dded 1 f rawtord, Cresti, Good, 
Gottstein, tz, on, and Tycho [UCRL 3924 (unpub 
lished R recently observes »> cases of = production in A p will be dis« ussed later. 


collisions. From their data and from the principle of detailed 


relative abundance of ©* and =~ reaching the surface 


i cteetteat he Gnibeten Sikh te re Die te aieatie The following analysis was carried out in order to 
yalancing it follows that the cross section for the inverse reaction, . 


n—»A°+ p, must be of the order of the geometric cross section. derive, by considering special cases, limits for the mean 
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Fic. 7. Differential 2 spectra for various nuclear 
potentials Vy of Z hyperons. 


free paths and the nuclear potential of 2 hyperons from 
the values of at and a~. In this section we shall merely 
outline the assumptions made and the steps involved 
in the calculations. Mathematical detail is relegated to 
the Appendix. 

First, the effect of a potential on the capture of 
hyperons will be calculated (mechanism b). 
the Coulomb potential Vc, this effect is not the same 
for + as for D~. At the nuclear surface, the magnitude 
of Vc is about 3 Mev for light emulsion nuclei (C, N, 
QO) and about 10 Mev for AgBr. For =* 
well within the nucleus, if Vs>0; for D-, if Vs+Vc>0. 

For 2+, we shall ignore the barrier penetrability and 
set (for Vz>0) the well depth V=Vs. As the pene- 
trability becomes small about 3 Mev below the top of 
the barrier,’? a value of Vy determined from the =*- 
escape probability with this simplification will be too 
low by less than 3 Mev, an amount negligible compared 
to other uncertainties. For 2~, we have V=Vc+V 

The following considerations enter into the ca 


Because of 


there exists a 


. 
kk 


" 
lation of the fraction of unscattered 2 hyperons trapped 
in a well. 


(a) The distribution in energy of 2’s created by 
reaction (Ia) in captures of K~ mesons by nucleons 


bound in a nucleus is obtained by an integration over 


Fic. 8. Integral £ spectra for various nuclear 
potentials Vy of 2 hyperons 


#2 J. Mattauch and S. Fluegge, Nuclear Physics Tables and 
Introduction to Nuclear Physics (Interscience Publishers, Inc., New 
York, 1946), p. 66. 
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the nucleon-momentum spectrum, taken to be Gaussian 
with an average energy of 19 Mev,* and over the angle 
between the directions of motion of the Y and of the 
nucleon. The energy E to be distributed between the 
reaction products is given by 
E=Qo—VntTrtV:tVetVc=Eit+ Vz, 
where Qo= 100 Mev is the Q of the free reactions,“ Vy 
is the nuclear potential and 7'p the kinetic energy of the 
nucleon (on the average —Vy+Tr~%—20 Mev),* 
Vz is defined as before, V, is the pion potential, 
V,=46 Mev,** and Ve was taken as +7 Mev, an 
average for light and heavy nuclei; /; is defined by the 
equation. E is independent of a possible K~ nuclear 
potential Vx. The computations were carried out for 
various assumed values of Vy. It turns out that the 
shape of the spectrum is not sensitive to the precise 
value of E (compare the various curves in Fig. 7). 

(b) As the 
Vr Ve Q. 
(We shall return to this point.) Then the K~ kinetic 
energy 7x in the nucleus (for captures at 


value of Vx is unknown,” we set 


rest) is also 
zero. 

(c) It was assumed that the capture reaction is 
isotropic in the center-of-mass system* and has an 
energy-independent cross section. The resultant differ- 
ential spectra p(T), calculated for several values of 
Vy, are shown in Fig. 7. The corresponding integral 
spectra, 

r 
p(T)dT, 


q(T) 


are plotted in Fig. 8. The fraction of 2’s having insuffi- 
cient energy to escape from a potential well of depth 
V is 


fix=1—q(V 


from the 
and using V=V; 


fx is found as a function of Vz by taking g(V 
spectrum calculated for E= E,4-Vs, 
for 2+, V=Vzs+V¢ for d-; the relationship is displayed 
in Fig. 9. To find the curve for S~, it was assumed that 
0.4 of the A~ captures occur in the light emulsion nuclei 
(Vc=3 Mev) and 0.6 in AgBr (Vc=10 Mev).*® 

SE. M. 
(1951). 

“ This is an average for 2* and Z~. The small difference in Q 
for =* and J can here be neglected. 

_ © Obtained with Vy=—35 Mev and with the median of Tr, 
T r=15 Mev. The quantity — Vy+Tr also equals the sum of the 
nucleon binding energy and the average nuclear excitation in K 
capture, for which Gilbert e¢ al. (reference 19) also give a value of 
—20 Mev. 

*©R. M. Sternheimer (see reference 26). V, depends rather 
strongly on the pion energy. The quoted value corresponds to the 
observed average kinetic energy of 60 Mev of pions emitted in 
association with a charged 2. 

“7 A tentative value was deduced by M. Ceccarelli (private 
communication). 

‘8 This assumption is not necessarily valid, as typical Fermi 
energies, say 7 r=15 Mev, are large enough so that p states could 
be important. 


Henley and R. H. Huddlestone, Phys. Rev. 82, 754 
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Because of the effect of the Coulomb potential, fiz is 
larger for negative than for positive hyperons. 

If Ve>0, Tx>0, then the relative motion between 
the K~ and the nucleon is increased and the spectrum 
will be broadened. This will cause a steeper rise of the 
curves in Fig. 7 near 7y=0, 
large Ty, and a reduction in height of the peak. Pre- 
sumably, for a given value of Vx, frz (and the fraction 
reflected, f,s, referred to below 


a more gradual fall for 


would be increased. 
(d) Hyperons having kinetic energies greater than 
the well depth V may still be retained in the nucleus 
by reflection at the boundary. The fraction reflected, 
that 


f-z, will be calculated under the assumption 


scattering is negligible 


If particles of energy Ty> V are emitted isotropically 
from a point located a distance d from the surface of a 
nucleus of radius r, then the fraction R fotally reflected 


by a potential step of height V near the surface is (see 


Appendix 


Fic. 9. Probabilities of trapping, fry, and of ret 


hyperons in a well, as a function of the nuclear 


We again take a potential 
barrier as impenetrable.) The equation is valid for 
T<T;, where 7;=V/{1 1 —34)° For T>T\, one 
has R=0. There is also partial reflection at angles of 


incidence ¢ less than the angle of total reflection ¢. 


where w=V/T and 6=d 


However, the reflectivity falls rapidly to low values for 
¢<¢t, especially if the change in potential is gradual ; 
hence this effect can be neglected. 

The reflected fraction f,: is obtained by averaging 
R over the © spectrum p(T); it is, of course, a fun: tion 
of , increasing with decreasing 6. In principle, therefore, 
f,» should be averaged over the nuclear volume. But 
as the distribution of the points of A 
known, f;s was, instead, calculated for the median 
value, 0.2, of 6 which one would obtain if these points 


apture is not 


were uniformly distributed over the nucleus. Actually, 
a somewhat smaller value might give a better approxi- 
mation, as, due to the strong interaction of K~ mesons 
(see Sec. 3.1), the capture points will be concentrated 
near the nuclear surface. For instance, for a density of 
these points proportional to exp(—d/Ageom) (Ageom 18 


the geometric mean free path in nuclear matter), one 
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vy, Mev 


Fic. 10. Probabilities of escape of 2 hyperons from a well 
as a function of the nuclear potential Vs 
calculates for AgBr a median of 6 equal to 0.1. 
Fortunately, it turns out that the results of the analysis 
depend only weakly on the choice of 6. 
In expressing f,: as a function of Vy, the considera- 
| 


tions mentioned in connection with Eq. (3) apply. The 


function is plotted in Fig. 9 
Of the D’s 
t} 


yes 
wr 1e 
COUMION, Le 


reaching the nuclear surface without a 
fraction that Ltrz 
1—(fizx+ fs). In Fig. 10 the relation between g;:,z 

and Vx is shown. Had we chosen a smaller value of 6, 


+} } 
U] 


len Ul 


will escape is 


e fraction escaping would have been less. For 
and Vy 0.78 for 6 

0.1. Conversely, for 6=0.2, the value 
3 Mev; thus, it 
that a considerable change in 6 is equivalent to a small 


0.2, and 


for 


0) 67 for 6 


QO, Lies 


instance, z 
Ltrs 
Lirk 0 67 corresponds to Vy is seen 
change in Vs. 


(e) TI 


1e other factor, mentioned before, which affects 


the hyperon escape probability, is the fraction gi of 


particles that reach the surface of emulsion nuclei 
without interacting. In Fig. 11, g; is shown as a function 
Of A Ageom for several values of 6 (see Appendix for 
is seen that the curves for 6=0.2 


calculations).* It 
5 ill smaller values of 6 


and 6=0.1 are similar; only for st 


j 


ppreciably decreased. 


6.4 Discussion 


0.61 and a =0.24, 
four parameters can be suitably selected, namely Vy 


lo fit the observed quantities, ar 


Fic. 11. Probabilities of collision f; of particles created in an 
emulsion nucleus of radius 7 at various distances d from the sur- 
face; 2=1—fi 
from Eq. (2), with ogeom= 2 (h#/m,c)? and 
cm’. This density corresponds to the 

Hofstadter [Revs. Modern Phys. 28, 


 \ seom Was Computed 
p t= (4x /3)X2.0X 10 


nuclear radii found by R 
214 (1956 ] 
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and the mean free paths for ordinary scattering, for 
charge-exchange scattering, and for absorption. How- 
ever, they cannot be determined unambiguously from 
the data. Furthermore, as before, the 
trapping fraction was not computed for =’s which have 
We shall, therefore, 


mentioned 
been scattered. investigate simpli- 
fied cases. 

are ignored, that is, 
1 and an upper limit 


(1) If nuclear interactions of D’s 
if we set A,=A,=A--= ©, then g; 
is obtained for the fraction escaping from a nucleus of 
namely, a=g:-z. From Fig. 10 it 
0.61+0.15 requires that Vy be 
The limit similarly « 
30 Mev. The 
could not be h increased, 


well depth V, is seen 
that the value at 
limited to <20 Mev. 
a is less restrictive, 
the two limits, 20 Mev, 
even if the ~:2* production ratio of . 
the data of Alvarez et al.* 
case. Assuming, for 
a =0.36+0.07 and 
20 Mev Mev, 
restrictive limit is the same as before. 
26 Mev, 
clusions are relatively 
of the model, as the number of levels is 
V:> 20 Mev. 
Of course, “ Na 
1, then the limits for Vs 


lerived from 


namely smaller of 


mu 
3:1 derived from 


were not 


instance, 2~:2" 2:2, one gets 


0.30+0.07. « orresponding to 


us, the more 


l 


respectively. Thu 
‘I = highest 


3: Go 
| 


and 35 


is obtained for =~: S* 2 
little affected | cae 


sora 


is such that g; is appreciably less thar 


are lowered. The same comment 


applies to e as will be discussed belo 
(II) If charge-excl 

so that the 2*+:~ ratio of hyperons arriving at 

namely 


lange scattering is unimporta 
same as that at production, 
can be set from the observatio 
than a As g 
pender —10 Mev all parti 
the surface, =~ as well as =*, can escape, one 
It, therefore, follows that 


surface is the 
na lower limit for | 
at at is much larger is charge inde- 
t, and as for Vs: les reachi 
woul 
expect in this 
>> —10 Mev. 
(III) From Fig. 
of Vs, Strs*/Lerz = Ie 
The observed ratio a®* a 
assumed that an appreciable portion of the 2’s reach 
ttered. As scat 
degradation of the trum, it 1S 
clear that for scattered >’ 
and thereby the 


and of >* 


10 it can be seen that for any value 
appreciably 


2.5 can be ex 


than a*/a 


less 


plained, if it is 


the surface only after having been sca 


tering produces a 
1e Coulomb 


the 


s the effect of 


potent ial, difference between 


trapping of = , is enhanced. 

A rough estimate of the effect of scattering was based 
on a crude approximation in which it was assumed that 
in each scattering process a hyperon loses one-half its 
kinetic energy. It was found that for the so-obtained 
spectrum of scattered hyperons the ratio of the escape 
probabilities g,,s’ 2for0<Vs<15 
Mev, in better accord with the observed at:a™ ratio. 
Furthermore, 


tering were negligible 
surface after one collision, 
would require Vy~8 Mev. 


of + and =~ is about 


if absorption and charge-exchange scat- 
and if the ~’s would reach the 
then the observed values of 


at anda 
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In order that an appreciable part of the hyperons be 
scattered, the mean free path X, 
short. An upper limit for A, can be set by the use of Fig. 
11, where it is seen that for \,=10\,, for instance, 
20% of the S’s are scattered, a tion that is 


must be sufficiently 


only frac 


negligible in the present connection. It can be estimated 
that if the value of a*/a™ is to be explained on the basis 

then it is required that X, 
® On the other hand, the present argument 
Even if A, were so short that 
most hyperons would be scattered many tin 


reaching the and would 


of scattering, is shorter than 


about | m: 
gives no lower limit for A,. 
ies before 


surface arrive aaa very low 


value of Vs somewhat larger than 


found for which 


inetic energies, a 

10 Mev can be 
observed value. 

It is, of 
between the ratios a* a 
f the model 


ms for negative t] 


‘has the 


course, not excluded that tl difference 


and Lirs* Ltr is due to failure 


This would affect more strongly calcu 


in for positive hyperons, ‘because 
larger part of the spectrum of corresponds to 


ative energy states. The differen tween 


calculated and the observed ra tend to 


become smaller, if the effe f finite nuclear size were 
an increase in the fraction of rol sated in 
negative 

IV) So far, it 


scattering is negligible 


energy states 

has been assumed that charge-exchange 
the con 
siderations of (III) is ind issumption 
We now 


scattering is 


consider the 
import in 
from 


as can be seen 


1 the assumption of charge independen 


obabi if 


> 


In a seil-conjugate nut 


exchange is the same for S* 
Then, it foilows from t} 
Dat ce it 3: 2:1. that charge-ex 


>t and of > 


number of X 


r 
i it 


productior 


tends to equalize the 


2t-+2 unchanged 


Y++Z~- remains herefore, 
surface can approach 
half of 


ttering (A.,, 


(S*/Z s of hyperons reaching the 


instance, about one 


} 


nange sca 


the observed ratio. If, for 


he hyperons undergo charge-ex 


as ieee by the exclusion principle, about equal 


to’. 25 A, then the supply of S* is changed by a 


t > by a factor 2. 


and that of = 
(1.5X1)/(3X3) 


less than the observed ratio 0.9. Of course, 


factor 1.5, This gives a 
ratio (=+/3-)s 


0.6, only moderately 


the calculated 


ratio would be closer to unity, if « harge-exchange scat 


tering were more frequent. It follows that in the present 


case the difference in the values of a* and a need not 

” The limit given refers to the mean free path as lengthened by 
the effect of the exclusion principle Correction for this effect 
would lower the limit. However, the correction factor would be 
closer to unity than the factor of ~0.5, which one would obtain 
the calculations of R. M. Sternheimer, [ Phys. Rev. 106, 1027 
rest is mainly in 
by the 


1957 because in the present situation the inte 
the larger energy losses which are not so much inhibited 
exclusion principle. 

Of course, the ratio a*/a~ would also be 


al reduced, if the 
>~:2* production ratio were less than 3:1 
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be ascribed to the effect of the Coulomb potential, and, 


consequently, repulsive potentials are not ruled out by 
observation; instead, as will presently be shown, at 
tractive potentials are less 


le unlike 


likely. (However, a repulsive 


potential is ma ly by other considerations; see 


lat for = hyperons 


moving in % 4 njugate le / >A, OF any 


choice of the attering matrix elements of the isotopic 


spin states r Therefore, for each charge 


exchange Sci have occurred at least 


one This means t} 


ordinary 
above-given example 


surface must have tered 


’ 


sca 


We 
tered 
cape probabilities of 

exper ted 
2 2 LZ 


observed ratio be whic 


Iree pati 
‘rons by 
nun ber 

This situation could be 

10 Mev. The difference 

nored.) Comparing the 

a charged hyperon 1s 
observed 


6.] 


Se 


6.2 about 


6.5 Abundance of Pions 


Data given earlier can be used t observed 


frequencies of groups C and D, that 1 
charged 


> groups of 
hyperons, and, respectively, 
with and without pions. Charge-exchange scattering of 


pions will be neglected. Denoting the escape probability 


of pions by 8, indicating the type of A~-capture reaction 
by the end products, and using square brackets to 


symbolize frequen ies, one gets tor the fre uency of 
group C the expression 


2+ 


reaction (la 


We take 6 


was found experimentally ; 


0.5. For pions created in 
this value it is also the 
value obtained from Fig. 11 with the use of the pion- 
nucleon cross section, averaged over the pion spectrum 
of the reaction. Using our values of at and a and the 


previously quoted relative reaction frequencies, one 
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obtains from Eq. (5) [C]=0.24, and, from a similar 
D |\=0.55, in 
corresponding frequencies 0.26 and 0.51 listed in Table 


I\ 


expression, good agreement with the 


7. TRAPPING OF A* HYPERONS 
7.1 Validity of the Model 


will be discussed what informatior 


about the scattering of A° hyperons by nucleons can be 


drawn from the estimated number of trapped A°’s, 
provided that the optical model is again used. 
However. Ul validity 


it is applied to the trapping of A°’s than in 


» model is more doubtful 
when the 


previously > hyperons, because for 


A°’s tl KIStS 1 ig absorptive reaction. Conse 
levels of A°’s 
ned onty V ransitions to lower-iving 


revented 


nevative-energy 


} 


by the ex 


DD! 
appt 


nd 


>, and thereirom 
analogy to the 

argument 

takes a 


tered, 


a A” 1s 
Is trapped, 

imber of all A®’s created, be 
n Ib 


nber must equal the number of events in 


or in the transformatio1 


charged or neutral, escaped from the 
stars in which a charged & 


was found to be 0.17 Table I\ 


depth is V=Vs, the 


fraction of 


the mt 


left 


For 2°, tl 


SCC 
same as 
was used for =* and the fraction escaping is 
the same for >° ; 2*, namely 0.61. As 2°’s 
0.26 of all A~ captures (compare 
Sec. 6.1), a ° must have been emitted from 0.61 X0.26 

0.16 of all A~ captures. Thus, a 2, charged or neutral, 
was emitted from 0.16+0.17=0.33 of the stars. A A 


in the 


are 
produced in about® 


was made nucleus in the remaining 0.67 of the 
captures, either directly by reaction (Ib) in 0.18 of the 
stars, or indirectly by transformation of a trapped = 
in 0.49 of the events tl 
A®’s is reaction 


Ams 


It is seen that the major source of 


\) which produces three-quarters of all 


8 Strictly, the hyperfragment events, line 8 of Table IV, should 
to groups C and D, before the comparison with the 
calculated numbers is made 

SS There is a minor uncertainty because the number of 2°’s from 
reaction (II) is not known 


be aaa 
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Accepting the estimate of Sec. 5.4, we find that a 
A° is trapped either in the residual nucleus or in a 
hyperfragment in 0.14 of the stars (Table IV, line 10). 
This is a small fraction of the A°’s created, namely 
0.14 0.67 =0.21. 


7.3 Outline of Calculations 


Once the model is adopted, the discussion of the 
behavior of A°’s in nuclei is simpler than that of >’s 


for 
is not an unknown parameter, but 
1e binding energies By, of A°’s in hyperfragments 
number* 


two reasons. The nuclear potential for A°, V4, 


can be estimated 
from t 
From the 
and from the 
take Va =15 Mev. 
but hardly smaller.) (b 
A°-nucleon 
occurs. 
The are generally analogous to those 
concerning the trapping of As the 
of A°’s result from reaction (A), computations 
carried out for this | In this case, tl 
obtained by an 


trend of By with increasing atomi 
calculations of Brown and Peskin,*®* we 
Mev, 


strong 


larger by a few 
type of 


Va could be 
Only 
namely 


one 


interactions, ordinary scattering 


calculations os 
~ hyperons na jority 
were 
e production 
integration +r the four 


ial reaction: the 


CeSS. 
spectrum is 
erizing an individ 
T pr, the 


1e directions of 


parameters charact 
nucleon energy 
I 


initial initial Y energy Ts, the 


angle between t motion of the nucleon 


and of the 3, an 


dire< 


between 
the 


the angle (in the c.m. system 


tion of motion of the c.m. system and 


direction of emission of the Isotropy in the c.m. 
elocitv cross section were 


system and a | 
assumed for reaction (. 1 


es 


“te endent 
} 


1e possibility was ignored 
before be 


that the ’s may isin scattered ‘ing 


transformed into A°’s. 
was found 


trum so derived, it 


that the fraction fin defined in a 


From the integral spe 
e fraction 
15 Mev deep 1S 


nalogy to tl 
1 j 1 
pped In a Well 


observed tray 


fry for D’s) of As 
0.04, 
fraction. 

It was to be exper ted that 


considerably smaller than the ping 
scattering of A°’s within 


the nucleus could greatly increase the calculated 
trapping fraction. This effect 


gated next. The spectrum of A°’s that have been scat- 


was, therefore, investi- 
tered once 
the c.m. and an 
The effects of 
number of 


was calculated assuming again isotropy in 
system energy-independent cross 


the exclusion principle, which 
smal] 


section. 
resulting in 


( ollisions 


reduces the 


energy gain of the nucleon and in small energy loss of 


the A° and which prevents energy gains of the A°, were 
taken into account. For the spectrum so derived, it 
15 Mev, 


energy less than V4 is fra’ =0.20, 


he fraction of A°’s 
and the 
f 4’ =0.19. 


was found that for V4 
of kinetic 
fraction reflected at the nuclear surface is 
5+. M. Brown, Phys. Rev. 106, 354 gba 

55 |. M. Brown and M. Peshkin, Phys. R¢ 
and M. Peshkin (private communication 

56 It would have been necessary to calculate the 2 spectrum in 
the same manner, if Vx+Vc>0. 


. 107, 272 (1957 
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A lower limit for the fraction of A°’s trapped is ob- 
tained by multiplying the sum (f;4’4+ 0.39 by 
the probability, fi, that a A° collides at least once before 
reaching the surface. (f; is related to the previously 
defined es ape | probability g; by the equation f;=1—g,.) 
i had been calculated for emulsion nuclei 


‘a / 
Ira) 


Previously, / 
on the assumption that 0.6 of the processes considered 
occur in AgBr, and 0.4 in the light emulsion nuclei. In 
the present case, it is doubtful to what extent the light 
effective in trapping a scattered <A°, 
a light nucleus, excited by the 
has progressed con- 


elements are 


because it is possible that 
processes mentioned in Sec. 5.4, 
siderably on the way to complete disintegration before 
the chain of events—K 
A° scattering, A® arrival at the 
A° trapping is completed. For use in the 
therefore, 


. 


capture, Y transformation, 


surface—leading to 
present context, 
ion of the 


f; was computed as a funct scat 


> case that only one-half 


Fig. 11, dashed 


(defined in Sec. 6.3), the 


tering mean free path A, for the 
of the nucl 
curve 


median 0.2 was again selected 


ei are effective (see 


For the parameter 6 


light 


I} sisa good ap proxi 


mation, as the points of scattering, which is a tertiary 


process, should be much more uniformly distributed 
than the points of K 

It ren 
clusion principle was already included in 
of the } 
is that which is obtained by ignoring this principle. An 
for A, can be derived 
demaal to the real part of the forward- 
If | 4 18 


energy-independent and if the scattering is isotropic, 
then 


capture « onsidered in Sec. 6.3 


lains to estimate A,. As the effect of the ex 


the calculation 
A° spectrum, the mean free path here required 
upper limit from an equation 
relating the 
attering. 


scattering amplitude for coherent s 


this limit is given by 


mvymaV 4)" \Aceom. (6 


A. <[1.1(m,c)4(myt+my . 
15 Mev 
, one reads from the dashed curve of 


POLLS. 


For this 
Fig. 11 that 


obtains A, <7Ag« 


“ 


one 


For the fraction of A°’s trapped after scattering 
fra’) > 0.23X0.39=0.09 
observed fraction 0.20. However, the 
underestimate, not 
limit, 


, Gre 
gets fil fia’ This limit is less 
than the 
result 


calcu 
only 
but, 
because the effect of multiple scatterings was 


lated represents an 


because the value of f; used is a lower 
mainly, 
ignored. 


This effect 


considering 


can in part be taken into account by 


that in subsequent scatterings the pa- 


57 Compare E. Fermi, [Nuclear Physics (U1 of Chicago 
Press, Chicago, 1950), revised edition, p. 201 ],and Frank, Gammel 

d Watson [ Phys. Rev. 101, 891 (1956 It must be po ted out 
that this inequality is derived for positive particle energies and 
that the extension to negative energy states, implied by the use 
of the value of V4 found from hyperfragment binding, is doubtful 
The use of relation (6) to determine the mean free path of As of 
kinetic energies larger than the well depth implies the assumption 
that V4 is the same for A®’s in negative- and in positive-energy 
states. Some justification for this assumption comes from the 
observation that the dependence of A° binding energy on atomic 
number is consistent with a value of V4 that does not change 
when, with increasing nuclear size, the A° kinetic energy decreases. 
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rameter 6 will again on the average be 0.2. Thus, the 
probability that after a series of collisions a A® is 
scattered again is still f;. Ignoring reflections for the 
reason given in Sec. 6.3, and also ignoring for simplicity 
the further degradation of the A 


collisions, we obtain an improved estimate of the 


spectrum in additional 


fraction f, of A's, trapped before collision or after 
one or more ¢ ollisions, from the easily derived expression 


7) separately to light and heavy emulsion 


Applying Eq 


for which f;>0.20 


and >0.32, 
one ge fiir Ow. © 


limit to about 0.15 


nuclei respectively 


and averaging, orrection for 
reflections raises this 

This still 
estimate for the 


were carried out for reaction (A 


limit represents a considerable under- 


following reasons a) C 
The A®’ 


reaction (Ib) have originally a lower averag 
and are, therefore, more readily trapped 


of the = hy perons were s attered an 
being transformed into <A°’s, 
also be less energetk ( 
limits. (d) The strong increase 
the 
ats ] 1] 10TY , 
additional collisions was ignore 
It may be concluded that 
" 


and on. the 


further degradation of 


optical model : 
independence and isotropy of the scattering process 
lead to a lower limit for the expected trapping fraction 


that is about equal bserved fracti 
Of course, if the scattering 
actually considerably shor 
from relation (6), the 

Then, 


simultaneously 


( ould be mu h increased 
to assume 


isotropy of the A-nucleon 


independent scattering cross section 


8. SUMMARY 


a) Within an experimental error of 0.7%), the 
of K f 
lifetime agrees wit! 
within the error of 40% 


mass 


mesons is the same as that of r* their 


mesons ; 


the lifetime of positive mesons 


‘These findings are in accord 
with theoretical concepts.°> A 


interacting particles; 


mesons are strongly 
in the kinetic-energy interval of 
15-100 Mev they have a mean free path in emulsion 
about equal to the geometric. 


(b) Observations on the capture of A” mesons by 


nuclei are in agreement with the law of conservation of 
strangeness which demands that in such a capture a 
hyperon must be produced. Charged 2 hyperons were 


observed in 14% of the stars produced by A~ mesons 


58 (|. Liiders and B. Zumino, Bull. Am. Phys. Soc. Ser. II, 2, 190 


(1957) 
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interacting at rest ; in an additional 5° 


was observed. From the data it is estim: 


oa hyperfragment 
was trapped in a nucleus without formation 
hyperfragment in 8% of the captures. In all e 

which no hyperparticle was seen, the visible star-energy 
itted. 


ble energy of 


is sufficiently low so that a A® could have been en 
In fac oe the difference. between the 
494 Mev and 
quite large: in events in which 
averages about 60 Mev; 
Mev in kinetic and rest 


the energy of neutrons, 


availa 
the visible star energy yi, is generally 
i seen, E 
Carry away about 200 


Ever 


no pion 


pions 


energies 


for the Missing energy, 


from K a] 
deduced on tne 
imption of charge independence from the observed 
abundance of reaction and from the =~: + 


ducti 


pro- 
hamber,” 


it Ind that the iti I the number lyperons 


hyperons in 


a trequent 


process n the first-name ase, the reduction of the 


number o 


the number created 


tributed t t of an attractive 
} ry +. 
kinetic 


potential 


less than the de 


prevents I energy 


pth of th 


e potential | 
the nucleus. The difference bet 


| from escaping 
nd a 
1e Coulomb 
light lsion nuclei, Ve=10 


which deepens the well for 


fron ween at 
can then be explained as an effect of t 
potential (V¢=3 Mev for 
Mev for AgBr 


hyperons. It is, furthermore, found that, in 


negative 
the absence 


of charge-exchange scattering, the above-given values 


of at and @ exclude a repulsive nuclear potential 


stronger than 10 Mev, and limit an attractive potential, 


Vy, to values less than 20 Mev. (This result agrees with 


a conclusion of Capps® who also used the optical model 
to analyze the data of Gilbert ef a/.’.) The quantities 


hyperons in nuclear matter 
had a mean free path for ordinary scattering less than 


at anda are best fitted, if = 


3 times the geometric and if there existed an attractive 
potential ly of about 10 Mev. 


® R. H. Capps, Phys. Rev. 107, 239 (195 
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In the second-named case, the difference between 
at and a 
exchange scattering which can be shown to increase the 


can be explained as an effect of charge- 


supply of positive hyperons and decrease that of 
negative hyperons. In this case, a repulsive potential 
is favored. 

On the basis of the data so far mentioned, a choice 
between the two alternatives is not possible. However, 
if the nuclear potential is repulsive, one should find 
t} 


few positive hyperons of kinetic energy less than 


VetVs: 
Our own sample of hyperons is too small to construct 
a reliable hyperon spectrum, although it 
from Table V that the =* kinetic energy can be as low 
as 10 Mev. However, t! 

et al.“6 and of Gilbert et al. 
Mev. Thus it 


can be seen 


1e more extensive data of Fry 


V+ 


show that the =* spectrum 


extends down to ~5 follows that a 
repulsive nuclear potential can be excluded. The second 
charge-exchange scattering, is, 


the mean free 


t ) 
strong 


alternative, 
therefore, less likely.® 


rhis implies that 


path for charge-exchange scattering in a 


nucleus 1s 
appreciably larger than 3 times geometric. 

It can also be shown that in the absence of charge 
exchange scattering, the mean free path for absorption 


limes geometrk 


of = hyperons must be larger than 3 
e) If the capture of A° hyperons in nuclei is computed 


} 


on the basis of tl 


le Optical model, assum1n} 


A*-nuc 


lower limit for t! 


independent and isot eon scat 
< +} 


lata 


section, it is found 
] 
| 


fraction of trapper A®’s is close to the observed fracti 


APPENDIX 
Al) Total Reflection 


Ifa potential 
and V on the 


particle is J on the left 


is zero at 


right side, 


reflection ¢; is determined by 
sng, (1 -V 1 


The angle ¢; is independent of the shape of the potential 
step. 


Let 


distance d from the surface of a sphere of radius r. Let 


) 


a particle be emitted from a point / 


the angle of emission relative to the radius through / 


be 3; then @ is related to the angle of incidence ¢ at the 


© Unless the 2*/Z tion ratio in nuclei is apprecia 
than th ratio 3 previously used (see Sec. O 


larger, say >5, 


AND G 


surface by 

sing d/r) sind 7) 
Let J; correspond to ¢y. Upon combining Eqs. (8) and 
9), and considering that the fraction retlected R equals 
the fraction of particles emitted into the solid angle 
J, which for isotropic emission equals 


is obtained. 


between J; and x 
cosv;, Eq. (4) 


A2) Fraction Colliding 


Let the definitions of (A1) be 
of a trajectory from P to the sur 
mean free path. Then the fract 


} + 1; 
without colliding is 


1 | riorming tl! 


expressing x in t 


integration, one 


[4n(1 


> exponential 
g;. TI 


by evaluating Eq. (11) separate 


e€ curves 1n 


and of heavy emulsion nuclei, det 


in reference 49 
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I. INTRODUCTION 


HE difficulties involved 

method of partial waves 
tering experiments at 
derivation of approxim. 
analytically simpler, and ir 


herical s 


as\ mptot eXpansk 


some cases. Since t! 


and the differential scatt 
o(ky,k f(k,,k 


ky and ky are unit vectors in the direction of ko and ky, 
q=k,)—k,, and V(r) is the scattering potential, which 
is assumed to be fixed in space. For a Dirac particle in 


the extreme relativistic case, the cross section 18: solut 


op(k,,k kom os*(36) f(ky,k 


2 could do the integration numerically 


n ; 
1On Ol 


tis in genera 


where f is given by Eq. (1). Here £ is the total energy Clectroni nputer; but unless one 
of the scattered particle nonspherically symmetric potentials, this process is not 
much more convenient than a partial wave solution. 
. wonorted int r hy t} ir r } { ntit , . " } - . 
Supported in part ; (aes Consequently, a method for obtainin; 
search 5 
t Fellow rnati | 
Present addr neral Electric Research Laborat hen applicable In certain cases. 
tadv, New York 
EL. LT. Schiff, Phys. Rev. 103, 443 (1956). This paper 
extensive references to earlier work. 7 1) Scattering of a Schrodinger particle from a parabolic 
> 1). S. Saxon, Phys. Rev. 106, 871 (1957 , 
D. S. Saxon and L. I. Schitf, Nuovo cimento 6, 614 (1957). In 
this work, an expression more accurate than Eq. (1) is derived 
‘A more exact statement of the range of validity of Eq (1), 
as well as an estimate of the neglected terms, is given in reference 0 forr>R, 
h 


3. The author is grateful for receiving a copy of the manuscript ; 
prior to publication with VoR/hv=1 and kR= 20. 
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a series repre- 


néaa Aachen Cass sentation of the integral has been worked out which is 


Two cases have been considered: 


} 


well: 


Vo(l—r’/R forr<R 
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(2) Scattering of a relativistic electron from a uni- 

formly-charged sphere of radius R and _ total 
with kR=8 and with kR=16. 


Since in both cases | V| Ri: 
unity, the Born approximation is not valid. 


charge 79e (gold 


is not small compared to 


II. DERIVATION OF THE ASYMPTOTIC 
EXPANSION 


We compress the notation of Eq. (1) to 


m . 

f(ky,ko) =— ff fox igz)V 
2rh?* 

XexpLi 


» phase integral ; 
4] 


where L (x,y,z) is the 


point r= (x,y,z) and 


Set 
x x 
F(s f i V (x,y,z) expLiL(x,y,2) ldxdy; 
—<x x 
so that 
exp 
5 


TK r 


the z axis has been 


f(k;k 


ions 


If one now performs repeated partial integrat 
wiih respect to 2, one obtains a power series in ascending 
powers of (gR | where Ri li f 
boundary. Clea 
there is such a bot 
are not all zer 
ment 1 

kR 
If F 


vanis!} 


+R. 


performed, but one 


If F(z) is piecewise analytic between —R and 
integration by parts can still be 
must break up the region of integration so that / 
is analytic in the separate regions. In this case, addi- 
tional terms appear in the expression above. If F s 
analytic, one merely has to calculate the derivatives of 
F(z) at the two points (0,0,R 1 (0,0, —R see 
Fig. 1). To do this, one calculates F (0,0, R—e) and 
F(0,0, —R+e Then by 


parison with a Taylor series, the derivatives are read off 


aS a power series in €. com 


III. PARABOLIC WELL 
in Sec. I, 


The parabolic well, mentioned as case (1 
satisfies the requirements of the preceding section. We 


EMANN 


shall calculate the first two nonvanishing terms of Eq. 
4+) when V(r) is given by Eq. (2). If one takes the 
x axis in the plane of scattering, the expression for 


L(x,y,z) near the bottom of the sphere (2 R) is 


y 4 1 
2Vo sin(4@) 


+R sin?(30)4 


4 cos?(46@) 


and at 2 
From Eq. 
"(p,e)2mrpdp 


2rV 


‘SiV oR 


where p and ¢ are the cylindrical coordinates referring 


LO 
7 ] - nd hy 
Aayior series and combin- 


with a 


‘Ing } ] 18) 


3), one arrives at 


1 sin*( 38) 
Vo 


[3—4 sin?(46) ] 
E gR 
qgR—¢, and d= (4VoR/3hv) sin*(46). 


where a 
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The contribution to k’o from the imaginary part of 


f(ky,ko) has been dropped because it enters the n PARABOLIC WELL 
section in fractional order (V/#)? and terms of thi |’ kR=20 
in the derivation of Eq. (1 f 


r 
t 


order have been neglected 
This has as a result that | q 7) vanishes for certain 
} 


values of / and 6. In actuality, these zeros are fille 


both by the neglected Imaginary part ol f, ind by 


neglected higher order terms in | q 1 
ilculates L(x.v.2 


In general, if one calcul 


AOO,R 


The 
analysi 
represent 


arrows de! 


+-FR 
[iL (0.0.R 





1)"t2(m4-2) !2n D- 
+ R°G+ i{ RA,D+4R?(B,+C,)D 
R?A,.G+4R‘*(B,+C,)G }} 
Xexp| 7L(0,0,R 
P)+RG 
+C_)D+ RGA ok-the Viahemaite of Coliterasa Ratiatie 


G |} expL1Z(0, 0, — R) }. for calculating the partial wave solutio 


Ito Dr 


F. Bjorklu 


rv at Liverme 
i here 


a 


re 








186 | I 


up into 60 quasi-rectangular sections as illustrated in 
Fig. 3. 


If one chooses the axes so that the scattering lies in 


the (xz) plane, symmetry considerations allow one to 
consider only one quadrant. The phase change along 


the incoming direction to a point (x,v) in one hemi 


sphere is equal to the phase change along the outgoin 


direction from the point v, v), and vice versa 


The exact expression for 1.(x,v,z) is 


L(x | (R?—s*) (14-1 
hoR® 
+/,")s sin(30) — 3(1,3+1 10 
where r?=2°+ y°+2*, /; is the distance from (x,y,z) to 
the point of entry, and /p is the corresponding distance 
to the point of exit (see Tig. 1). Sin(gz+JL) and 
cos(qz+L) were calculated for the points corresponding 


to the centers of gravity of the volume elements defined 


the slices in tl 


by Fig. 3 and the boundaries of the 1e (x4 
plane. 

The integration in the (xv) plane was approximated 
by 
Giz tic © (R?—2,*)A ;(cosd,;+1 sing, ;)(R?—r 
where 

@ G2; + L(x; ;.V 55,2 

and A; refers to the area of the jth section of Fig. 3 


referred to the unit circle 
This simple trapezoidal approximation is of sufficient 


accuracy because although the gz term causes rapid 


oscillations in the z direction, L (x,y,z) is slowly varying 
across any particular disk 
The quantity f(k,,ko) was taken to be 


V 1 
k;.k - 
mh°?R 
son’s rule 


where 1—3(—1)' according to Simy 


There are no end-point corrections because the inte 


it 
grand goes to zero at both limits. 


IV. SCATTERING FROM A UNIFORMLY 
CHARGED SPHERE 
In this case Eq. (1) is not in the most convenient form 
The d 


extends to infinity. Some manipulation is required to 


7s 
lit 


iculty is that the region over which V(r) #0 
express the cross section as an integral over the charge 
density rather than over the potential 

Accordingly, let 


exp[1L(r) exp(ix- r)C(x)dx, 


2r) 


+f exp(—iner exp[1L(r) |d 
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1} 


Then Eq. (1) becomes 


m 
k-.ko) = — expli(q+«)-r 
Qh? 
XV (n)C(x)dudr 
2m 
J f ovtias %)-F 
hr? . 
KX qt) “p(nC(x)dudr 
2m 
f fest q+.%)-r 
h . 
X (g?+2n-q+n*) 'p(n)C(x)dudr 12 
Now, according to the second of Eqs. (11), C(%)—0 for 


V fv, since exp[il(r) ] is slowly-varyving. Further 


K 
more, for relativistic electrons and scattering angles 
0» kR ] is of order / he. Thus, K ris of order J I 


at large angles and high energies. Since we have already 


assumed V/E<«<1, we may expand the integrand of Eq 


12 


as 


f(ky,k 
Iwud7 


2m 21q°¥ 
e'l'o(r 1+ r ) 
h? * g 


qY 


Since ¥ is independent of &, we may invert the Fourier 


transform, obtaining, finally, 


f(kyk 


2 AL 
xf 14 p(Tidxdvdz 13) 
Qg O2 
rhis expression resembles the Born approximation; 


however, the usual form factor has become complex so 
that its magnitude never vanishes. 

The evaluation of the integral in Eq 
as before with one slight difference. 
defining L{r) must be cut off at some large, but finite, 
radius. When this is done, the phase can be divided 
into a part independent of (x,y,z) which depends on the 
cutoff radius, and a part independent of the cutoff 
radius. Since the diffraction structure is unchanged if 


13 prov eeds 
The integration 
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where y= Ze . As in the paraboli 


Vanisning 


f() is multiplied by a unimodular complex number, the 


calculate the first two non 


YT 


part ol / independent of (x,y,z) can be ignored 


For a uniformly charged sphere, For this we 
the form of Eq a) < 
1own in the Appendix 
2/q)(0L,/ dz) term in Eq. (13 
R ia order in 1 aR to doubling the contribution from A 
and A_ in Eq. (9 

The exact ana yt al expression tor U! 


hey 


he Y 


2R 


issumed very large; < which, together 


Ka ‘ ne | t three Cross S¢ 


two terms come from the unillorm an 
parts of V(r) forr<R, respectively. 
rhe expansion of I 


straightforward and 


L(O.O.R 


approxim 
where 


UNIFORM CHARGE 
kR=8 


40) | 


Ihus, if we let 2»=0, D= po= 3hcy/4rR3, and neglect the 


I 


constant phase .(0,0,R), we find, using Eq. (9), 


82° R(po/g" 


. PA) 
CXp| <ly |, 6 
9 °u_—_t t Sa ae 


iy |, 40° 60° 80° 100° 120° 140° 
SCATTERING ANGLE 


82’°R(p 
8x? (po/g?)[14+7 
81" (p gq" {1-4 [7 20 sin! ‘9 } ; P ; 
tog Fic. 4. A comparison of Eq. (18) with an exact partial-wave 
Xexpl2uyp |, analysis at Z=79 and kR=8. (See caption under Fig. 3 for legend 
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UNIFORM CHARGE 
yr kR=16 
10 >} a ‘ 4 4 + 
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V. RESULTS FOR THE UNIFORMLY 
CHARGED SPHERE 


The soli rves Figs. 4 and 5 € Cc tcs Ss ol 
exact pl ise shift anal VSis lor g V unlor ue 
density. The partial curves € al s represent 
the maxima and the itions of i 1 of | 1s 
respe ively. Where a Pparllai Curve WO ve be 
ontusing, the maxima are denoted by crosses. The 
circles are the maxima of the Born approximatio1 





3,4, and 5 show that Eq. (1) is very successf 
in predicting the positions of the diffr yn ma 
ind minima when the Born approxir s unable to 
do this. The maximum values agree se CO 
puted exactly to within 10 to 5097, the discrepancy 


being reduced when &R increases and when the asymp 





totic evaluation of Eq. is replaced by a il 
evaluation. As remarked below Ea. (7), the um 
) ipproxl- 








TIEMANN 


mation, and probably are not given well by the full 
Ea. (1 

In general, the rather simple asymptotic approxima- 
tion to Eq. (1) should be usable for rough computations 
when &R is large, and should be especially useful for 
predicting the locations of the maxima and minima of 
the diffraction structure. It is interesting to note that 
Eq. (1) predicts the locations of the maxima and minima 
of the cross section much better than the 3-dimensional 
first WKB approximation. If we replace ¥ by YwKs 
1 of » wave as in the Born approximation, 
the phase of the integrand is modified by an integral 


i only the incident direction. Consequently the 


nia ' ] hout mid 
maxima would come at angies abou nldw 
hose of the Born approximation and those of Eq. (1 
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lr ) ( ) wit! the dis ISSIO!I 5 belo | 
14 the ( rve density Vhi rresponds to he 
potentia he II] haracterized ¢ t ) iT 


If we concentrate our attention on the p ol t 
sphere, we notice that 1, appears in F(R he term 
exp 1L(0,0,R) \2x-21RpvA., and according to Kq | 
his would yield a term in the scattering an piltu le 
e 1 to 

m | 

; RpcA, ex] i( gR+1 0,0,R)) 

fi q 
If we recognize that 0L/ dz is the same as — A,, the addi- 
tional term arising in F’(R) due to the presence of 
2/9)0L/dz in Eq. (13) is 44DRA, (1 rhis gives 


RpvA, exp| i( gR+L(0,0,R)) 


which is identical with the term arising in the second 


derivative due to A,. 
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Decay of the Neutral = Meson* 
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I. INTRODUCTION 
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but, unfortunately, they are identical in the scalar, 
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as particles in intermediate states whose possible 
polarizations are summed over, in the usual quantum 
mechanical sense, before one squares the matrix element 
to find the transition probability. In the experiments 
under discussion no observation of the photon polariza- 
tion is made between the decay and the Compton 
scattering so that no measurement intervenes to spoil 
the coherence of the possible intermediate photon 
polarization states. The formalism in the next section 
will reflect and make precise these remarks. 


II. CALCULATION 


We wish to compute the transition amplitude from 
an initial state consisting of two targets and two y’s in 
the state prepared by the decay of the r°, to some state 
produced by the interaction of the decay ’s with the 
targets. For example, the final state might be two 
Compton electrons and two scattered y’s. The state of 
the y’s produced by the 7° decay may be described by a 
wave function in the representation afforded by the 
polarization vectors and photon wave numbers of the 
two photons. On the basis of invariance principles, the 
most general two-photon state of angular momentum 
zero which is Lorentz- and gauge-invariant is of the form 








ko*ky’ kk,’ 
(cel!) =a" 5, Jere €urapeite?. (1) 
hike ike 


Here k, and e¢, are the four-dimensional photon wave 
and polarization vectors, respectively. In writing Eq. 
(1) we are allowing for the possibility that the decay 
interaction might not be parity-conserving and hence 
the scalar and pseudoscalar wave functions are added 
with amplitudes a and 8. We shall now show that in this 
case a and 8 must be taken as real numbers. To see 
this we recall that the decay interaction, H’, will 
effectively take the form (Note that H’ is not invariant 
under CP as well as P.) 


Won f (dx) g4+(x)(E—) 
+8 f (dx) g.+(x)(E-H). (2) 


Since we deal with a spin-zero, chargeless particle, 
¢r*, which is the r° annihilation operator, will be real. 
Hence, from the Hermitian character of H’ it follows 
that a and f are real, as stated above. We shall normalize 
Eq. (1) in such a way that o®+6?=1. 

Let us denote by ¢,e* the transition amplitude leading 
from a photon of a given initial polarization «* and 
some target state to any specified final state. In terms 
of this notation any coincidence photon process in- 
volving the x° decay y’s will be described by a transition 
amplitude of the form 


iw €1"tyyp%€o"loy”(€x€2 | n°), 
€1€2 


(3) 


BERNSTEIN AND K. A. 


JOHNSON 


(€:€2| 2°) is given by Eq. (1) and the superscripts a and 
b on the ¢, indicate the possibility of measuring distinct 
processes for each of the two photons; for example, one 
might wish to measure Compton scattering in one 
target and pair production in the other. To find the 
transition probability, we multiply Eq. (3) by its 
complex conjugate and learn that 


W= (D"*) peSap(D?”) pS yx*=Tr[D'*S(D?*)*S7™], (4) 


where Tr denotes the trace over the indicated dyadic 
indices and A?” is the transpose of A while A’ is its 
Hermitian conjugate. In writing Eq. (4) we have in- 
troduced the notation 


Sap= >. ex“eP (€:€2| 3°). (5) 


Physically, S represents the density matrix of the initial 
two-photon state and in virtue of the reality of a and 8 
it is real. By way of additional notation, 


(D*) wa - - t,*t.°, 
(D®) =X tis 


are the dyadics which describe the processes by which 
the photons are transformed. 

> means a sum over"those final quantum numbers 
which are not measured in the final state. If we do not 
sum over an invariant subset of final states then D will 
no longer be a true tensor. As a first case let us imagine 
that we sum over all final states so that the D’s can 
be taken as Lorentz tensors. Hence it is important to 
ask what the most general form of D is, consistent 
with the invariance principles which are at hand. 

To get an insight into this question, let us consider 
the problem in the frame in which the x° decays at rest, 
and let us use the radiation gauge appropriate to this 
frame. Now the dyadic D must be transverse to the 
incident photon directions since it is multiplied on both 
sides by the initial photon polarization vectors. We 
shall denote the direction of the relative photon wave 
number by the unit vector n. Further let ¢’ and ¢” 
specify the two independent directions transverse to 
n. Then D can always be expressed as a linear combina- 
tion of the dyadics €q'€s’, €2'€s’, €aex’', and €q’’e’’. Since 
we have assumed that all final states are summed over, 
including final directions, D must be invariant against 
rotations about n or, in other words, under the trans- 
formation €q'—€q’€."—>— ¢,'. From this it follows that 
D must be composed of just the dyadics €q’€’+€.’en”’ 
= dar—Maty= Pap and €q' en’ —€a’’€s' =€adcMe, Where Eade 
is the Levi-Civita symbol. Which is to say 


Da= (8ab— Matt») A + €aren-B, (7) 


(6) 


where A and B are, respectively, a scalar and a pseudo- 
scalar function. 

We shall now write down the generalization of Eq. (7) 
to a four-dimensional form and an arbitrary Lorentz- 
radiation gauge which will be specified by a time-like 
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vector ma. 


mke 
Dag= F Pag+G—éreas- (8) 
(kn) 


Here Pas= > ¢*&, where the e’s are photon polarization 
four-vectors which satisfy the Lorentz condition e*k, =0 
where k, is the four-vector photon momentum. The 
sum is over independent polarizations. F and G are 
invariant functions and €sag is the four-dimensional 
Levi-Civita symbol. Using Eq. (1) and the definition 


of P.g, the tensor Sag is given by 
kok,’ 
)ee 
kik» 


hy"k,” 





Sep= 9 €:%€2° ( €1€2 | 7) of Pon( a 





—6 €wroP Px. (9) 
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With these definitions we find [see Eq. (4) ] 
Tr[D'*S(D*)7ST*]=2(Fi*F 2°+G,°G"), 


where, as above, F and G are invariant functions which 
are composed out of the initial photon vectors and 
quantities characteristic of the targets. The most im- 
portant thing to notice about Eq. (10) is that the result 
is completely independent of a and 6 and hence, in an 
experiment in which all final states are summed over, 
no detection of the parity of the state of two photons 
prepared by the 7° decay is possible. 

We may now consider a somewhat less special situa- 
tion in which we integrate over azimuthal angles but 
not zenith angles. For example, in the coincidence 
Compton scattering experiment we might measure the 
distribution in the angles between the incident photons 
and outgoing electrons, summing over final electron 
spins and integrating over azimuthal angles. This speci- 
fication of final states is not Lorentz-invariant and for 
the sake of simplicity we shall do the calculations as- 
suming that the w° decays at rest with respect to the 
electron targets. 

If we specialize Eq. (9) to this frame and work in the 
radiation gauge with e-n=0, where nis the unit relative 
photon wave vector and e¢ is either of the two photon 
polarization vectors, then we find 


(10) 


(11) 


If we use Eq. (4) we learn that the transition ampli- 
tude can be written 


w=a? Tr[ (D'*)5(1—nn) (D®*)5(1—nn) ] 
+6? Tr[(D"*)8(nX 1) (D**)S(nX1)] 
+a? Tr[ (D'*)4(1—mnn) (D**)4(1—nn) ] 
+8? Tr[ (D'*)4(mX 1) (D**)4(nX1)]. 
In writing Eq. (12) we have introduced some notation. 


(1—mnn) stands for the dyadic 54,—ma». nX1 stands for 
€abcM. The dyadics D have been split into their sym- 


Sxr=ae(5k1— 241) + Be kim m- 


(12) 


191 


metric and antisymmetric parts D=DS+D4 and the 
trace, Tr, is always taken over the dyadic indices. It is 
easy to see that all terms which involve DS and D4 
together, and which might have appeared in Eq. (12), 
vanish because of the symmetry properties of the trace. 

At this point it becomes clear that the coefficients of 
o and # in Eq. (12) are identical. This follows from 
the fact that, as above, the dyadics D are transverse 
to n. Now the operator (1—nmn) applied to D picks out 
its transverse part, and since D is already transverse 
this has no effect. On the other hand, the operator nX1 
applied to D on both sides will rotate it through 90° 
about the transverse direction n. Since all of the 
azimuthal angular integrations have been done in D, 
this rotation will again have no effect on the dyadic. 
Thus Eq. (12) can be written, using the fact that 
a’ +?=1, 


w= 2{Tr{ (D'*)$(D**)S]+Tr[ (D'*)4(D?*)4 1}. 


In this expression the real numbers 8 and a which 
weight the components of the incident photon state with 
different parities do not appear. Hence, in an experiment 
in which the azimuthal angles have been integrated 
over, it is not possible to detect the parity of the state 
of the pion-decay ’s. 

In this argument we have used the fact that the 7° 
decays at rest with respect to the targets. In reality, if 
the w° is produced in a charge-exchange reaction, it will 
have at least the velocity characteristic of the x~, 2° 
mass difference (v/c)?~1/15. Hence in an experiment 
like the one above, in which one integrates over 
azimuthal but not zenith angles, we might expect 
parity-dependent effects of this relative order which 
are then difficult to observe. However, in virtue of the 
first proof{there will be no such effects in the total 
cross section in which zenith angles are also integrated 
over. 

After these very general statements it may be 
interesting to consider explicitly the theory of the coinci- 
dence Compton scattering of the decay y’s from 
polarized electron targets. 

We may rewrite the well-known matrix element for 
Compton scattering of a photon from a polarized 
electron as follows: 


(13) 





1 
tu (P)| re 
+ (ps) 
‘eo *&¢ |Uso( Pp 
ia. 
=(e,A+e,XB), (14) 
where 
A=uj'(1—iyso-n*)u, (15) 
and 
B=u/'[ys(n-+in- Xe) Jui. (16) 
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Here the w’s are appropriately normalized Dirac 
spinors; @ is the vector spin matrix which is related to 
the y’s by the equation iyvyse= y where we have chosen 
’s with property that y7*=— y, yo™*=yo and y= —1; 
n+=(n+n’)/2 and n-=(n—n’)/2, where n and n’ are 
the initial and final photon directions. Equation (14) isa 
correct expression for the Compton scattering, with the 
definitions Eq. (15) and Eq. (16), only in the frame of 
reference in which the electron is initially at rest so that 
the kinematics are simply py+k;=kp and E(p,;)+k, 
=m-- ko. In the present example the dyadic D of Eq. (6) 
becomes 


2r 


Da=X dg > (2;A+e,XB)a(e;A+e;XB)s, (17) 


ef 0 


where }-«; stands for the sum over final polarizations, 
J?* d¢ is the integral over outgoing azimuthal angles 
and >/s, is the sum over final spins. After the indicated 
operations are performed, D takes the form indicated 
in Eq. (7): 


Dav= fo(0)(1—nn)aot+i(n-o)(mX1)anf.(8), (18) 


where o@ stands for the matrix element of the spin in 
the initial state and @ is the angle between the incident 
and outgoing photon directions. The tedious part of the 
calculation is the determination of fo(@) and f,(@). 
Since this calculation must reduce to the usual 
Compton cross section when initial spins are summed 
over, fo(6) is essentially the Klein-Nishina function 


ky ho 
fol@)=a(—"4+-*—sint), (19) 
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while for f,(@) we find 


1amdoo(s—7)| 
+(6) =| cosé| ——— } }. 
ko hy 
From this calculation of the dyadic D and from the 
form of Sy: given by Eq. (11), it is entirely straight- 
forward to calculate the number of coincident Compton 


scatterings per 2° decaying at rest with respect to the 
electron targets. We find 


casvae(2)(%) (2) 


XL f0(61) fo(@2) +m ome 
*G2f4(0:) fe(82) IN(Qi1)N(Q2). (21) 


The notation has been explained; however, we remind 
reader that N(Q) is a geometrical factor which depends 
upon the experiment. 

As we have seen, this result is completely independent 
of the parity nature of the two-photon state produced 
by the decaying w° and hence one cannot use the zenith 
angular distributions of the Compton electrons to 
measure the 7° parity. In any event it may be of 
interest that purely quantum mechanical coherence 
requirements can produce observable correlations in 
the spins of electron targets which are widely separated 
in space. 


(20) 
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Theory of the Fermi Interaction 
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The representation of Fermi particles by two-component Pauli spinors satisfying a second order differential 
equation and the suggestion that in 8 decay these spinors act without gradient couplings leads to an essen- 
tially unique weak four-fermion coupling. It is equivalent to equal amounts of vector and axial vector coup- 
ling with two-component neutrinos and conservation of leptons. (The relative sign is not determined 
theoretically.) It is taken to be “universal” ; the lifetime of the u agrees to within the experimental errors of 
2%. The vector part of the coupling is, by analogy with electric charge, assumed to be not renormalized by 
virtual mesons. This requires, for example, that pions are also “charged” in the sense that there is a direct in- 
teraction in which, say, a 7° goes to ~ and an electron goes to a neutrino. The weak decays of strange par- 
ticles will result qualitatively if the universality is extended to include a coupling involving a A or 2 fermion. 
Parity is then not conserved even for those decays like K—»2x or 3x which involve no neutrinos. The theory 
is at variance with the measured angular correlation of electron and neutrino in He’, and with the fact that 


fewer than 10~ pion decay into electron and neutrino. 





HE failure of the law of reflection symmetry for 
weak decays has prompted Salam, Landau, and 
Lee and Yang! to propose that the neutrino be described 
by a two-component wave function. As a consequence 
neutrinos emitted in 6 decay are fully polarized along 
their direction of motion. The simplicity of this idea 
makes it very appealing, and considerable experimental 
evidence is in its favor. There still remains the question 
of the determination of the coefficients of the scalar, 
vector, etc., couplings. 

There is another way to introduce a violation of 
parity into weak decays which also has a certain 
amount of theoretical raison d’éire. It has to do with 
the number of components used to describe the electron 
in the Dirac equation, 


(iv—A)y=my. (1) 


Why must the wave function have four components? 
It is usually explained by pointing out that to describe 
the electron spin we must have two, and we must also 
represent the negative-energy states or positrons, 
requiring two more. Yet this argument is unsatisfactory. 
For a particle of spin zero we use a wave function of 
only one component. The sign of the energy is deter- 
mined by how the wave function varies in.space and 
time. The Klein-Gordon equation is second order and 
we need both the function and its time derivative to 
predict the future. So instead of two components for 
spin zero we use one, but it satisfies a second order 
equation. Initial states require specification of that one 
and its time derivative. Thus for the case of spin } we 
would expect to be able to use a simple two-component 
spinor for the wave function, but have it satisfy a 
second order differential equation. For example, the 
wave function for a free particle would look like 
U exp[—i(Ei—P-x)], where U has just the two 
components of a Pauli spinor and whether the particle 


1A. Salam, Nuovo cimento 5, 299 (1957); L. Landau, Nuclear 


Phys. 3, 127 (1957); T. D. Lee and C. N. Yang, Phys. Rev. 105, 
1671 (1957). 


refers to electron or positron depends on the sign of E 
in the four-vector p,= (E,P). 
In fact it is easy to do this. If we substitute 


1 . 
y=—(iV—A+m)x (2) 
m 


in the Dirac equation, we find that x satisfies 
(iv —A)*x=[(iV,—A,)- (7V,—Ay) 
—}opF, wv IX= mx, (3) 


where F,,=0A,/0x,—0A,/Ox%, and Oy=}i(yp¥r—Vr¥u)- 
Now we have a second order equation, but x still has 
four components and we have twice as mzny solutions 
as we want. But the operator ¥s=YzYyvz¥1 commutes 
with o,,; therefore there are solutions of (3) for which 
iysx=x and solutions for iysx=—x. We may select, 
say, the first set. We always take 


tysx= x. (4) 
Then we can put the solutions of (3) into one-to-one 


correspondence with the Dirac equation (1). For each 
y there is a unique x; in fact we find 


x=3(1+ivey (5) 


by multiplying (2) by 1+7ys and using (4). The 
function x has really only two independent components. 
The conventional y requires knowledge of both x and 
its time derivative [see Eq. (2) ]. Further, the six oy 
in (3) can be reduced to just the three ozy, yz, zz. Since 
O2=172¥t= tory" ts, Eq. (4) shows that o., may be 
replaced by io,, when operating on x as it does in (3) 
Let us use the representation 


Pp 0 « 01 
v=( ), r-( ), in=—( ), 
0 —-1 —o 0 1 0 


where o;,y,, are the Pauli matrices. If 


ae 
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where a, 6 are two-component spinors, we find from 


(5) that 
( ; ) 
+ as ’ 
—¢ 


where g=}$(a—6). Our Eq. (3) for the two-component 
spinor ¢ is 


[(iV,—A,)*+e- (B+iE) ]y=m’¢, (6) 


where B,=F,., Ez=F 2, etc., which is the equation 
we are looking for. 

Rules of calculation for electrodynamics which 

involve only the algebra of the Pauli matrices can be 
worked out on the basis of (6). They, of course, give 
results exactly the same as those calculated with 
Dirac matrices. The details will perhaps be published 
later. 
One of the authors has always had a predilection for 
this equation.? If one tries to represent relativistic 
quantum mechanics by the method of path integrals, 
the Klein-Gordon equation is easily handled, but the 
Dirac equation is very hard to represent directly. 
Instead, one is led first to (3), or (6), and from there 
one must work back to (1). 

For this reason let us imagine that (6) had been 
discovered first, and (1) only deduced from it later. 
It would make no difference for any problera in electro- 
dynamics, where electrons are neither created nor 
destroyed (except with positrons). But what would we 
do if we were trying to describe 8 decay, in which an 
electron is created? Would we use a field operator y 
directly in the Hamiltonian to represent the annihi- 
lation of an electron, or would we use ¢? Now every- 
thing we can do one way, we can represent the other 
way. Thus if y were used it could be replaced by 


1 ¢ 
~(p-A+n)( ), (a) 
m -¢ 


while an expression in which g was used could be 
rewritten by substituting 


3 (1+775)y. (b) 


If g were really fundamental, however, we might be 
prejudiced against (a) on the grounds that gradients 
are involved. That is, an expression for 8 coupling which 
does not involve gradients from the point of view of y, 
does from the point of view of gy. So we are led to 
suggest ¢g as the field annihilation operator to be used in 
8 decay without gradients. If ¢ is written as in (b), we 
see this does not conserve parity, but now we know that 
that is consistent with experiment. 

For this reason one of us suggested the rule* that the 





*R. P. Feynman, Revs. Modern Phys. 20, 367 (1948); Phys. 
Rev. 84, 108 (1951). 

’R. P. Feynman, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics, 1957 (Interscience 
Publishers, Inc., New York, 1957). 


R. P. FEYNMAN AND M. GELL-MANN 


electron in 6 decay is coupled directly through ¢, or, 
what amounts to the same thing, in the usual four- 
particle coupling 


XUCiVnOwy) (POW), (7) 


we always replace y, by }(1+77s)ye. 

One direct consequence is that the electron emitted 
in B decay will always be left-hand polarized (and the 
positron right) with polarization approaching 100% 
as vc, irrespective of the kind of coupling. That is a 
direct consequence of the projection operator 


a=}3(1+775). 


A priori we could equally well have made the other 
choice and used 
d=}(1—175); 


electrons emitted would then be polarized to the right. 
We appeal to experiment* to determine the sign. 
Notice that a?=a, da=0. 

But now we go further, and suppose that the same rule 
applies to the wave functions of all the particles entering 
the interaction. We take for the 8-decay interaction 
the form 


XCi(ap.0,ay p) (ap,O,ay.), 


and we should like to discuss the consequences of this 
hypothesis. 

The coupling is now essentially completely deter- 
mined. Since a¥=yWd, we have in each term expressions 
like O;a. Now for S, T, and P we have O; commuting 
with y; so that d(O;a=O,da=0. For A and V we have 
a0;a=O,a’=Oja and the coupling survives. Further- 
more, for axial vector O;=iy,75, and since iysa=a, we 
find O;a=~7,a; thus A leads to the same coupling as V: 


(8) IG (Wav p) CRD) ? (8) 


the most general 8-decay interaction possible with our 
hypothesis.® 

This coupling is not yet completely unique, because 
our hypothesis could be varied in one respect. Instead 
of dealing with the neutron and proton, we could have 
made use of the antineutron and antiproton, con- 
sidering them as the “true particles.”” Then it would be 
the wave function ¥, of the antineutron that enters 
with the factor a. We would be led to 


(8) 1G (Ver.ava) Wryay e)s (9) 
This amounts to the same thing as 


(8) 1G (VnVudy) (Vevuave) ’ (9’) 


and from the a priori theoretical standpoint is just as 
good a choice as (8). 
We have assumed that the neutron and proton are 


4See, for example, Boehm, Novey, Barnes, and Stech, Phys. 
Rev. 108, 1497 (1957). 

5 A universal V, A interaction has also been proposed by E. C. G. 
Sudarshan and R. E. Marshak (to be published). 
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either both “particles” or both “antiparticles.” We 
have defined the electron to be a “particle” and the 
neutrino must then be a particle too. 

We shall further assume the interaction “universal,” 
so for example it is 


(8) IG (Virvuayr) Wryuay e) 


for u decay, as currently supposed; the yw~ is then a 
particle. Here the other choice, that the yo is an anti- 
particle, leads to (8)'G(y,y,a¥a)(Wy,aWe), which is 
excluded by experiment since it leads to a spectrum 
falling off at high energy (Michel’s p=0). 

Since the neutrino function always appears in the 
form ay, only neutrinos with left-hand spin can exist. 
That is, the two-component neutrino theory with 
conservation of leptons is valid. Our neutrinos spin 
oppositely to those of Lee and Yang.* For example, a 
8 particle is a lepton and spins to the left ; emitted with 
it is an antineutrino which is an antilepton and spins 
to the right. In a transition with AJ =0 they tend to go 
parallel to cancel angular momentum. This is the 
angular correlation typical of vector coupling. 

We have conservation of leptons and double 6 
decay is excluded. 

There is a symmetry in that the incoming particles 
can be exchanged without affecting the coupling. Thus 
if we define the symbol 


(AB) (CD) i (VavuVr) (Wevsavn), 


we have (AB)(CD)=(CB)(AD). (We have used anti- 
commuting y’s; for C-number y’s the interchange gives 
a minus sign.’) . 

The capture of muons by nucleons results from a 
coupling (fp)(i). It is already known that this 
capture is fitted very well if the coupling constant and 
coupling are the same as in f decay.® 

If we postulate that the universality extends also 
to the strange particles, we may have couplings such 
as (A°p)(su), (A°p)(se), and (A°p)(pm). The (A%) 
might be replaced by (=-n), etc. At any rate the 
existence of such couplings would account quali- 
tatively for the existence of all the weak decays. 
Consider, for example, the decay of the Kt. It can go 
virtually into an anti-A° and a proton by the fairly strong 
coupling of strange particle production. This by the 
weak decay (A°p)(jm) becomes a virtual antineutron 
and proton. These become, on annihilating, two or 
three pions. The parity is not conserved because of the 


(10) 





6 This is only because they used S and T couplings in 8 decay; 
had they used V and A, their theory would be similar to ours, with 
left-handed neutrinos._ 

7 We can express (AB)(CD) directly in terms of the two-com- 
ponent spinors yg: (AB)(CD)=4(¢4*¢s)(¢c*en)—4(¢a*oen) 


-(gc*@¢gp). If we put ea=(4 ‘), etc., where A; and A: are com- 


2 
plex numbers, we obtain 8(Ai*C;*—A2*Ci*)(B:D:—B2D,) and 
the symmetry is evident. 
8 See, for example, J. L. Lopes, Phys. Rev. (to be published); 
L. Michel, Progress in Cosmic-Ray Physics, edited by J. G. Wilson 
(Interscience Publishers, Inc., New York, 1952), Vol. 1, p. 125. 
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a in front of the nucleons in the virtual transition. The 
theory in which only the neutrino carries the a cannot 
explain the parity failure for decays not involving 
neutrinos (the r-6 puzzle). Here we turn the argument 
around; both the lack of parity conservation for the 
K and the fact that neutrinos are always fully polarized 
are consequences of the same universal weak coupling. 

For 8 decay the expression (8) will be recognized as 
that for the two-component neutrino theory with 
couplings V and A. with equal coefficients and opposite 
signs [expression (9) or (9) makes the coupling 
V+A ]. The coupling constant of the Fermi (V) part 
is equal to G. This constant has been determined? from 
the decay of O" to be (1.41+0.01)X10- erg/cm’. 
In units where #=c=1, and M is the mass of the 
proton, this is 


G= (1.01+0.01) X 10-*/M?. (11) 
At the present time several 8-decay experiments seem 
to be in disagreement with one another. Limiting 
ourselves to those that are well established, we find 
that the most serious disagreement with our theory is 
the recoil experiment in He*® of Rustad and Ruby” 
indicating that the T interaction is more likely than 
the A. Further check on this is obviously very desirable. 
Any experiment indicating that the electron is not 
100% left polarized as vc for any transition allowed 
or forbidden would mean that (8) and (9) are incorrect. 
An interesting experiment is the angular distribution 
of electrons from polarized neutrons for here there is an 
interference between the V and A contributions such 
that if the coupling is V—A there is no asymmetry, 
while if it is V+A there is a maximal asymmetry. This 
would permit us to choose between the alternatives (8) 
and (9). The present experimental results" agree with 
neither alternative. 

We now look at the muon decay. The fact that the 
two neutrinos spin oppositely and the p parameter is 3 
permitted us to decide that the wo is a lepton if the 
electron is, and determines the order of (f,v) which 
we write in (10). But now we can predict the direction 
of the electron in the r —yp-+7—e~+v+7 sequence. 
Since the muon comes out with an antineutrino which 
spins to the right, the muon must also be spinning to 
the right (all senses of spin are taken looking down the 
direction of motion of the particle in question). When 
the muon disintegrates with a high-energy electron the 
two neutrinos are emitted in the opposite direction. 
They have spins opposed. The electron emitted must 
spin to the left, but must carry off the angular mo- 
mentum of the muon, so it must proceed in the direction 
opposite to that of the muon. This direction agrees with 
experiment. The proposal of Lee and Yang predicted 


®* Bromley, Almquist, Gove, Litherland, Paul, and Ferguson, 
Phys. Rev. 105, 957 (1957). 

10 B. M. Rustad and S. L. Ruby, Phys. Rev. 97, 991 (1955). 

1 Burgy, Epstein, Krohn, Novey, Raboy, Ringo, and Telegdi, 
Phys. Rev. 107, 1731 (1957). 








196 R.?: 


the electron spin here to be opposite to that in the case 
of 6 decay. Our B-decay coupling is V, A instead of S, T 
and this reverses the sign. That the electron have the 
same spin polarization in all decays (8, muon, or 
strange particles) is a consequence of putting ay, in 
the coupling for this particle. It would be interesting 
to test this for the muon decay. 

Finally we can calculate the lifetime of the muon, 
which comes out 


7 = 192n*/G*u5= (2.26+0.04) X 10~* sec 


using the value (11) of G. This agrees with the experi- 
mental lifetime” (2.220.02) X 10~ sec. 

It might be asked why this agreement should be so 
good. Because nucleons can emit virtual pions there 
might be expected to be a renormalization of the 
effective coupling constant. On the other hand, if 
there is some truth in the idea of an interaction with a 
universal constant strength it may be that the other 
interactions are so arranged so as not to destroy this 
constant. We have an example in electrodynamics. Here 
the coupling constant e to the electromagnetic field 
is the same for all particles coupled. Yet the virtual 
mesons do not disturb the value of this coupling 
constant. Of course the distribution of charge is altered, 
so the coupling for high-energy fields is apparently 
reduced (as evidenced by the scattering of fast electrons 
by protons), but the coupling in the low-energy limit, 
which we call the total charge, is not changed. 

Using this analogy to electrodynamics, we can see 
immediately how the Fermi part, at least, can be made 
to have no renormalization. Fur the sake of this dis- 
cussion imagine that the interaction is due to some 
intermediate (electrically charged) vector meson of 
very high mass Mo. If this meson is coupled to the 
“current” ovuayn) and (Vuryuayr) by a coupling 
(4rf?)!, then the interaction of the two “currents” 
would result from the exchange of this “meson” if 
4 f?M 5-*= (8)4G. Now we must arrange that the total 
current 


J,= (Vrvuabn)+ (Vryuaye)+ Dryua,)+ rhe (12) 


be not renormalized. There are no known large inter- 
action terms to renormalize the (ve) or (vu), so let us 
concentrate on the nucleon term. This current can be 
split into two: J,=4(J,"+J,4), where J,” =P yy, and 
J,A=WpivuyWn. The term J,” =yPy,74), in isotopic spin 
notation, is just like the electric current. The electric 
current is 


J," =" yn (3+ T2)y. 


The term 37, is conserved, but the term py,7.y is 
not, unless we add the current of pions, iL ¢*7,V,¢ 
—(V,¢*)T.¢], because the pions are charged. Likewise 
¥y,7+¥ is not conserved but the sum 


J." =Wunrt+iLe*TsV.e— (V,.¢)*T+¢] 
2 W. E. Bell and E. P. Hincks, Phys. Rev. 84, 1243 (1951). 


(13) 
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is conserved, and, like electricity, leads to a quantity 
whose value (for low-energy transitions) is unchanged 
by the interaction of pions and nucleons. If we include 
interactions with hyperons and K particles, further 
terms must be added to obtain the conserved quantity. 

We therefore suppose that this conserved quantity 
be substituted for the vector part of the first term in 
(12). Then the Fermi coupling constant will be strictly 
universal, except for small electromagnetic corrections. 
That is, the constant G from the yw decay, which is 
accurately V—A, should be also the exact coupling 
constant for at least the vector part of the 6 decay. 
(Since the energies involved are so low, the spread in 
space of J,” due to the meson couplings is not 
important, only the total “charge.”’) It is just this part 
which is determined by the experiment with O", and 
that is why the agreement should be so close. 

The existence of the extra term in (13) means that 
other weak processes must be predicted. In this case 
there is, for example, a coupling 


(8)'Gi(¢*V,.T+9—(V.¢)*T+¢) Vruaye), 


by which a x can go to a x° with emission of 7 and e. 
The amplitude is 


4G (pu + p,°) va e)y 


where p-, p® are the four-momenta of w~ and 7°. 
Because of the low energies involved, the probability 
of the disintegration is too low to be observable. To 
be sure, the process x-—>7°+e+ 7% could be understood 
to be qualitatively necessary just from the existence of 
B decay. For the ~ may become virtually an anti- 
proton and neutron, the neutron decay virtually to a 
proton, e¢, and # by 8 decay and the protons annihilate 
forming the r°. But the point is that by our principle 
of a universal coupling whose vector part requires no 
renormalization we can calculate the rate directly 
without being involved in closed loops, strong couplings, 
and divergent intervals. 

For any transition in which strangeness doesn’t 
change, the current J,” is the total current density of 
isotopic spin 7... Thus the vector part gives transitions 
AT=0 with square matrix element 7(7+1)—T.T,’ 
if we can neglect the energy release relative to the rest 
mass of the particle decaying. For the nucleon and 
K-—K°+e+7 the square of the matrix element is 1, 
for the pion and 2~—>2°+-e+-3 it is 2. The axial coupling 
in the low-energy limit is zero between states of zero 
angular momentum like the x meson or O*, so for both 
of these we can compute the lifetime knowing only the 
vector part. Thus the *—>1°+e+7# decay should have 
the same ft value as O"“. Unfortunately because of the 
very small energies involved (because isotopic spin is 
such a good quantum number) none of these decays 
of mesons or hyperons are fast enough to observe in 
competition to other decay processes in which T or 
strangeness changes. 
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This principle, that the vector part is not renormal- 
ized, may be useful in deducing some relations among 
the decays of the strange particles. 

Now with present knowledge it is not so easy to say 
whether or not a pseudovector current like Piysy,74~ 
can be arranged to be not renormalized. The present 
experiments" in 8 decay indicate that the ratio of the 
coupling constant squared for Gamow-Teller and Fermi 
is about 1.3+0.1. This departure from 1 might be a 
renormalization effect.* On the other hand, an interest- 
ing theoretical possibility is that it is exactly unity 
and that the various interactions in nature are so 
arranged that it need not be renormalized (just as for 
V). It might be profitable to try to work out a way of 
doing this. Experimentally it is not excluded. One 
would have to say that the ft; value of 12204150 
measured’ for the neutron was really 1520, and that 
some uncertain matrix elements in the 8 decay of the 
mirror nuclei were incorrectly estimated. 

The decay of the x~ into a uw and # might be under- 
stood as a result of a virtual process in which the x 
becomes a nucleon loop which decays into the w+). 
In any event one would expect a decay into e+? also. 
The ratio of the rates of the two processes can be 
calculated without knowledge of the character of the 
closed loops. It is (m,/m,)?(1—m,2/m,*)~* = 13.6 10~. 
Experimentally'® no m—e+v have been found, indi- 
cating that the ratio is less than 10~°. This is a very 
serious discrepancy. The authors have no idea on how 
it can be resolved. 

We have adopted the point of view that the weak 
interactions all arise from the interaction of a current 
J, with itself, possibly via an intermediate charged 
vector meson of high mass. This has the consequence 
that any term in the current must interact with all the 
rest of the terms and with itself. To account for 8 decay 
and yu decay we have to introduce the terms in (12) into 
the current; the phenomenon of u capture must then 
also occur. In addition, however, the pairs ev, uv, and pn 
must interact with themselves. In the case of the 
(év)(de) coupling, experimental detection of electron- 
neutrino scattering might some day be possible if 
electron recoils are looked for in materials exposed to 
pile neutrinos; the cross section'’ with our universal 
coupling is of the order of 10~** cm?. 


48 A. Winther and O. Kofoed-Hansen, Kgl. Danske Vidensakb. 
Selskab, Mat.-fys. Medd. (to be published). 

“4 This slight inequality of Fermi and Gamow-Teller coupling 
constants is not enough to account for the experimental results 
z reference 11 on the electron asymmetry in polarized neutron 

lecay. 

15 Spivac, Sosnovsky, Prokofiev, and Sokolov, Proceedings of the 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1955 (United Nations, New York, 1956), A/Conf. 8/p/650. 

16C, Lattes and H. L. Anderson, Nuovo cimento (to be 
published). 

17 For neutrinos of energy w (in units of the electron mass m) the 
total cross section is aqw*/(1+2w), and the spectrum of recoil 
energies ¢ of the electron is uniform de. For antineutrinos it is 
oo(w/6)[1—(1+2w)*] with a recoil spectrum varying as 
(1+w—)*. Here co=2G*m?/x=8.3X 10 cm*. 
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To account for all observed strange particle decays 
it is sufficient to add to the current a term like (jA°), 
(p=°), or (S-n), in which strangeness is increased by 
one as charge is increased by one. For instance, (pA°) 
gives us the couplings (pA°)(év), (pA°)(gv), and 
(pA°) (ip). A direct consequence of the coupling 
(pA°) (év) would be the reaction 

A pte+i (14) 
at a rate 5.310’ sec~!, assuming no renormalization 
of the constants.'* Since the observed lifetime of the A° 
(for disintegration into other products, like p+, 
n+ 7°) is about 3X 10~ sec, we should observe process 
(14) in about 1.6% of the disintegrations. This is not 
excluded by experiments. If a term like (2~m) appears, 
the decay 2-—>n+e~+» is possible at a predicted rate 
3.5108 sec! and should occur (for rz-=1.6X10~” 
sec) in about 5.6% of the disintegrations of the =~. 
Decays with y replacing the electron are still less 
frequent. That such disintegrations actually occur at 
the above rates is not excluded by present experiments. 
It would be very interesting to look for them and to 
measure their rates. 

These rates were calculated from the formula 
Rate= (2G°W*c/30n*) derived with neglect of the 
electron mass. Here W=(M,?—M,?)/2M, is the 
maximum electron energy possible and c is a correction 
factor for recoil. If x= W/M, it is 
c= —}ga-5(1—2x)? In(1—2z) 

— §2*(1—x) (3—62—22%), 
and equals 1 for small «, about 1.25 for the 2 decay, and 
2.5 for M,=0. 

It should be noted that decays like 2+—n+et+y 
are forbidden if we add to the current only terms for 
which AS=+1 when AQ=-+1. In order to cause such 
a decay, the current would have to contain a term with 
AS=—1 when AQ=+1, for example (=m). Such a 
term would then be coupled not only to (je), but also 
to all the others, including one like (pA°). But a coupling 
of the form (=*n) (Ap) leads to strange particle decays 
with AS=+2, violating the proposed rule AS==+1. 
It is important to know whether this rule really holds; 
there is evidence for it in the apparent absence of the 
decay =—>2-+n, but so few Z particles have been 
seen that this is not really conclusive. We are not sure, 
therefore, whether terms like ([*m) are excluded from 
the current. 

We deliberately ignore the possibility of a neutral 
current, containing terms like (ée), (je), (fim), etc., 
and possibly coupled to a neutral intermediate field. 
No weak coupling is known that requires the existence 
of such an interaction. Moreover, some of these 
couplings, like (&e) (fe), leading to the decay of a muon 
into three electrons, are excluded by experiment. 

It is amusing that this interaction satisfies simul- 
taneously almost all the principles that have been 


18. E. Behrends and C. Fronsdal, Phys. Rev. 106, 345 (1957). 
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proposed on simple theoretical grounds to limit the 
possible 8 couplings. It is universal, it is symmetric, it 
produces two-component neutrinos, it conserves leptons, 
it preserves invariance under CP and 7, and it is the 
simplest possibility from a certain point of view (that 
of two-component wave functions emphasized in this 
paper). 

These theoretical arguments seem to the authors to be 
strong enough to suggest that the disagreement with 
the He® recoil experiment and with some other ‘less 
accurate experiments indicates that these experiments 
are wrong. The m—e+*% problem may have a more 
subtle solution. 

After all, the theory also has a number of successes. 
It yields the rate of u decay to 2% and the asymmetry 
in direction in the r—y—¢ chain. For 8 decay, it agrees 
with the recoil experiments” in A® indicating a vector 
coupling, the absence of Fierz terms distorting the 
allowed spectra, and the more recent electron spin 
polarization* measurements in 6 decay. 


19 Herrmansfeldt, Maxson, Stahelin, and Allen, Phys. Rev. 107, 
641 (1957). 
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Besides the various experiments which this theory 
suggests be done or rechecked, there are a number of 
directions indicated for theoretical study. First it is 
suggested that all the various theories, such as meson 
theory, be recast in the form with the two-component 
wave functions to see if new possibilities of coupling, 
etc., are suggested. Second, it may be fruitful to analyze 
further the idea that the vector part of the weak 
coupling is not renormalized ; to see if a set of couplings 
could be arranged so that the axial part is also not 
renormalized; and to study the meaning of the trans- 
formation groups which are involved. Finally, attempts 
to understand the strange particle decays should be 
made assuming that they are related to this universal 
interaction of definite form. 
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Dispersion relations for scattering of a Dirac particle by a potential are shown to hold for a broad class 
of potentials. In contrast to the field theoretic case, the derivation here makes no use of the concept of 
causality but is instead based directly on the analytic properties of the Fredholm solution of the scattering 
integral equation. It is shown that the scattering amplitude, considered as a function of energy and momen- 
tum transfer, can be extended to a function analytic in the complex energy plane, for real momentum 
transfer. The dispersion relations then follow in the standard way from Cauchy’s theorem. The final results 
involve one “subtraction.” It is also shown that the analytic continuation into the unphysical region for 
nonforward scattering can be carried out by means of a partial wave expansion. 


I. INTRODUCTION 


T has recently been shown! that, under certain broad 
conditions, dispersion relations of the type so much 
discussed for relativistic field theories? also hold in 
ordinary nonrelativistic quantum mechanics for scatter- 
ing of a particle by a potential. The treatment of this 
problem is quite straightforward and explicit ;in contrast 
to the field theoretic case, one can show explicitly that 
the dispersion relations involve no “subtractions” and 
that the scattering amplitude can be analytically 
continued into the unphysical region for nonforward 
scattering by means of a partial wave expansion. In this 


* Lockheed Fellow, 1956-1957. 

1N. N. Khuri, Phys. Rev. 107, 1148 (1957). 

2 Chew, Goldberger, Low, and Nambu, Phys. Rev. 106, 1337 
(1957). For a complete list of references see R. H. Capps and G. 
Takeda, Phys. Rev. 103, 1877 (1956). 


sense, nonrelativistic quantum mechanics provides a 
complete and simple model of a system for which dis- 
persion relations are valid. It has already been used as a 
basis for investigating to what extent the dispersion 
relations, taken together with the unitarity of the 
S-matrix, constitute a self-contained formulation of 
scattering theory.* 

In the present paper, the discussion of dispersion 
relations in ordinary quantum mechanics is extended 
to the case of scattering of a Dirac particle by a potential. 
Using arguments similar to those employed for the 
Schrédinger case,! one again finds that dispersion rela- 
tions hold for a broad class of potentials. The restric- 
tions on the potentials are now somewhat more severe ; 
and ‘~ the present case one finds that the dispersion 


3S. Gasiorowicz and M. Ruderman (to be published). 
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relations involve one, but only one, “subtraction.” 
Again, however, it turns out that the analytical con- 
tinuation into the unphysical region for nonforward 
scattering can be effected by a partial wave expansion. 

The Dirac case represents an especially interesting 
model, for it is the analog in ordinary quantum me- 
chanics of the field-theoretic discussion of pion-nucleon 
scattering. The final dispersion relations are similar 
in form for the two cases. Both involve the scattering 
amplitude for particle and antiparticle. Despite the 
similarities, however, it must once again be emphasized 
that the discussion of dispersion relations for field 
theories invokes the concept of microscopic causality ; 
in the ordinary quantum mechanical case this concept 
seems to play no explicit role and is in fact not even 
formulated—at least in the present treatment. 

The plan of the paper is as follows. In Sec. II the 
theory of Dirac potential scattering is formulated in 
the usual way in terms of a scattering integral equation ; 
and the formal solution is obtained by the Fredholm 
method. The scattering matrix 7, an operator in spinor 
space, is defined in the standard way and is conceived 
as a function of the two variables: energy E and 
momentum transfer r. In Sec. III the T matrix is 
extended to a function of complex energy, the momen- 
tum transfer being kept real. After a discussion of the 
branch cuts, it is shown that T can be extended to a 
function analytic in the complex E plane, with poles on 
the real axis corresponding to bound states. The behavior 
of the T matrix for large | E| is discussed, as well as the 
behavior under charge conjugation. In Sec. IV the 
analyticity of T in the complex E plane is used in the 
familiar way, via the Cauchy integral theorem, to 
obtain the sought-for dispersion relations. It is also 
shown in this section that the analytic continuation 
into the unphysical region for nonforward scattering 
can be effected by a partial wave expansion. Finally, 
in Sec. V the contribution to the dispersion relations 
coming from bound states is discussed, and a simple 
example is worked out in detail. 


II. DIRAC SCATTERING THEORY 
A 


We consider the scattering of a Dirac particle of total 
energy E ina central field V. The Dirac equation reads® 


(E—H)y=Vy, (1) 
where y is a 4-component spinor wave function and 
H=—ia-V+6m (2) 


is the free-particle Hamiltonian; @ and # are the usual 
Dirac matrices. We shall denote by ¢ the solutions of 
the free-particle equation 

(E—H)o=0. (3) 


4 See Chew et al., reference 2, 
'h=c=1, 
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The solutions ¢ we shall take to be plane waves, so that 
they are characterized by the energy and momentum 
eigenvalues as well as by spin. To describe the scatter- 
ing of a particle with a certain initial momentum and 
spin (corresponding free-particle wave function ¢), we 
look for a solution of (1) which has the asymptotic 
behavior 


1 
v sete o+-e*'2, (4) 
r+ r 


with k=+(E’—m’)'. This outgoing wave boundary 
condition is automatically incorporated in the integral 
equation formulation of (1), which in operator notation 
can be written 


V=o+ lim (E—H+ie)Vy. (5) 
e+ 


The formal solution of this equation is given by® 
¥=o+ (E—H—V-+ice) "V9, (6) 


where the limiting process e—-+-0 is henceforth always 
understood. It should be noted at this point that we are 
discussing the scattering of a particle (E2m). The 
scattering of antiparticles will be dealt with later. 

We now observe that 


(E—H—V+ie)"'V 
= (E—H—V-+ie)"(E+H—V+ie) (E+H—V)V 
=(F—H?-—U+ie“V[E—V+H+(H,V)], — (7) 


where 





(H,V)=HV—VH=—i(¥V)-a, (8) 
and 
U=2EV—V?—i(VV)-a. (9) 
Since ¢ is supposed to satisfy (3), (6) may be written 
1 
v=o+ -U6; (10) 
F*?—H?—U+ie 


and, reversing the arguments which lead from (5) to 
(6), we see that y satisfies the integral equation 


v=ot+ Uy. (11) 


F’?—H’+ie 


It is this form of the integral equation which is a 
convenient basis for obtaining an explicit solution by 
the Fredholm method. 

Let us now introduce the following notation for the 
various Green’s functions: 





1 
g0= ; g= eae 
" B-Pte  P-B-U +i 
and 
K=gU; G=gU. (13) 


sie Gell-Mann and M, L, Goldberger, Phys. Rev, 91, 398 
(1953), 
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We then have where 
v=o+Ky, (14) : 
and Ayw(k; X,X ) 
v=o+Ge. " (15) e (-1)" 
The kernel functions G and K are evidently related = Qu (x x)+ v oe ta a f Par: + On 
by the integral equation 
(n) '. 206 . eee ° 
G=K+KG=K+GK. (16) Pa Riss “Bein Aa 
Written out explicitly, the operatorequation (5) reads (k)=1+ > ie 1)" > fox ‘odie 
1 n= nN: Pl- + "pn 
Volx) =oe(x)——— nenaphnwee * DO (xy+**Xnj pie pnd} 
ik|x—y ’ | 
x= ~Viy)W(y)dy, (5’) Qur(X,x") —— Quer(X,X1) Qnon(X Xn) | 
\x—y| 


where the Greek subscripts are spinor indices. Equation 
(11), written in full, becomes 


(11’) 





1 eikix—yl 
padinnete= f | U wy (y)d*y. 


mJ |x—y 


This just expresses the well-known fact that the Green’s 
function go is 
1 e*kix—-yl 


go(X,y) ene 


(12’) 
4 |x—y| 





The arguments which led from (5) to (11) are just 
equivalent to going from (5’) to (11’) by carrying out 
a partial integration and making use of the fact that y 
satisfies the Dirac equation. 


B 


In order to proceed with the derivation of the dis- 
persion relations, it will be necessary to have an explicit 
representation for the solution of our scattering equa- 
tion. We shall obtain this by the method of Fredholm.’ 
This method cannot, however, be applied directly to 
the integral equation (11’), since the Green’s function 
go(x,y) is singular at x—y=0. We therefore iterate 
(11’) once, obtaining 


v=o+Ko+KYy. 
O=K°. 


(17) 
Let 


F=$+K¢; (18) 


Written out explicitly, 

Qw(x,y) = f 80(X,X') U p(x’) go(x’,y)Upr(y)d*x’. (19) 
The Fredholm solution of (17) may now be obtained 
in the standard way and is well-defined. One finds 
Aw(k; x,x’) 

O () 


7 The present work was motivated by the interesting application 
of the Fredholm theory to scattering problems discussed by R. 
Jost and A. Pais, Phys. Rev. 82, 840 (1951). 








V.(x) =F, (x)+ f F,(x')d*x'; (20) 


B,,“™ = (Qow(x1,x’) sSitiag ly 
‘Qon(Xn,X’) 
|Qo101(X1,X1) Opi2(X1,X2) Qoten(X1,Xn) | 


D\) = | Qpo1(X2,X1) 


Opnoi(Xn,X1) or 


Using an operator notation (A is an integral operator in 
coordinate space as well as a spinor operator; C is just 
a number) we may write 


y=F+(A/O)F. (20’) 
Comparing this with (15) we obtain, finally, 
G=K+(4/O)+(4/D)K. (21) 


This is the result which we require for the discussion of 
dispersion relations. The question of the convergence of 
the series involved in the Fredholm solution will be 
deferred till later. 


C 


The matrix element which describes the scattering 
of a particle from an initial state i to a final state f is 
given by 


M 5i= (67, Vi) = (67,V 01) + (7, VGi). 

For later reference we note that this can also be written 
M j= (1/2E) (¢;,Up;) 

= (1/2E){ (¢;,U¢) + (¢/,UG¢,)}. 


We take the free particle solutions ¢ to be plane waves, 
so that for a particle of momentum k we have 


x=u(ke*-*, 


where «(k) is a 4-component spinor normalized to 


(22) 


(23) 


(24) 
ulu=1. (25) 


The spinor u also carries a spin label, which we shall, 
however, not explicitly write. Let us now define the 
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T matrix by 
M (k,;,k;) =u! (k;) T (k,,k,)u(k,). 


It is an operator in spinor space. From (21) and (22) 
we see that 


T (k,,k,) = V (ky— k,) 


(26) 


+ fem AVG (aye ahaa, (27) 
where 


V (k,—k,) = f eitky-k)-2Y(x)dtx, (28) 


The spinors appearing in (26) satisfy the Dirac 


equation 
(a-k+8m—E)u=0. (29) 


It is easy to show that by use of this equation the T 
matrix as it appears in (26) can always be reduced to 
the form 

T=a-+-Bb. (30) 


Alternate ways of representing the T matrix are possible 
and will in fact be more convenient at a later state. 
For the purposes of Sec. III, however, the above form 
is the most useful one. Since the potential V is spherical 
it now follows that the functions a and 6 can depend only 
on the energy and on the magnitude of the momentum 
transfer. 
Let us define 


e=ky—k;; x=}(ky+k,); (31) 


and note that «-x=0. The scattering angle @ is related 
to the momentum transfer r by 


cosé = 1 — 7?/2k*. (32) 
We also introduce the variables 
R=}(x+y), r=x-—y. (33) 


The T matrix, which is a function of r and E= (k?-+m’)}, 
can now be written 


T(E,r)=V(r)+ f exp[ —i(E2—m?— 72/4) in-r 


xexp(—ie-RIV(R+-) 


+ 


r r 


where 
n=2/T. 


III. EXTENSION TO THE COMPLEX 
ENERGY PLANE 
A 


Up to this point the 7 matrix, as well as the kernel 
function G, are defined and have meaning only for 


SCATTERING 201 
physical values of the variables E and r: £ and 7 both 
real, and E>+(m?+-77/4)!. We now want to extend G 
and T to functions of the complex variable E, r being 
kept real. We will find that for a certain class of poten- 
tials the extended function T is analytic in the complex 
E plane, with singularities on the real axis between 
—m and m. 

Since the kernel function G was originally expressed 
in terms of k= (E*—m?)! it will first be necessary to 
make cuts in the complex £ plane in order to define 
G as a function of complex £. The cuts run from m—« 
and —m—— © ; and we choose the Riemannian sheet 
such that the imaginary part of & is always non- 
negative: Imk=«20. Just above the real energy axis, 
the real part of k is positive for E>m and negative for 
E<m. The converse holds just below the real energy axis. 
On the real axis for —m<E<m, k is pure imaginary. 
Similar cuts are chosen to define (E?—m?—7*/4)! for 
complex E. We now define 


G,(E)= lim G(E+ie)(E real), (35) 
e+) a 
and 
T,(E)= lim T(E+ie)(E real). (36) 
«+0 


The 7 matrix for physical scattering corresponds to 
T(E) for E> (m?+7°/4)!. It is clear from what has 
been said that 


G,(E) =G_(E)(—m<E<m); (37) 
and 
T,(E)=T_(E)(—m<E <m). (38) 


B 


Before proceeding to the main task of this section 
we want to establish here certain symmetry properties 
of the T matrix which are essential to the derivation of 
the dispersion relations. At this stage it is useful to 
avoid commitment to the particular representation of 
Eq. (30), so we simply write T= 7(E,k,,k;,). 


1 
Define 
T (E,k;,k;) =6T'(E,ky,k;)8, (39) 


where 7* is the Hermitean conjugate of T. We will 
show that 


T.,.(E,k,,k;) be T_(E,k;,ky). (40) 
In the representation of Eq. (30) this implies 
* = 
dy (Z,r) a_(E,r), (41) 


b,.*(E,r) =b_(E,7). 


To establish this result, let us first introduce the 
following notation: 


we=e*) we=eiki-t, (42) 
From (23) and (26) we then have 
2ETs(E,ky,ki) = (w;,Uwi)+(W;,UGsw,); (43) 
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and from (13) and (16) 
UG,= UgosU+ UGs.g04U, 
= UgoxU+ Ugo UG,. 
Just as in (39), define 
G=,G'B, (45) 


where Gt is the Hermitean conjugate of G, which, it 
must be remembered, is an integral as well as a spinor 
operator. Thus 


(44) 


Gyy! (x,y) = Gu* (y,x) ° 


Define U and go in the same way. It is evident that 


U=U; Gos = gor. (46) 
From (43) we see that 
2ET ’, (E,ky,k;) = (wi,Uwy)+ (wiG,Uw,). (47) 
But from (44) 
GU =Ugo_U+Ugo-G,U =UG_. (48) 


Equation (40) is thus proved. 
2 


There remains to find relations which connect 7(£) 
with T7(—£). It is at this stage that we are led into a 
discussion of the scattering of antiparticles. As is well 
known, an antiparticle of energy E and momentum k 
is described by a charge conjugate spinor “° given by 


u°(E,k) =Cu*(—E, —k), (49) 
where the charge conjugation matrix can be taken to be 
C=— Baz, 
in the usual representation for Dirac matrices. It has 

the properties 
Ca;C=4;, j= 1, Es 3 
CeC= —B, 
C=C1=C1; (51) 


where the tilde symbol denotes the transposition 
operation. The charge conjugate spinor u°(E,k) satisfies 
(29). In analogy with (26), the matrix element for 
antiparticle scattering is written 


(50) 


M°*(E,ky,k;) =u*t (E,ky) 7 ,°(E,ky,k,)u°(E,k;). (52) 
From (49) it follows that 
M*(E,k,,k;) =ut(—E, —k,) 
XCT,°(E,ky,k,)Cu(—E, —ky). (53) 
But we also have 
M(—E, —k;, —k,)=ut(-E, —k,) 
XT_(—E, —k;, —k,)u(—E, —ky), (54) 


where we write 7_(—£) rather than 7,(—£) in order 
that (Z’—m?)! shall have zero phase in T* for E>m; 
i.e., So that T° will correspond to an out-going wave 
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matrix. Thus 


T,°(E,k,,ki)=CT_(—E, —ki, —ky)C. (55) 
If we represent T¢ in a form analogous to Eq. (30), 
T*=a°+b*, (56) 
then (41) and (55) imply 
a,°(E,r) =a,*(—E, 7), 
b,°(E,r) = —b,*(—E, r). (57) 


C 


We now turn to our main task, which is to show that 
the matrix T can indeed be extended to a function 
analytic in the full complex £ plane, the momentum 
transfer + being real. We must first show that the 
Fredholm series in (21) and (22) converge to an analytic 
function of E and that the kernel function G is analytic. 
We must then show that in (34) the integral which 
defines T converges to an analytic function. Finally, 
in order to employ Cauchy’s theorem at a later stage, 
we must study the behavior of T for |E|—~. 

The results may be stated in advance. It will turn 
out that the kernel function G can be extended to an 
analytic function of E if there exists a spherically 
symmetric function F(r) such that 


F(r)>|V?—ia- VV], (58.a) 

F(r)>2m|V}, (58.b) 

F(r)< M'/r, M'< x, (58.c) 

f F(r)rdr< M", M"< om, (58.d) 
0 


Furthermore, for fixed momentum transfer 7, the 
matrix T can be extended to an analytic function of E if 


2 


f e/2)"F (x) dro M'' <x. (59) 
0 


The proof of these assertions follows almost exactly 
as in reference 1. Thus, although the results are of 
central importance for this paper, we need indicate the 
derivation only in brief outline. We do this much, in 
fact, only to call attention to the slight technical 
differences between the Dirac and Schrédinger cases. 

For convenience we use (21) to rewrite (34) in the 
following form: 


T(E,r) = V(r) +T2(E,7) 


+T7;(E,r)/O+T7,(£,r)/O, (60) 


where 


T ;(E,r) -f exp[ —i(E?—m?— 7/4)'n-r] exp(—it-R) 


r r 
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and, in matrix notation, 


No=VK, N3=VA, Ny=VAK. (62) 


We now use the theorem, stated in reference 1, which in 
effect says that for the 7; to be analytic in an open 
region I’, where I’ is bounded by a closed curve B in 
the complex energy plane, the integrands in (61) must 
be analytic in T and continuous in the closed region 
+B. Furthermore, for all E on B the integrand must 
be bounded by an integral function of r and R. In our 
case B is the curve shown in Fig. 1; the semicircles 
have large but finite radius Eg, and the horizontal 
segments approach the real axis in the limit. 

That 7, meets the above requirements for analyticity 
is trivially shown. From (12’) and (62) one finds the 
bound 


IV(x)| Ex \e-"™-71 
IN o(Ex,9)| <——( +1) F(y) 
4 m |x—y| 





(63) 





for all E on B. This is integrable in (61). To establish 
the analyticity of T; and T, we must study the proper- 
ties of A(E,x,y). We shall prove below that for all E 
in I’, A is analytic and satisfies the inequality 


F(y) 
e*!®-9| A(E,x,y)| ie 
y| 


(64) 


where Cez is a constant which depends on Eg. From 
this result we find, as in reference 1, 


1 
|Ts,a(E,7)| < Ces! f HIF )F(y) aay. (65) 
ly] 


The integral exists for any 7 for which (59) holds, hence 
T;,, are analytic in I. 

We are left with the task of proving our assertions 
about A(E,x,y). Once again, the procedure is similar 





+m 





Fic. 1. Contour in complex energy plane. 
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to that in reference 1. First, one shows that for potentials 
satisfying the conditions (58), the kernel Q is bounded, 
as follows: 


E| . F 
|Q(E,x,y) | g n(—+1) e7 i=l (y) 
m 


4n|y| 





(66) 


where J is a finite constant. Using this one then shows 
that the series defining A is a series of analytic functions, 
and invoking Hadamard’s lemma to obtain upper 
bounds on the Fredholm determinants one finds: 





| E| * F(y) 
A(Exy) <N —+1) 
m 4r|y| 
ze (n-+1)imt) a 
x{1+ 5 $+" —+1) ve}. (67) 
n=l n! m 


This differs from the Schrédinger case by the factors 
(|E|/m+1) and by the factor 4", the latter coming 
from the summation over spinor indices. The above 
series converges for any finite |Z|. Hence, the ana- 
lyticity of A in the region I is proved. Furthermore, 
for all | E| < Ep we see that 


F(y) 
[A] <Czs"—, 


ly! ae 


where Cz,” is a constant which depends on Eg. To 


prove the inequality (64) it suffices to establish, in 
addition to (68), the following two limits, for E inT: 
jim e*=-y! | A(E,x,y)| =0, 


(69) 
jim e*!*-yl| A(E,x,y)| =0. 
yl 


These are proved by writing the series defining A and 
noting, by use of the triangle inequality, that every 
term in the series when multiplied by e*!*~¥! vanishes as 
|x| or |y| tends to #. Since we have shown that the 
series defining A converges uniformly for all x and y 
(E finite), the results (69) follow. 

Finally, we note that the analyticity of the Fredholm 
denominator (1) can be proved by similar methods; in 
contrast to the Schrédinger case, however, it no longer 
holds true that O->1 as |E|->~; but this is of no 
importance. What concerns us here is that the zeros of 
0 will give rise to poles for the matrix T. 

Now just as in the Schrédinger case, the Fredholm 
resolvent kernel G as it has been defined is not an 
irreducible fraction. It can however be replaced, using 
the Poincaré method, by A’/D’, an irreducible fraction ; 
A’ and ()’ have no zeros in common. A’ and 1)’ are 
defined in the same way as A and D, but with elements 
of K replacing elements of Q in the Fredholm determi- 
nants and with zeros along the diagonals. The ana- 
lyticity properties of the Fredholm resolvent kernel 
are unaffected by the Poincaré procedure. 
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The zeros E; of 1)’ correspond to energies for which 
the homogeneous equation 


i= Ky; 


has at least one solution. It is clear from the definition 
of K that such solutions satisfy the second order 
equation 


(H—V+E;)(H+V —E,)p;=0. (70) 
It is easy to show that the eigenvalues E; just coincide 
with the eigenvalues of the first order Dirac equation; 
ie., the second order Eq. (70) introduces no spurious 
eigenvalues. It is also easy to show that the eigenvalues 
all lie between —m and m. Thus the Fredholm denomi- 
nator D)’ has zeros on the real axis between —m and m, 
the zeros corresponding to bound states. 


D 


We have so far shown that T(£,r) is regular in T, 
except for poles in the interval —m<E<wm on the real 
axis. Of course we can choose Ez as large as we please, as 
long as it is finite. Hence T is analytic in the whole 
finite E plane, the cuts excluded. But before we can 
derive dispersion relations, we still have to show that 
T has no essential singularity at infinity. In fact, we 
claim that for the class of potentials under consideration 
T has the asymptotic behavior 


T/E-0, |E|>«. (71) 


The derivation of this result is outlined in the Appendix, 
where we employ methods taken from some work of 
Schiff.* 


IV. DISPERSION RELATIONS 
A 


For practical purposes it will now be convenient to 
represent T in a manner which differs from Eq. (30). 
We write 


T(E,x,*) =A (E,r)+io-xXB(E,r), (72) 
where @ is the usual 4X4 spin matrix. Similarly, 
T*(E,x,t) = A‘(E,r) +10-2XeB°(E,7). (73) 


From (40) and (55) it follows that 


A,(E,r) = A_*(E,r), A +°(E,r)=Ax*(—E,r), 74 
B,(E,r)=B_*(E,r), By*(E,r)=B*(—E,r); 


and from (38) we have for |E <m, 


A,(E,r) = A_(E,r) = Ax°(—E, 1) =A_*(—E, 1), 


(75) 
B,(E,r) = B_(E,r) = B,°(—E, 1) = B_*(—E, 7). 


* L. I. Schiff, Phys. Rev. 103, 443 (1956). 
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Let us define the linear combinations 
F,(E,r)=A(E,r)+A*(E,r), 
F,(E,r)=A(E,r)—A*(E,7), 
F;(E,r) = B(E,r)+ B°(E,r), 
F,(E,r) = B(E;r) — B*(E,r). 


The corresponding boundary values have the simple 
properties 


(76) 


F,(E,r)=F_*(E,r) ; (77) 

and 
Fy, 34(E,7) =F 1, 34*(—E£, 7), (78) 
F2,44(E,7) = — F2,44*(—E, 1). (79) 


B 


We have seen in Sec. III that the matrix T (and 
also T°) has the asymptotic behavior 


T/E-0, |E|>~. 


Evidently this also describes the asymptotic behavior 
of the amplitude A (and A‘). For the amplitude B 
(and B*), on the other hand, this implies 


E°B/E-0, 


Now all of our ampli-udes, as we have seen, are analytic 
functions of energy in the cut E plane, with poles 
corresponding to bound states lying on the real axis 
between -m and m. Let E;(j=1, 2,---) denote the 
singular points for the JT matrix. From our charge 
conjugation condition (55) we know that 7° then has 
singularities at the points 


E;*= —E;. 


(80) 


|E| 2, 


(81) 


(82) 


Let Rj, and Rjg denote respectively the residues of the 
amplitudes A and B at the singular points Z;. From 
(75) it follows that the residues of the charge conjugate 
amplitudes, at the poles E;°, are related to these by 


Rja°= —Rja, Rjp°= — Rye. (83) 


We are now ready to apply Cauchy’s theorem to our 
amplitudes F(E’,r), choosing the contour in the E’ 
plane shown in Fig. 1 (the semicircles have infinite 
radius). Consider first the amplitudes F; and F,; and 
let E be a point which in the limit approaches the real 
axis from above, with E> (m?+7°/4)!. By Cauchy’s 
theorem the integral 


1 F3,4(E’,r) 
—dE’ 
E’'—E 


2ri 





(84) 


is equal to the sum of residues of the integrand; and 
from (80) and (81) it is evident that the integral receives 
zero contribution from the semicircles. Invoking (77), 
(78), (79), (82), and (83), we then find, carrying out 
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the integrations, 
ReB(E,r)+ReB‘(E,r) 


1 1 27° E! 
aa 
j E-E, E+E;) 4rJ, E°-E 





x {ImB(E’,r)+ImB*(E’,r)}dE’; (85) 


ReB(£,r)— ReB*(£,r) 


1 1 27° \£ 
E-E; E+E,;) 2/4, E°-E 


x {ImB(E’,r)— ImB*(E’,1) Jd E’. 











(86) 


The amplitudes which appear in these equations are 
in fact the physical amplitudes B, and B,°*—we hence- 
forth drop the subscripts. The integrals are principle 
value integrals. 

For the amplitudes /; and F2 we cannot write similar 
dispersion relations. The asymptotic behavior here is 
governed by Eq. (80), and in this case the contributions 
from the Cauchy integral (84) over the infinite semi- 
circles do not vanish. We instead form the integral 


1 Fy, 2(E’,r) 
— ri — dE’. 
2m E'(E'-- E) 
The extra factor E’ in the denominator now guarantees 
that the semicircles make no contribution; but it in- 
troduces a new singularity at E’=0 (which we assume 
does not coincide with any of the natural, bound-state 
singularities). Proceeding as before, we then find 





(87) 


ReA (E,r)+ReA*(E,7) 


E 1 1 
-24(0,7)+E(—) Ru ——+——_| 
7\E; E-E; E+E; 


2 p*/E ! 
val Nexis) 
r J, \E/\E2-P 


x {ImA (E’,r)-+1m4*(E’,7) }d E’, 








(88) 


ReA (E,r)—ReA*(E,7) 


E 1 1 2 "7 1 
(5) lg al) 
1 \ Ej E-E; E+&;) x 4, E°-F 


(89) 











X {ImA (E£’,r)—ImA‘(E’,7) }dE’. 


Once again, the amplitudes which appear here are in fact 
A, and A,°. We have used the fact that A (0,7) = A*(0,7) 
in arriving at these results. 

Finally, solving these equations for the individual 
amplitudes, one obtains the dispersion relations 
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ReA (E£,7) 


E Rja(7) 1 me E 
-4(0+E(=) ~' | (=) 
i E; E-—E; rm E’ 























ImA(E’,r) ImA*(E’,7) 
| _ jae, (90) 
E'-E E'+E 
ReA‘(£,7) 
E\Rja(r) 1 ¢*sE 
-4(0)+(—) +- | (—) 
#\E;,J E+E, 2r%m \E' 
ImA‘(E’,r) ImA(E’,7) 
| -— jaz, (91) 
E'-E E'+E 
ReB(E,r) 
Rjx(7) 1 = 
=> ——+- f 
7 E-E,;, T m 
ImB(E’,r) ImB*(E’,r) 
x| ana 5 tae, (92) 
E'-E E'+E 
ReB*(E,r) 
Rja(r) 1 7” 
=-L ——++- | 
2 E+E; TT m 
ImB*(E’,7) ImB(E’,r) 
Mae +— dE’. (93) 
E'-E E'+E 


We remark again that principal value integrations are 
always understood. Note also that for nonzero momen- 
tum transfer r the dispersion relations involve integra- 
tion over an unphysical region running from m to 
(m?+7°/4)!. We shall return to this point shortly. 


C 


The dispersion relations take on an especially useful 
form for forward scattering, since in this case one can 
invoke the well-known optical theorem. In general, the 
differential scattering cross section (initial spin state i, 
final spin state f) is given by 


dos; 2m dN F 
=| My? —=— | Mil’, 
dav dE (2m) 





(94) 


where dN /dE is the density of final states and » is the 
velocity. For forward scattering the matrix M is 
diagonal in spin space and is just equal to the amplitude 
A(E,0). The optical theorem tells us that 


1k 
ImM (E,0) = ImA (E£,0) = oa Or (95) 


where a(£) is the total cross section. Analogous results, 
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of course, hold for antiparticle scattering. For forward 
scattering the dispersion relations can therefore be 
written 




















ReM (E,0) ‘ 
Rja(0 
=400+E(— es = 
=f o(E’) o(E’)) 
(£)|s2-22 er. 
E” ae E’'+E 
ReM*(E,0) 
R;a(0) 
-400+2(— = ae 
E’ o(E’ 
-=f(- a o(E’) of ae (07) 
E” ~Ki E'+E 


and, in particular, 


ReM (E,0)—ReM*(E,0) 


-2(5 -)R - of E; ~~ 


E f° k’ 
» E'(E°—-EF) 











{o(E’)—0*(E’)}dE’. (98) 


The “subtraction” constant A(0,0) does not appear 
in this last equation, which makes it therefore especially 
interesting. Also, we see that 


ReM (E,0)—ReM°(E,0) (E>). (99) 


D 


For physical scattering the energy and momentum 
transfer satisfy the inequality E> (m?+-7°/4)'. For non- 
forward scattering the dispersion relations therefore 
involve integration over an unphysical region, and the 
question arises how the analytic continuation into this 
region can in practice be effected. As in the Schrédinger 
case, and using the same methods, we now show that 
the continuation can be carried out by a partial wave 
expansion. 

For this purpose we introduce the conventional 
scattering amplitude f(@).° This is a 2X2 operator in 
ordinary Pauli spin space. The differential scattering 
cross section (initial spin state i, final spin state f) is 
given by 

doy;/dQ= | f 5:(8)|?. (100) 


The total scattering amplitude can now be expanded in 
the well-known way in terms of partial wave amplitudes, 
the latter being labeled by the parity and total angular 


® J. Lepore, Phys. Rev. 79, 137 (1950). 
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momentum quantum numbers, (—1)' and j respec- 
tively. Let 6, and 6, be the respective phase shifts 


for j=1+ 3 and j7=/—}, with parity (—1)'; and let fi, 
and f,_ be the corresponding partial wave amplitudes: 


1 
fis =—Lexp(2i6..) — 1]. (101) 
2tk 


The partial wave expansion for /(@) is given by® 


f(0)= a ((+1) fur +1fr-} Pr(cosb) 


Retsil ( l ( f ) 
™ ke? t= = sidihelt 
X {cos@P;(cos6é) — P_;(cos@)}. 





(102) 


Analogous results hold for antiparticle scattering. The 
P, here are Legendre polynomials, and @ is the 2X2 
Pauli spin matrix. 

Using these results, we could, of course, write our 
amplitudes A and B as partial wave expansions, but 
there is no need to do this. Instead, what we have to 
consider is the following. Suppose we treat the scatter- 
ing amplitude f as a function of & and 7, writing 
cos#=1—77/2k?. For k?<7*/4 the argument of the 
Legendre polynomials becomes less than —1; as k-0, 
it approaches — . The question is: do the above series 
converge for all k?< 17/4? 

Carter” has rigorously shown that for sufficiently 
large / (k fixed), the phase shifts are bounded—to 
within a constant of order unity—by the Born 
approximation : 


| 52+| <c,| (E+m) f Ji (kr)| V | rdr 
6 


+(E- mf Jie (kr) | V\rdr, 
(103) 
| | <c.| (E+m) f Juns(r) | V | rdr 


+(B-m) f Ji-¥ (kr) | Vind, 


where the J, are Bessel functions. Once these bounds are 
known, one can proceed exactly as in reference 1. We 
shall not reproduce the argument in detail. Essentially, 
one shows that for momentum transfers 7 such that 


f er F(r)dr< om, (104) 


the series in (102) will converge for all k&1/2. Notice 
© D. S. Carter, théSis, Princeton, 1952 (unpublished). 
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that (104) is a more stringent restriction than that 
required to derive the dispersion relations, Eq. (59). 


V. BOUND STATE CONTRIBUTIONS 


Our final task is to discuss the bound state contribu- 
tions to the dispersion relations; i.e., to show how the 
residues R;4 and R;z can be computed from information 
about the bound states. 

From (6) and (22) we have 


T= (wy,Vwi)+ (w, V— Vw. ). (105) 


E—H-—V+ie 


Let us introduce a complete set of solutions of the Dirac 
equation. This includes scattering solutions y,, with 
continuous label s, and discrete bound state solutions 
yj, with —m<E;<m. Using the completeness relation 





Evatt fdova'=1, (106) 
we write 
Tyi= V(r) +2 - (wy, V5) (H5,V0s) 
' +continuum. (107) 


We are interested only in the bound state contributions. 
From the Dirac equation itself we have 


Vy,= (E;—D)y;; (108) 


and thus, 
(109) 


T=L (E;— E)* (wei) (iwi) +---. 


i E-E; 





The residue of T;; at the bound state energy E; is 
evidently given by 


Rr= jim (E;— E)? (wy i) (5,1). (110) 
Despite appearances, this limit does not vanish; as we 
shall presently see, the matrix elements have appro- 
priate singularities. 

The procedure is best illustrated now by means of a 
simple example." Suppose there is a bound S; state 
(even parity, total angular momentum 3). Let W denote 
the binding energy: W=m—E;. The bound state wave 
function has the form (for magnetic quantum number m) 


a g(r)x™ ) 
. neo 


where x” is a two-component Pauli spinor. A sum over 
magnetic quantum numbers is implied in (110). The 


(111) 


1A similar calculation was first done for nucleon-nucleon 
scattering, by Goldberger, Nambu, and Oehme, Ann. Phys. (to be 
published). 
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radial functions satisfy the equations 
dg g 
——-+ (2m—W—V) f=0, 
dr r 
df 
dr 


: (112) 
+-+(W+V)g=0. 
i 


Asymptotically, the radial functions have the follow- 
ing behavior 


g— Ne"; f—pNe", (113) 
where 
k=[W(2m—W)}', p=[W/(2m—W)}'; (114) 


and N is the normalization constant. In general, let us 
now write 


g=N[e"—u(r)], 
f=eNLe-"—2(r)]; 


where we only have to know about wu and v that: 
e“u—e""'rv—0, as ro; and u(0)=2(0)=1. The func- 
tions « and v do not contribute singular terms in the 
matrix elements of (110) and hence do not contribute 
to the residue. On the other hand, we find 


1 4 
f —e~ *reik -tq3y — — ‘ 
r F—E? 


1 4n fo-ky /k 
f —en *Tetk tg. rr = (—) (-). (117) 
? B—E?\ k /\ik 


We now evaluate the singular part of the spinor matrix 
(wyW,)(W;,w.), then sum over magnetic quantum 
numbers, use the Dirac equation to express the result 
in the standard form of Eq. (72), and finally, pass to the 
limit E—-£;. There results the following expressions for 
the residues Ra(r) and Rg(r): 


(2m)? 


(115) 


(116) 

















Ra(r) = 
(m—W)m(2m—W)? 
X {2m(2m—W)+47°}|N|?; (118) 
(2x)? 
Ra(z)= [WI (119) 


(m—W)m(2m—W)? 


The final results thus depend on two parameters 
which characterize the bound state: W, the binding 
energy, and N, the normalization constant defined in 
(115). The expressions become somewhat more trans- 
parent if we replace NV by another parameter, a charac- 
teristic length ro defined by 


1 


(120) 
[N|? 





Litem f | -tetet— (g'+f?) tar. 
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bins Cree 4 


For small binding energy 7 plays the role of effective 
range of the potential. 
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One finds 
(121) 








APPENDIX 


We shall derive here the result expressed in Eq. (71). 
For this purpose it is convenient to introduce a strength 
parameter \ which multiplies U and which at the end 
is set equal to unity. Using (16) and (43), let us first 
write down the Born series for the matrix 7, leaving 
aside for the moment the question of convergence. For 
very large |E| we can replace (E’—m?—7*/4)! by k; 
so for large |£| the Born series reads 








r x 
T(E,r)=—U(E,r)+ & T,(E,7), (Al) 
2E n=2 
where U(E,r) is the Fourier transform of U and 
y : f | : (x+y) 
nt-i1=— | exp} —1-- +)| 
 2E 2 
Xexp[—ikm- (x—y) ]U(x)K,n(x,y)d*xd*y. (A2) 
From the recurrence formula 
r etklz—-2/ 
Ka(xy)-—— f U(2)Kn-1(2,y)d*z, (A3) 
4n J |x—2| 
with 
Xr etklx—-yl 
Ki(x,y)=K(x,y) = —-— U(y), (A4) 
4 |x—y| 


we can rewrite T,,,; as follows, for n>1: 


. nN 2 . 
as foo -e-+9)] exp[ —ikn-(x—y) ] 


X U(x) Kn-1(x,y)R(y)d*xd*y; (AS) 


where 


napenss ( “ (—the-s) 
x)= — Jee in) exp ikn-z 


1 
x U(x+12)-e'**d*z. (A6) 
Z 


AND ~$..328, 
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The crucial point is now this. For potentials which 
satisfy the Eqs. (58) one can show explicitly that, for 
large |E|, | R(x)| is bounded by a finite constant; i.e., 
for any fixed »>0 


R(x) <|AlC, || 2m+n. (A7) 


' The factor U contains the troublesome term 2EV, 


which would appear to lead to a divergence in (A6). 
But one can carry out a partial integration® which 
brings in a factor k in the denominator, so the integral 
(A6) is in fact bounded as | E|—>, as asserted in the 
foregoing. We shall not go into the details here.” Using 
(A7) then, and proceeding by induction, we find 


r 
ast inci f 
2E} 


Xexp[—ikn: (x—y) JU(x)K (x,y) 





* 
Toa< exp| —i=-(x+)| 





dixd*y. (A8) 





The foregoing integral is bounded by a finite constant 
times |E|*. We therefore conclude that |7n4:/E| is 
bounded, and that the Born series converges uniformly 
and absolutely if |AC| <1. Thus |7/E| is bounded if 
|AC| <1. 

But we now assert that for |E|\ >, 7/E in fact 
vanishes. It is evident that 7',,,/E vanishes when 
x=Imk—~o, for in this case the integrand in (A8) 
contains a damping factor exp{ —«[|x—y|—n- (x—y) ]} 
which vanishes almost everywhere for x. On the 
other hand, for Rek—>~ , the integrand of (A2) oscillates 
very rapidly almost everywhere because of the factor 
exp[ —ikn- (x—y) |. If we divide both sides of (A2) by 
E, the integral of the absolute value of the integrand 
on the right-hand side will be finite. Hence, we conclude 
using the Riemann Lebesgue lemma that 7,4:/E 
vanishes as REE. 

This completes the proof that (71) holds true, at 
least when the Born series converges uniformly—and 
we know that for sufficiently small values of the strength 
parameter, |AC|<1, the Born series does converge. 
But now we note that considered as a function of A, 
T is a meromorphic function of \ for any fixed E; T was 
defined as a ratio of two entire functions of \. For real 
and |E|>m, T has no poles. It is therefore clear that — 
if T/E vanishes as |E|—>+ for |AC| <1 it will vanish 
for all finite real values of i. 


12 For a detailed proof of the results of this appendix see N. N. 
Khuri, thesis, Princeton, 1957 (unpublished). 
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In this paper the static-source model of the pion-nucleon interaction is applied to the problem of the 
bremsstrahlung emitted in pion-nucleon scattering. It is shown that the matrix element for radiative meson 
scattering can be expressed in terms of other experimentally determined quantities, such as the matrix 
element for elastic scattering, provided the general static-source model is valid. Therefore, comparison of 
experimenta) results with those predicted by the present investigation will indicate the extent to which this 
simple model is valid, and suggest the refinements which are needed. 


I, INTRODUCTION 


OST of our present knowledge of the interaction 
between az mesons and nucleons has been ob- 
tained from a series of experiments on meson-proton 
scattering and on the photoproduction of mesons. The 
principal features of these processes agree well with the 
predictions of the simple theory suggested by Chew.'* 
In this paper we point out that radiative meson scat- 
tering—in which a gamma ray is. given off while the 
pion is being scattered by a nucleon—can be used to 
examine further the nature of the scattering process and 
the range of validity of the static-source theory. It is 
important for this purpose that, using the simple theory, 
precise predictions be made as to the gamma radiation 
to be expected, so that deviations from the predicted 
intensity can be readily related to needed refinements 
of the model. The new formalism of Low?~*—in which 
the physical scattering states appear in a basic way- 
can be applied to this process in a natural manner, 
leading to relations between the radiative scattering 
cross section and other experimentally determined 
quantities, and obviating the need for calculations which 
would just reproduce the scattering amplitudes. The 
accuracy of the results obtained by using such an 
approach are expected to be greater than would be 
obtained from a perturbation calculation,’ or a Tamm- 
Dancoff calculation. 

Before proceeding with the calculation of the matrix 
element, it will be useful to orient ourselves by con- 
sidering some of the qualitative features we expect. 
First we notice that, especially when the process is to 
be studied through the detection of the gamma rays, 
it will perhaps be most convenient to examine the 
bremsstrahlung of positive mesons scattered by protons. 
Fortunately, this is the case in which the cross section 
is largest and in which the resonant state dominates the 
scattering most completely. We also observe that the 





* Alfred P. Sloan Foundation Research Fellow. 

1 G. F. Chew, Phys. Rev. 94, 1748, 1755 (1954) ; 95, 1669 (1954). 

2G. F. Chew and F. Low, Phys. Rev. 101, 1570, 1579 (1956). 

3G. C. Wick, Revs. Modern Phys. 27, 339 (1955). 

4 F. Low, Phys. Rev. 97, 1392 (1955). 

5 A lowest order perturbation calculation, using the relativistic 
theory with direct and gradient coupling, has been made by 
V. G. Solov’vev, J. a Theoret. Phys. U.S.S.R. 29, 242 (1955) 
[translation : Soviet Phys. JETP 2, 159-(1956) ]. 


effect of Rutherford scattering is insignificant at ener- 
gies near the P-wave resonance. As is well known, the 
intensity of long-wavelength gamma radiation is given 
exactly by a semiclassical calculation; the number of 
quanta of frequency K is proportional to K— and to the 
scattering cross section in the limit K-0. No new 
information about scattering can be obtained from a 
measurement of this part of the spectrum, but the 
number of gamma rays with a shorter period, compara- 
ble to the collision time, will give some additional 
knowledge of the currents set up during the scattering. 
An important simplification occurs when K—Ko, the 
end point of the bremsstrahlung spectrum ; the part of 
the matrix element which is dominant in this limit 
arises from the interaction current—an incident P-wave 
meson is scattered by the nucleon, and electric dipole 
radiation is generated by the very high-frequency cur- 
rents which are induced inside the nucleon core during 
the process of scattering. This effect is the same as 
that which is dominant in the simultaneous photo- 
production of an S-wave and a P-wave meson®; the 
Feynman graphs are equivalent, as can be seen by 
reversing the temporal direction of the S-wave meson. 
The calculation of this term is easy and unambiguous 
in the static P-wave theory, but recoil effects and 
S-wave interactions will affect it by an uncertain 
amount. The most interest lies, therefore, in the high- 
energy limit of the gamma spectrum, but its measure- 
ment will require knowledge of the spectrum at lower 
energies as well.’ 

The same notation that was used in reference 6 will 
be used throughout the calculation which follows, 
except as will be otherwise noted. 


II. GENERALIZED STATIC MODEL 


We use, as was remarked above, a model in which the 
nucleon is supposed to be a fixed source of finite extent. 
At the end, it will be possible to incorporate certain 


om E. Cutkosky and F. Zachariasen, Phys. Rev. 103, 1108 
(1956). 

7 The bremsstrahlung emitted by extremely relativistic mesons 
scattered from nuclei has been discussed by L. D. Landau and 
I. Ya. Pomeranchuk, J. Exptl. Theoret. Phys. U.S.S.R. 24, 505 
(1953) and Iu. A. Vdovin, Doklady Akad. Nauk S.S.S.R. 105, 
947 (1955), using a semiphenomenological model which is quite 
different from that applied here. 
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recoil corrections in an obvious fashion; others, which 
are fundamentally uncertain, are left out. Chew, Low, 
and others, in their applications of the static model, 
have in addition assumed that the interaction Hamil- 
tonian depends on the meson field variable ¢(x) 
linearly.~* In this section we discuss a slightly more 
general version of the static theory, in which it is 
assumed that the main terms in the interaction Hamil- 
tonian depend only on the P-wave part of the field 
variable, but possibly through an arbitrary function 
H'(V¢,0,2).2 We shall not discuss the nature of the 
source function, which may have a very complicated 
structure in a nonlinear theory ; we only need to assume 
that it is flat for the momenta in the initial and final 
states of primary interest, and can be characterized by 
some over-all cutoff. Our reason for discussing such a 
model is partly that there is at present little evidence 
concerning the linearity of the interaction, and partly 
that calculation with a nonlinear theory is not much 
more difficult. 

The Hamiltonian is written as Hp+H’, where Ho is 
the usual free field Hamiltonian. The interaction term 
H' appears in the results only through commutators of 
the form V,=[H’,c,*], V,*=[a,,H’], and further 
commutators such as [V,*,a,], etc. The identity 
V,=—V,* follows from the fact that H’ does not 
depend on the conjugate momentum (x). A renormal- 
ized coupling constant f is defined by 


(Yo, V paWo) ~— if (2wy)~*v(p) (40,0 - PT abo) (1) 


where the yo denote states of the physical nucleon and 
the @o are simple spinor wave functions. It is assumed 
that »(p)=1 in the neighborhood of the resonance. 

The proofs of the following identities, which will be 
used repeatedly, are obtained in the same way as in the 
linear theory**: 


apbo= — (H+wy)"V pYo, (2a) 
a,(H—E)"=(H+w,—E)"a, 

—(H+w,—£)"V,*(H—E)", (2b) 

Vp*=a,"Wo— (H—wyFice)V Wo. (2c) 


A slight change in the derivation® is required for the 
proof of the identity: 


AM p*=5pHo— (H+0,— wy Fie) Vp*. (2d) 
It is first noted that 
AW p*= Ag y"Yo— a¢(H —w,Fie) Vo, 
and that 
8 p"Wo=bqpWo—Ap*(H +4) "Vo. (3) 


8If H’ depended also on the conjugate momentum (x), the 
calculations which follow would be greatly complicated. For 
brevity, we may refer to the absence of x(x) from the interaction 
Hamiltonian as being the property of “rigidity” of the source. 
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Furthermore, using (2b) : 


—4,(H—w,Fie)"V ho= — (H+w.—wp Fie) aV Wo 
4 (H+w—wp Fie) Vo" (H—w,FieyV pho. (4) 


Use of the Jacobi identity, 
[a,, V,j+[e,*, V*) m [Lap*,a,],H’] a 0, 
transforms (4) to 


—a4(H—wyFie)V Wo 
= (H+we—wp Fie) "(ap*V o*— V*ay*)Yo 
+ (H+0,—wp Fie) 1V (H+) "Vo 
+ (H+w,—wp Fie) V .*(H —w,Fie) V wo. 


Taking the Hermitian conjugate of (2b) and applying 
it to the above equation, one obtains 


_ a,(H—wyFie) V wo= s.*" (H+w,)" Vo*Wo 
— (H+w.—w Fie) V ,*La,* 
—(H—wyFiec) Vy Wo. (5) 


Addition of (3) to (5) proves (2d). 

The derivation of the Low scattering equation is now 
very easy. The scattering matrix is given by either 
(Wo ,V wo) or (Yo,V.*¥,*), the two expressions being 
equal when w,=w,. Applying, in order, identities (2c) 
and (2a), one obtains 


(a V ho) = — Wo, V g* (H —we— ie) V yo) 
—(W0,V p(H+0_)V *Wo) + (WoL ¢o,Vp Wo). (6) 


The one-meson approximation to Eq. (6) is: 


(ve, V ho) san (Yo,Laz, Vp Wo) + (Wo, V e*Yo)we (Yo, V ho) 
— (Yo, Vw ow! (Yo, Vo*Yo) 
—LL (Wo, V Wi-) (wi—wg— te) "(Wi V pho) 
+ (Wo, V Wi) (wrt wg) "(Yir Vo) ]. (7) 


which differs from the result of the linear model only 
in the addition of the term 


(Wo, [aqa, V pp Wo) 
= qip ;(4wywg)*0(p)0(g) (0,Qii, aso). (8) 


For simplicity it may be assumed that Q;;, 43 does not 
depend on p or q. Then," because of the form”of the 
interaction Hamiltonian (the rigidity of the source’), 


Qis, ap = 05; apt de: j:0%-€abyT y- (9) 


It is evident that the crossing theorem still holds. 

It is not easy to see how inclusion of the additional 
parameters a and b affects the solution of Eq. (7) since 
an exact solution of that equation when a=)d=0 is 
unknown. It appears, however, that the effective-range 
treatment of 53; is not changed if a and b are not too 
large (that is, a, 6S f?), but at higher energies there 
may be important modifications, particularly in the 
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other phase shifts.? In the calculation of inelastic 
scattering, further inhomogeneous terms appear, mak- 
ing the justification of the one-meson approximation 
somewhat more obscure; nevertheless, this approxi- 
mation will be used in many of the following calcula- 
tions. 
The current operator in the static model consists of 
three terms: j=Jjm+jnt+jnm. The meson current is 
Jm(X) = — €€sapha(x)Vpp(x). (10) 
The position of the source is fixed, but it is of course 
free to rotate, so the nucleon current j, in this theory 
is given by the magnetic moment of a nucleon which is 
stripped of its outer clothing of pions. This magnetic 
moment is not necessarily that of a bare Dirac particle 
because the nucleon may possess an inner clothing 
consisting of pairs, strange particles, etc.’ Finally, 
there is the interaction current; in order to conserve 
charge, instantaneous currents must flow inside the 
source during the emission or absorption of charged 
pions. Although the nature of this current is quite 
unknown, the electric dipole contribution for wave- 
lengths much larger than the source radius is given 
uniquely if one replaces V@ by Vo*FieAd (for mesons 
of charge +e) in the interaction Hamiltonian. If one 
writes 


V pa= (2wy)*p- U,, (11) 
then, in this approximation, 
Jnm(X) = 1€€3a9%a(0)U95(x). (12) 


Since ¢s(0) creates or annihilates S-wave mesons, it 
commutes with all terms in Us. The Kroll-Ruderman 
theorem,”-! as well as the multiple meson generaliza- 
tion,® follow directly from (12). 


III. BREMSSTRAHLUNG MATRIX ELEMENT 


The matrix element for emission of a quantum of 
momentum K, polarization e, while the meson is 
scattered from a momentum p to a momentum 4, is 


M qp=— (2K)(ve- Je"), (13) 
where 


J= fare e500) 


We shall first evaluate the most interesting term, 
which is given by the interaction current (12): 


M qa, pp" = (qa, —1(2K)“*eesuvbu(0)U,- ep ppt). (14) 


9M. Cini and S. Fubini, [Nuovo cimento 3, 764 (1956); 
Phys. Rev. 102, 1687 (1956) ], have derived sum rules for the cross 
sections, using the linear theory, and found that they do not 
agree well with experimental results. These sum rules do not 
exist in the generalized theory. 

10 Tt can be shown that introduction of nonlinearities does not 
change the general nature of the results of H. Miyazawa [Phys. 
Rev. 101, 1597 (1956). 

1.N, M. Kroll and M. A. Ruderman, Phys. Rev. 93, 233 (1954). 
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Fic. 1. Feynman graphs for the scattering matrix (¥¢-,V po), 
and for the interaction current term Mp. 


Evidently M,,=0 unless either the initial or final 


-meson is in an S-state. We introduce the notation 


(Waa ,U spo) = (2we) "9 (G0,T is, a8(9)b0)- (15) 
Then, since for an S-state y,+=a,*Wo, 
M qa, pa’? -_ ie(8Kw 9) *[ €sayeip iT ii, 78(P) 
— €38y€ sil ij, ay(q) }- (16) 


In order to picture this process a little more clearly, 
it may be convenient to refer to the Feynman graphs 
in Fig. 1. A nonsymmetrical symbol is used for the 
matrix element (¥,~,V Wo) in order to emphasize that 
it has a trivial dependence on one parameter. This 
symbol is to be considered as an abbreviation for the 
totality of all graphs which contribute to scattering.’ 
It is more difficult to evaluate the remaining contri- 
butions to the matrix element. The problem here is to 
separate these contributions into three parts: first, 
we must find a term which contains the result of the 
classical calculation, and which we shall call the 
“quasi-classical” term; secondly, we must try to com- 
bine certain terms which contain the mesonic contri- 
bution to the magnetic moment of the physical nucleon 
with the current of the unclothed nucleon in such a 
way that the matrix element can be expressed in terms 
of directly measurable electromagnetic properties of 
the nucleon; we can then interpret most of the remain- 
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ing corrections as being rescattering corrections, that 


is, terms which correspond to processess such as that | 


in which the meson is scattered, emits a photon, and 
then is scattered once more. The approach which seems 
to lead most directly to the desired result follows. By 
repeatedly applying the identities satisfied by the 
eigenstates of the theory—Egqs. (2a-d), (6), and (7)— 
we shall eventually deduce a nontrivial identity, in the 
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form of an integral equation, satisfied by the matrix 
element. 
We write j’(x)=jm(x)+j,(x), and 
M,,'= = (2K)4(Wo- Jp"). (17) 
Expanding the initial and final states according to 
(2c), we obtain 


M gp’ = — (2K)-([ag*— (Hw, tie) "Vq Wo, J'Lay*— (H—wp—ie) Vp Wo) 


= (2K)-{ (Wo, ao)” Wet)+ (ve L/’,ap* Wo + Mo, J'aa,*— (H—w,—ie)* Vp Wo) 
+o, [a,— V "(a —«,— ie) Jay*J Yo) — (Yo,0oJ’ap*Yo) 


We now use the identity 


+o, Vq"(H—w,—ie) J" (H—wy—ie)'V pho)}. (18) 


J" y* +0 y*I'—Ag)'ag*=Ag*J'dgt+J'bpo+[ eq ap*,J’]] 


to transform Eg. (18) to 


May heres (2K)- (Wo,Lag,J’ Wet)+ (ve LJ’ ,ap* Wo) +: (WoL @e,L@p*,J’ | Wo) + (Wo,J 5 pho) + (aho,J’agho) 
+(Yo, J’ (H+w,—wp—ie)"L(9,p)Wo) + Wo, L(9,p)(H+wp—we— ie) Po) 


In Eq. (19) we have used the relation 
—a,(H—w,—ie) V wo 
= (H+w_—wp—ie) "LV *(H—wp—ie) Vy 
+ V(H+,)" . [a.,Vp] Wo 


= (H+w,—w,p—ie)"L(q,p)o, (20a) 
and the related expression in which 
L(q,p) _ V *(H—w,— ie) Vy 
+V,(H+w,)"V.*—[V,*,a,*]. (20b) 


The nucleon current j,(x) is independent of the 
meson field variables so we can evaluate the commu- 
tators in the first three terms on the right-hand side 
of Eq. (19) by using only the known expression for 
the meson current: 


I n= — 1€€3yy d 1. 2(4wp1-x)? 


X Car, .*a_1, *+ax—1, ps, + 2a1-x, ,*a1,,]. (21) 
Therefore, we obtain 
Lag, aS” ]= — 2ieesarq: &(4wgqix) 
X [a_g_x, *+aq+x, » |, 
[J’,dp, 8° ]= — 2ieesypp- e(4wpwxp)? (22) 


X Lax—p,.+dp-x, ad 
[dga,La pd” = 21€€3sapP° #(4w poy) "5g, p—K- 


Now, using identities (2a) and (2d), we find that 


+(o, V*(H—w,—ie) “J (H—wp—ie)'V o)}. 


(19) 





(Wo, [a_q—K, »*+4q+x, » Wpa*) 
= (Woodard p, 4K — (Wa4K—Wp— ie)" (Wo, Vai, *Wpat) 
— (wp+wa+n) (Wo, V_q—x, Wat) 
wet 


K 
(Wo, Vax, »*Wpp*) 5 


=e (Wo,Wo)5ard p, qt+K~ 
Wq4Kk’— Wy’ —1€ 
(23) 
therefore, 
— (2K) (Wo,[dqa,J’ Wat) 
= 2ieesapb p, a+ KP’ &(8Kw pw.) *(Wo,o) 
2ieesarq: &(2wq4K) 
© (8Kwoqsx) (wp? —werx? +e) 
X (Wo, Ve+x, »*W pst). 


We treat in the same way the matrix element 
(W.,[J’,¢ps* Wo); thus we obtain for the first three 
terms of Eq. (19): 


— (2K) (Yo,Laqa,Laps*,J” | Wo) 
+ (Wo,LaqaJ” Wpst)+ (Waa LJ’,ap8* Wo) 
= Lieesapd p, q+ (SKwi9)*p- e(Wo,Wo) 
2ieesarq* &(2wq4x)! 


+ 
(4Kw4)* (wy? —wq+x +e) 





(24) 


(Wo, Va+x, ry pt) 





2ieesypp- #(2wpx)! 


+ (25) 
(4Kw,)! (wg —wy_x +16) 


(Wee, V p—K, Wo) ° 
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We have now succeeded in separating out the most 
important contribution of the meson current, the 
quasi-classical term; the last two terms in Eq. (25) can 
be related immediately to the scattering matrix, and 
evidently have the proper behavior as K—>0. When 
W@p=wat+K, we may rewrite these terms, after referring 
to Eqs. (11) and (15), as: 


M yo, ps =ie(8Kw 0)! 
X { €say(Kwg— K- q)'q: e(git Ky) p,T ij, ya(p) 


+ €3a,(Kwp—K- p)~'p- e9;(p;— Kj) Ti, ay(q)}. (26) 


The structure of this term is described by the graphs in 
Fig. 2. The first term in Eq. (25) is a “disconnected 
graph” term, and does not give any contribution to a 
matrix element between states which conserve energy. 
However, as we shall see, we shall have use for the 
matrix element between arbitrary states. Another 
disconnected graph term is (Wo,J’Yo)bqp; we note that 
the interaction current does not contribute to such a 
matrix element, since the nucleon does not recoil, so 
(Yo,J po) equals (Yo,J~o), which is given by the mag- 
netic moment of the physical nucleon. 

We now make closure expansions in the remaining 
terms of Eq. (19), keeping only zero- and one-meson 
terms: 


(Yo,ap*J'a Ho) 
=(o, V»(H+w,) J’ (H+a,)* V o*Wo) 


= (Wo,V Wow" (Yo, J Powe" (Wo, V g*Wo) 
+2, r(Wo, V Wr) (wrtwy) (vr J Powe (Yo, V e* Wo) 
+>, (Wo,V Wow? (Wo,Jpr*) (wr+we)"(Yr*, V q*o) 
+++. (27) 


Again, (o,Jpo) is related to the magnetic moment of 
the nucleon, and (y,-,/’fo) is evidently the magnetic 
dipole and electric quadrupole part of the photopro- 
duction amplitude. It should be remarked that among 
the terms represented by the dots at the end of Eq. 
(27) are some terms which are needed to demonstrate 


i 
~ 








K \ 2 
aw @ 


Fic. 2. Feynman graphs for the quasi-classical term M,,”. 
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that the entire matrix element satisfies a sort of 
“crossing symmetry,” but these terms are actually very 
small. Returning to Eqs. (20a,b), we write 


L(q,p)= —Xq(p) 
+V,(H+w,)"'(wp—w,) (H+w,)"V,*, 
X4(p)= —V,*(H—w,—ie)'V, 
—V,(A+w,)"V .*+[a,,V 5]; 


‘ (28) 
L(q,p) = —X,(q) 
+ V »(H+w,) (weg—Wp) (H+w,) V,", 
X,(q) =—V,*(H—w,—ie)'V, 
—V,(H+,)" VP +LV.* 65°). 
Using the above equations, we have 
(Wo, J" (H+wq—wyp—ie)"L(q,p)Wo) 
eerie (Po, Pol (wg—wp— ie) (Wo, V *v>*) 
+(Yo, V(H+w,)* (H+) V *Wo) | 
+¥ (Wo, "b.-) (w+ wg—wp— ie) 
X(v,-,L(9,p)Wo), (29a) 
and 
(Yo, L(q,p) (H+wp— Wqg— ie) "J Po) 
= —L(We-V rho) (wp—wg— ie) 
+o, Vp(H+w,) (H+) V o*o) ] (Yo, Jo) 
+ pe AWo,L(q,p)¥-*) (w,+wp— Wa ie) 
X(vr*,J Yo). (29b) 


We remember that we are primarily interested in the 
scattering of positive mesons from protons, and there- 
fore write for the last term of (19)!*: 


(Wo, Vo%(H—wy— ie)“ (H—wyp—ie)V po) 
(Wo, V vr) (v.-,J'p.*) (y.*, V Wo) 





as (30) 
re (w,p—wW_— te) (ws—wyp— ie) 
We now collect our results in the form 
M gp= M oe + M gg +-M eg ™+M oy™ 
+Mqp®+M op+Mep™. (31) 


The two disconnected graph terms are obtained from 
Eqs. (19) and (25), 


M gp = — (2K)—* (Wo, Jo) ban, 

M op” = 2ieesap5 p, q+ KP* #(8Kw pe) *(Wo,Po), 
while M,,“ is given by Eq. (16) and M,, by Eq. (25). 
Also, we define 
M qp® = (2K) (o,J ho) (wg—wp— ie)" (Yo, V op") 

+ (2K)" (ve, V Wo) (wp— Wg— ie) (Wo, Jo) ; (33) 
this [Eq. (33)] is what a semiclassical calculation 
would suggest for the contribution of the magnetic 


12 The “‘zero-meson”’ terms left out of Eq. (30), which contribute 
only when negative mesons are scattered, can be expressed in 
terms of the photomeson matrix element and the nucleon magnetic 
moment. They are less important than the magnetic moment 
term M,,™ of Eq. (33). 


(32) 
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moment of the nucleon. The remaining terms of (29a,b) are combined with those of (27) into 


M op = — (2K)-¥{ — (Wo, Po)wa * (Wo, V pow (Wo, V g*Wo) — (Wo, V poly * (Wo, V g*Wo)we * (Yo, Po) 
+ (Wo, V wb ow? (Yo,JPo)w ‘ee (Yo, Vo) - +» rL (Yo, Vw ow? (Yo,J'p,*) (wrt+wg) (y,t, V *o) 
+ (Wo, V he) (@pterr) (We J Po)og (Wo, V Wo) + (Wo, Yr) (wr-teg—wyp— te)" (Wr, (9,P) Wo) 
+> (Yo,L (q ib)s*) (wrtwp—wy— ie) (Wet, J Wo) — (Wo,J Po) (w,+w) (Yo, Vw r) (wptw,)* (vr, V o*o) 


— (Yo, Vw r) (wetwe) (wptwr) (vy, Vo) (Yo,J Yo) } . 


The last term of Eq. (31) is given by (30): 
(Yo, Voy, )M re (y.t, V Wo) 


(wp—We— te) (ws—wp— te) ; 


(35) 





Myp=L 
re 


As a consequence of this term, (31) is a linear integral 
equation for M,,. [In Eq. (35), r and s must refer to 
P-states, for which M,,’=M,,.] This integral equation 
clearly has a form which is related to the Low scattering 
Eq. (7), but while it is similar to that equation in 
involving only matrix elements between physical states, 
it differs from it in being linear and in that the solution 
must be obtained also for states which do not conserve 
energy. It is essential to notice that the integral equa- 
tion involves—except of course for the solution itself— 
only quantities which can be determined from other 
experiments, and therefore the bremsstrahlung will 
serve as an especially good test of the applicability of 
the general static model to scattering. Note that none 
of the relations which are implied by Eq. (31) depend 
on the linearity of the P-wave interaction. 

From purely classical arguments we can understand 
that the magnetic moment term M ,, is, for the ener- 
gies with which we are concerned, much smaller than 
the quasi-classical term M,,‘. The different terms in 
M,,“, Eq. (34), are even smaller than M,,“); the 
first three contain the Born approximation to the phase 
shift 533 instead of the actual experimental value of this 
phase shift (the energy denominators are also bigger 
in M,,“). The remaining terms in Eq. (34) are also 
very small, despite the appearance of matrix elements 
which are enhanced by the resonant state. The physical 
basis for this is that the resonance is a narrow one, so 
integrals over it are not large unless, of course, there are 
energy denominators which may vanish in the region 
of resonance, as in the Low scattering equation, or in 
M,, as given by expression (35). For preliminary 
comparisons with experiments near the resonance 
energy, it will be convenient to neglect the smaller phase 
shifts in comparison with 633, and if this is done it will 
also be appropriate to neglect M,,“. We cannot say 
that the effect of the kernel of the integral equation 
(31) will not be to amplify certain terms of M,,“; 
this possibility we shall discuss again later. 


IV. RESCATTERING EFFECT 


It is clear that the function of the kernel of the 
integral Eq. (31) is to determine what we have previ- 
ously called the rescattering corrections to the matrix 


(34) 





element. The kernel is of an unfamiliar and rather 
singular sort, and the inhomogeneous terms are very 
singular as well, so we shall perhaps be unable to solve 
this equation very accurately, but we must at least 
try to obtain a rough understanding of how the solution 
will depend on the energies, and a general idea of the 
importance of the rescattering effects. In order to do 
this, it is convenient to split the matrix element M ,,’ 
into three parts: 


M op! = Mop +M gp +Mp, 
Mop =M ap ™ +M gy 
(Wo,V gr) M re (W.*,V pho) 
rs (Wp—wWe— 1€) (w,—wyp— ie) ' 
Map =M gp +M gp® 
‘> wna dhs re (Yet, Vo) 


(Wr—Wg— te) (w,—wp— te) 


(36) 


(37) 








(38) 


We may think of M ,,“ as being the entire contribution 
of the nucleon moment, and M,,“” as being the 
corresponding contribution of the meson current; M,, 
represents the minor residual effects associated with 
My,™. 

Let us consider first Eq. (38) for M,,“%? and attempt 
to write the solution in the following manner: 


fee 
WI—W_g—te 
(Yo, Vip") 


Wy — Wp— te) 


M gp") = — (2K)-4 » [svove)- 


Xd (Wo, J v0 p(WoWo) — 


+M,p™. (39) 


The first term on the right in Eq. (39) contains not 
only the inhomogeneous term of Eq. (38), but also part 
of the rescattering correction. We shall call this part 
of the rescattering correction S,,“?: 


qV 0,5 Po) (Wo, Vi*Ppt 
Se®=— OKIE Wo) (Yo,J¥0) (Wo, Vi ) 40 


L (wi wg—t€) (wi— wp — 1) 





) 


We might interpret S,,“ as a Tamm-Dancoff approxi- 
mation to the rescattering correction. Our purpose in 
separating out this part of the rescattering correction 
explicitly is that the integral equation for the remaining 
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term M,,%) takes a form which appears to be simpler, wave function ,(/) given by 
and which one might hope to understand more easily. 
It is remarkable that the term which we find most ®p(/)=(Wo,am5*) 


convenient to separate out is exactly what one would =5 p1(Yo,Wo) — (wi—wp— te) (Wo, Vitwpt). (41) 
write down for the contribution of the nucleon magnetic . 
moment to the bremsstrahlung matrix element if one The correction M,,“? satisfies the integral equation 


were to make the very naive assumption that the which we obtain by inserting the expression (39) into 
meson-nucleon system could be represented by asimple Eq. (38): 





= aK — (vo Vito) — (Yo, es (Yo, V g*Wi-) (Yo, Jo) (Wit, V po) 
L (wi — wg — te) (wi — wp — t€) l 
(Wo, V ve) (vr, Vo) (Wo,J Po) (pit, V Wo) ¥ (Wo, VeVi) (Wo, Jo) (Wo, Vi*y,*) (y.", V Wo) 
rt (w,—Wg—1€) (wi— wr — 1€) (wi— Wp — ie) ls (wi— wg — te) (wi— w — 1€) (ws — wp — it) 


(Yo, Ve) (yr, V wo) (Yo, Jo) (Yo, Vi*y,*) (y.*, V Wo) 4 (Yo, VV Me™ (yt, V Wo) 


rls (w,—Wg— te) (wi— we — t€) (wi — w,— 1€) (ws — Wp— 7 €) rs (Wp—W_—t€) (ws—wp— ie) é 





(wi— wWg—t€) (wi— wp — ie) 











(42) 


The inhomogeneous term in Eq. (42) looks forbidding, but can be reduced to a more manageable form. We must 
consider sums such as 


A g=Lr(Wo,V *h--) (Wr, V ao) (w, —we— te) (wi— we) > 
_— D+ (vo, Vv) (v.-, V wo) (wr—we— ie) (wi— Wq— ie) os (wy—wi tie) (wi- Wq— ie)" ]. (43) 
Similar sums appear in the Low scattering equation; reference to Eq. (7) shows that we may write 


A qgi= (wi— Wq— ie){ aie (We, Vo) + (Wo, VeVi) ati DL (wr+w,) ngs (wr+w1)* ] (Wo, Vi) (vr, Vo*Wo)} 
+g twi!{ (Wo, V o*Wo) (Wo, V ho) — (Wo, V abo) (Wo,V g*o)}. (44) 


It is clear that the summation in Eq. (44) is smaller than the first term, so as a first approximation it might be 
neglected. Note that Eq. (44) does not contain the unknown quadratic term of the Low equation (7) or (8). In the 
same way we prove that 


Bip= Loa (Wo, Vit) (Wet, V Wo) (wi— ws — te)! (Ws— wp — ie) 
_ (w: we... ie)"[ (Wir, V wo) a3 (Wo, Vity,*) J- ss 8 (Wo, V Wt) (y.t, Vio) (w,+w;) (wstwy) 
f +a twi'{ (Wo, Vito) (Wo, V pho) — (Wo, V pho) (Wo,Vi*Wo)}. (45) 


If we were to insert the expressions (44) and (45) into the inhomogeneous term in Eq. (42), neglecting all but the 
first term in (44) and (45), we would find that the inhomogeneous term, and hence also M,,‘", vanished identi- 
cally. More exactly, we obtain: 


{ (Yo, V who) (Wo, V o*Wo) — (Wo, V g*Wo) (Wo, V ao) } 


WIW,¢ 





MQ =— axy|| 


(Yo, Va) (vr, V o*Yo) ] (Yo, Jo) (Yo, ViV,*) 
aj (wit+w,) (wetw,) J WI— Wy—te 


(Wa Vio) (Yo, vo) (Yo, V p.*) (Wat, Vito) 
Wi—W_e—te L 8 (wrtw,s) (wp+ws) 





+Z, 
l 


+wi twp! { (Wo, V pho) (Wo, Vi*Wo) — (Wo, Vito) (Yo, V nho)} je Lor two l{ (Yo, V abo) (Wo, V o*Ho) 


Ki (Wo, V *o) (vo, V ho) } * L r (witw,) (wetw,) (Yo, Va) (vy, Vago) }(Yo,J Vo) 
X [wr twp { (Wo, V po) (Wo, Vi* Wo) — (Wo, Vi* Wo) (Wo, V who)} 





(Yo, VV Me™ (y.t, V 
+2 8 (witw,) (wpt+w,) (Wo, V wW.t) (y.t, Vivo) +> i 


r@—(t,—Wg—te)(wy—Wp— ie) 


(46) 
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The advantage of Eq. (46), compared with Eq. (38), 
lies mainly in the fact that the inhomogeneous term is 
a smoother function of w, and w,, not necessarily in the 
supposed smallness of M gp“). 

Only if both the initial and final mesons form the 
(3,3) resonant state with the nucleon is M,,“? likely 
to be significant. Supposing this to be the case, let us 
examine the first two terms in curly brackets in Eq. 
(46) : we write these terms as 


+ (2K) Lik To(g,l)F (wap 1) (Wo, Vi" p*) 
+ (ve, V ho) F (wp,q,1) To(l,p)}, 


where 79(q,/) is the second-order perturbation approxi- 
mation to the (3,3) part of the scattering matrix, and 
F (wa,wpwi) We May suppose to be a slowly varying 
function of w, and w,, at least when w, is large. Making 
use of the fact that [see Eq. (7) ], 


Xr (Wo, V aWr*) (We, V pho) (wr — wg te) 
~To(9,p)— (Ya V ho), 


we see that an approximate solution of Eq. (46) is 
given by 


M yp) =+ (2K)! Viilbe-,V ho) 

X F (we,wp,w1) (Wo, VitWyt). (47) 
We shall use the above approximation merely in an 
illustrative way, not to obtain numerical values. Since 
(Wo Vio) ~ (4f°¢*) wg sindss(g)T0(g,!) exp(i633), the 
effect of the kernel in Eq. (46) is to amplify the inhomo- 
geneous term by a factor of about 3. Therefore, it may 
not be possible to neglect M,,“ in comparison with 
the rest of the rescattering correction; nevertheless, we 
learn that the dependence on the energies w, and w, of 
the entire rescattering correction to M,,‘%? can prob- 
ably be well represented by the factors (¥,~,V mo) and 
(Yo, VitPp*). 

It is clear that the exact form of the part of the 
matrix element M,,“) which we split off explicitly in 
Eq. (39) is arbitrary, and is to be chosen to suit our 
convenience. For instance, if we modify S,,“ (as given 
in Eq. (40)) by introducing an arbitrary function f(/*), 
nothing is affected so long as we put this factor f(/*) in 
the proper places in Eq. (42) as well. Now the passage 
from Eq. (42) to Eq. (45), which depends on the 
identities (44) and (45), is not greatly affected by such 
a factor f(/?), provided the factor does not differ from 
unity for energies which lie in the resonance region, so 
that if, for example, the effect of f(/*) is to reduce the 
contribution of energies w,>A in the sum in Eq. (40), 
the principal result will be the insertion of the same 
cutoff function in the sums over / in the inhomogeneous 
term of Eq. (46), assuming that A is sufficiently larger 
than the resonance energy and the energies w, and wy. 
We see from Eq. (40) that S,,“) depends quadratically 
upon the cutoff, but we realize that we are not required 
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to choose this cutoff to be that which was imposed at 
the beginning in order to give the theory a physical 
meaning. The cutoff can, instead, be chosen in such a 
way as to facilitate solution of Eq. (46), for example, 
by making the inhomogeneous term as small as possible. 
In other words, the structure of the scattering equations, 
in the 1-meson approximation, provides an automatic 
cutoff which appears to be more powerful than that 
which is associated with the size of the source, and 
which tends to reduce the magnitude of the rescattering 
effect.” 

We can discuss the integral equation (37) for M .,“” 
in the same way that we have discussed Eq. (38) for 
M,,“™, using the same “wave function” ©®,(/) to 
separate out the part of M,,‘” that is a singular 
function of w, and w, (although not all of the quasi- 
classical term M,,° can be obtained from the wave 
function). All of our conclusions about the qualitative 
behavior of the rescattering correction to the radiation 
from the nucleon magnetic moment hold equally well 
for the entire rescattering correction. The quantity 
M.,», which is the solution of our basic integral equation 
with M,,“ as the inhomogeneous term, does not 
require any special consideration. This quantity, which 
is important only in so far_as the (3,3) part of M,,“ is 
amplified by the kernel of the integral equation, and is 
even then a relatively small term, will have the same 
general dependence on the energies as the rest of the 
rescattering correction. 

The rescattering correction to the matrix element can 
be split into magnetic dipole and electric quadrupole 
terms; the magnetic dipole term appears to be several 
times larger than the electric quadrupole term, just as 
is the case in the photoproduction of P-wave mesons; 
not only is the magnetic dipole part of the rescattering 
correction obtained from M,,‘” larger than the 
electric quadrupole part of the same term, but it 
interferes constructively with the rescattering part of 
the nucleon current term M ,,“"?, as can be understood 
from the alignment of the angular momenta of the 
positive meson and the proton in the (3,3) resonant 
state. We may express the magnetic dipole rescattering 
correction in the form 


M qa, ps” = t€€syy¥ (129)! (8K wwe) 


X iP sT ia, an(Q)LeoKs—eoKalTs;,»a(p), (48) 
where Y=YV(w,w,) is, according to the foregoing 
discussion, a complex function which is more nearly 
constant than are the other energy-dependent factors 
in Eq. (48). This function, Y, can, at least in principle, 
be calculated as accurately as one might desire, by 
solving the integral Eq. (31) in a manner such as has 
been outlined above. In this way one could express Y 
in terms of quantities obtained from other experiments. 


8 For large wz, F (wept) ~ + (1/w2*) (Yo,Jo) ; thus, the cutoff- 
dependent parts of Eqs. (40) and (47) actually tend to cancel. 
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We express the electric quadrupole rescattering cor- 
rection in the form 


M qa, pp” = ieégyrZ (124) (8Kw wg)! 


X gipiT ia, au(9)L€aKo+ Ka |To;, va(p), (49) 


where Z=Z(w,,w,). Again, the theory is capable of 
predicting Z. It is convenient to write the two unknown 
functions in the form 


Y=ye'", Z=ze's. (50) 
An examination of the integral equation indicates that 
the magnitude, y, is perhaps ~3 (in our units), while 
the phase » is probably positive but not large. It is 
harder to say anything about Z, except that it is smaller 
than Y in magnitude, and seems to depend more 
strongly on the energy. 

It does not seem reasonable at present to attempt to 
calculate the rescattering effect precisely. It is perhaps 
possible to evaluate this quantity experimentally, using 
its angular and energy dependence to help separate it 
from parts of the cross section which can be related 
more directly to the model. At any event, it would be 
premature to calculate this quantity before it has been 
ascertained which energy region is of greatest experi- 
mental interest. 


Vv. CONCLUSIONS 


It has been shown that the static source theory 
predicts uniquely the matrix element for radiative 
meson-nucleon scattering. Only experimentally deter- 
mined quantities enter into the expression for the 
matrix element; knowledge of the cutoff parameter, 
of the “bare” nucleon magnetic moment, and of the 
importance of nonlinear effects is unnecessary. 

For a preliminary investigation, it will be convenient 
to neglect all phase shifts but that in the resonant 
(3,3) state. Then we may write 


T ii, ap(P) enaet 127(6;;— 40,05) (6as— $TaTs)hye*, (51) 
Pe] 
h,=psindy, 6,=5s3(p). 


Using the above expression, we calculate for the matrix 
element for radiative **+— scattering (remembering 
that —teésag—7+1 and bas—47atTg—>+1 in this case) : 


M gp=M1t+M24+M34+ My, 


M = 12re(8Kww,)!{ (p-e—4fe-o0- p)hye*” 
+(q-e—}q-00-e)hge*e}, 
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M.= 12e(8Kwww,)*{ (Kw,— K- q)“q- e(gi+K;) 
X (pi— 40.0: p)hye*?— p- e(Kw,— K- p)* 
X (gi— 4: qo;) (pi— Ki he} , 
M;=12meu,(8Kwyw,)*(2MK)" 
X {io (KX e)(q: p—4o-qo- p)h je 
—(q-p—4e-qa- p)he*eia- (KXe)}, 
M,=—12re(8Kwywg) {hyhgye®ot eatin 
X (qgi— fo qo;) (eK ;— €;K;)(pj— 40,0: p)} 
+hyhe*rtBetits(g,—40-qo;) 
X (€:K j+€;K;)(pj— 300° p)}. 


(52) 


In the term M3, uw, represents the magnetic moment 
of the proton, expressed in nuclear magnetons, and M 
denotes the mass of the proton. 

It must be emphasized that the matrix element we 
have obtained is based on a model that is at best 
incomplete. Recoil corrections and S-wave interactions 
are minor effects, but should, nevertheless, be con- 
sidered as well as other even more uncertain effects. 
However, the above calculation should be useful as a 
guide to experimental studies, and will enable one to 
relate discrepancies between predicted and observed 
spectra to deficiencies in the model. Certain refine- 
ments, such as recoil corrections and S-wave corrections, 
can be incorporated in an obvious way for K—0 into 
the ‘‘quasi-classical” term, but for K¥0, uncertainties 
arise; in particular, the recoil corrections to the inter- 
action current term, M,,“?, cannot be obtained in such 
a natural fashion. The interaction current term also 
depends somewhat on the S-wave interactions, and is 
further modified if the y-ray wavelength is comparable 
to the effective radius of the source. Therefore, the 
greatest interest lies in experimental study of the 
hardest - rays which are emitted in scattering, as they 
can determine the importance of corrections to the 
static model. 

The calculation of bremsstrahlung cross sections, 
based on the present work, but incorporating certain 
corrections in a semiphenomenological way, will be 
presented in a subsequent paper. 
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Observation of Nuclear Resonance 
Acoustic Absorption of 
In™ in InSb 


M. MeEnEs* AND D. I. Boer 


Westinghouse Research Laboratories, Pittsburgh, Pennsyloania 
(Received November 4, 1957) 


N many substances an important mechanism for the 
transfer of energy from the nuclear spin system to 
the lattice (spin-lattice relaxation) is the direct coupling 
between the nuclear spins and the lattice vibrations. 
Conversely, the presence of this coupling should result 
in an absorption of acoustic energy by the nuclei at the 
nuclear resonance frequency.! Because this nuclear 
spin-lattice coupling is generally due to either dipole- 
dipole or electric quadrupole interactions, transitions 
corresponding to Am==+2 as well as to Am=+1 are 
allowed, and therefore acoustic energy having twice 
the nuclear magnetic resonance frequency will also be 
absorbed. Proctor et al.?* showed the existence of this 
absorption of acoustic energy by the nuclear spin 
system by saturating a nuclear magnetic resonance line 
acoustically. 
We have observed directly the absorption of acoustic 
energy at the resonant frequency of In™® nuclei in a 
single crystal of InSb. The absorption was observed at 
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Fic. 1. (A) and (B) Recorder trace of absorption signal in 
In™ in InSb at fo=9.976 Mc/sec, Ho=10.69 kilogauss. (C) 
Double frequence absorption signal at fo=9.976 Mc/sec, Ho=5.35 
kilogauss. Modulation field amplitude approximately 9 gauss. One 
division on recorder corresponds to 40 gauss. Field sweep was 10 
gauss per minute. @ is angle between axis of acoustic propagation 
and the magnetic field. 
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both the norma] nuclear magnetic resonance frequency 
(Am=+1) and at the double frequency (Am=+2). 
The sample was a cylinder of p-type InSb of approxi- 
mately one cm* with lapped plane parallel faces. The 
cylinder faces were [321] planes of the crystal. A ten- 
megacycle X-cut quartz transducer was glued to one 
of the faces forming a composite mechanically resonant 
system. The resonance was observed by the change in 
mechanical Q of the sample which resulted in a change 
in the electrical impedance of the transducer. The 
transducer was made the controlling factor in the Q of 
the tank circuit of a modified Pound-Watkins type of 
spectrometer. The remainder of the equipment was 
conventional, using magnetic field modulation and 
synchronous detection with recorder output. 

Figure 1 shows the signal obtained on the recorder. 
In Fig. 1(A) is shown the In™® acoustic resonance at 
9.976 Mc/sec corresponding to the resonant field 
H,= 10.69 kilogauss. The [321 ] crystal axis along which 
the sound is propagated is inclined at an angle 0= 22} 
degrees with the magnetic field. Figure 1(B) shows an 
acoustic resonance at the same frequency and field but 
at an angle 6=90°. Figure 1(C) shows the acoustic 
resonance at the same frequency and with an angle @ 
of 90°, but with the field reduced to 5.35 kilogauss. 
This absorption corresponds to a Am==+2 transition 
which is forbidden in normal nuclear resonance. 

Figure 2 shows in more detail the angular dependence 
of the absorption signal for the Am=+1 and Am=+2 
transitions. It was observed that the double frequency 
line was somewhat narrower than the normal resonance 
line between maximum-slope points. A slight change in 
line shape with angle @ was also observed. 

A quantitative measurement of the nuclear resonance 
acoustic absorption will give the strength of the coupling 
of the magnetic spins to the lattice. The technique of 
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Fic. 2. Absorption signal amplitude in In™ in InSb as a function 
of @ for normal (Am==+1) absorption and double frequency 
(A4m=+2) absorption. Experimental conditions as in Fig. 1 
except that field modulation amplitude is 4 gauss. 
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nuclear resonance acoustic absorption eliminates the 
limitation due to skin effect of conventional nuclear 
magnetic resonance in conducting materials. It should 
be possible to extend acoustic absorption techniques to 
the study of electron spin resonance. 

We wish to acknowledge the helpful assistance of 
P. R. Malmberg, and the cooperation of Dr. R. H. 
Moss in lending us the InSb crystal. 

* Now at University of Pittsburgh, Pittsburgh, Pennsylvania. 

1S. A. Al’tshuler, J. Exptl. Theoret. Phys. U.S.S.R. 28, 49 
(1955) [translation: Soviet Phys. JETP 1, 37 (1955) 


? W. Proctor and W. Tantilla, Phys. Rev. 101, TUF 1956). 
3 W. Proctor and W. A. Robinson, Phys. Rev. 104, 1344 (1956). 





Optically Detected Field-Independent 
Transition In Sodium Vapor 


WiturAm E. BELL AND ARNOLD L. BLoom 


Varian Associates, Palo Alto, California 
(Received November 11, 1957) 


HE hyperfine transition mp=0—mp=0 (AF=1) 
in the ground state of alkali atoms is of interest 
because it is virtually independent of magnetic field in 
weak fields, which suggests its use in atomic frequency 
standards.! Previously these transitions have been 
observed in atomic beam experiments,’ and Carver 
and Dicke* have observed the transition in Rb*’ vapor 
by usihg optical methods to obtain polarization together 
with microwave detection. In this note we report 
observation of the resonance in sodium vapor by optical 
detection, using the techniques developed earlier by 
Dehmelt*® and by us.® 
The experimental arrangement is shown in Fig. 1. 
Unfiltered, unpolarized light from a sodium lamp is 
transmitted in the direction of the earth’s magnetic 
field through a quartz absorption cell placed in a 
resonant cavity. The absorption cell contains sodium 
metal and vapor at about 125°C in argon buffer at 
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Fic. 1. Diagram of apparatus (lenses in optical system are not 
shown). Cavity and absorption cell are drawn approximately to 
scale. 
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Fic. 2. Oscilloscope signa] of field-independent resonance. 


10-cm Hg pressure’ and the cavity, operating in the 
TE; mode, is tunable around 1772 Mc/sec. The 
transmitted light is observed by photocell. Passage 
through the hyperfine resonances by the frequency- 
modulated rf generator causes a decrease in intensity 
of the transmitted light which is indicated on an oscil- 
loscope. 

According to the earlier analyses,*:* optical pumping 
and detection by transmitted light is feasible only if 
there are differences in the rates, P;, at which atoms in 
the different ground state sublevels absorb light. In the 
earlier work on sodium, employing circularly polarized 
light and a D,-D; intensity difference, it was assumed 
that the P,’s depended only on the optical matrix 
elements. In this situation, however, the two mr=0 
levels always have the same value of P; and no signal 
can be observed. What is required, instead, is a differ- 
ence in light intensity exciting atoms out of these two 
levels. It is assumed that in the present experiment an 
intensity difference is achieved in the following way. 
Light incident at the front part of the absorption cell 
is absorbed and scattered separately by sodium atoms 
in the two F levels, since the hyperfine splitting is 
greater than the Doppler- and _ pressure-broadened 
optical absorption line width. The rate of attenuation 
is proportional to the number of magnetic sublevels in 
each F level—3 and 5 for the lower and upper F levels 
respectively. This provides the necessary intensity 
difference at the rear of the absorption cell and pro- 
duces there a greater population in the upper states. 

Figure 2 shows the oscilloscope signal when the noise 
bandwidth is about 10° cps. Most of the observed noise 
is traceable to fluctuations in lamp brightness. The 
0-0 line can be readily told apart from the other 
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hyperfine lines by its field independence and by its 
behavior when a circular polarizer is placed in the light 
beam in front of the cavity. A line characterized only 
by the quantum number m=0 should behave the same 
when either left-handed or right-handed polarized light 
is used. This is not true of the other transitions. 

The experiment has also been attempted in potas- 
sium, with negative results. The reason for failure may 
be the fact that the relatively low hyperfine frequency 
462 Mc/sec in K*—is about equal to the optical ab- 
sorption line width. In the stable rubidium and cesium 
isotopes, however, the splitting is greater than in 
sodium, so the success of the experiment in these 
materials seems assured. 

! Such an instrument employing a cesium beam is manufactured 
by the National Company, Malden, Massachusetts. 

2 .N. Ramsey, Molecular Beams (Oxford University Press, New 
York, 1956). 

* T. Carver and R. H. Dicke (private communication). 

4H. G. Dehmelt, Phys. Rev. 103, 1125 (1956). 

5H. G. Dehmelt, Phys. Rev. 105, 1487 (1957). 

® W. E. Bell and A. L. Bloom, Phys. Rev. 107, 1559 (1957). 


7 This pressure was chosen for reasons other than the present 
experiment and is probably not optimal. 





Electron Spin Resonance of H Centers 


WERNER KANZIG AND TRUMAN O. WOODRUFF 


General Electric Research Laboratory, Schenectady, New York 
(Received October 24, 1957) 


E have x-rayed KCI crystals at 20°K and in- 

vestigated their paramagnetic resonance spectra 
at this temperature, first without warming up, and then 
after pulse annealing at various temperatures. Before 
warming up, the spectra of two types of trapped-hole 
centers are predominant. The first type is an electron 
deficiency equally shared by two equivalent halide ions. 
Its basic hyperfine spectrum, which was extensively 
discussed in previous work,' is represented schematically 
in Fig. 1. The hyperfine splitting of the second-type 
center, which is the subject of this Letter, can be derived 
qualitatively from the hyperfine splitting of the first 
center by splitting every single line into a miniature 
pattern of the same kind. This is illustrated in Fig. 2, 
which shows a recording of that part of the “primary” 
spectrum which is encircled in Fig. 1. It can be con- 
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Fic. 1. Basic hyperfine splitting of Cl.~ molecule ion. 
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Fic. 2. Hyperfine splitting in the part of the basic spectrum 


encircled in Fig. 1. Derivative of dispersion measured at 20°K 
and 9.28 kMc/sec. (a) First-type center (V center of reference 1) ; 
(b) second-type center (H center). 


cluded that the electron deficiency in the second center 
interacts strongly with two equivalent halogen nuclei, 
a=1 and 2, but in addition interacts weakly with two 
more halogen nuclei, a=3 and 4, which are again 
equivalent to each other. To a good approximation the 
hyperfine interaction with halogen nuclei 1 and 2 is 
axially symmetric, the axis being exactly a [110] axis 
of the crystal. The hyperfine interaction with halogen 
nuclei 3 and 4 is also roughly axially symmetric, and 
the axis seems to coincide with the axis of the hyperfine 
interaction between the hole and nuclei 1 and 2. Thus 
it is most likely that the four nuclei lie in a straight row 
(with nuclei 3 and 4 at the ends) along a [110] axis. 
All six [110] axes are equally populated with these 
centers. 

The hyperfine interaction with the four nuclei can be 
written in the form 


4 
£088: OT -1, 


a=) 


where T”=T® and T®=T®. The experimentally 
determined magnitudes of the tensor components are 
given in Table I. The principal axes x’y’z’ are the same 
for all tensors, and they are oriented with respect to 
the crystal axes as in our previous work! on the first 


TaBLE IJ. Absolute values (in gauss) of the principal components 
of the hyperfine-interaction tensors for the two types of centers. 
Data for the first-type center are taken from reference 1: T’) = T® 
from Table V, and the upper limits for the principal components 
of T® =T™ from the line width. 
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TABLE II. Principal components of the g tensors for the two 
se of centers. Data for the first-type center are taken from 
reference 1. 











&z’ gy’ &: 
ist-type center 2.0428 2.0447 2.0010 
2nd-type center 2.0227 2.0219 2.0024 








center. The true symmetry of both type centers is 
orthorhombic. The g-tensors are given in Table II. 

Since the hyperfine tensors T® and T® of the new 
second center do not differ appreciably from the cor- 
responding hyperfine tensors for the first center, the 
structures of the two centers are closely related. It 
appears that the new center is simply a variant of the 
Cls- molecule ion in which the wave function of the 
hole extends appreciably along the molecular axis 
towards the two nearest halogen nuclei, 3 and 4. Such 
a model might explain the larger oscillator strength of 
the second center compared to that of the first center, 
as well as the difference in their hyperfine interactions. 

We have also considered models for the second-type 
center involving interstitial halide ions or “crowdions.” 
However, we have observed centers of the second type 
in LiF, where interstitial fluoride ions are extremely 
unlikely. 

If the crystal is warmed up to 42°K (i.e., to the first 
charge burst observed by Teegarden and Maurer’) and 
cooled to 20°K again, the first-type centers disappear 
and the spectrum of the second-type centers becomes 
stronger. After further warming to 60°K (to the second 
charge burst observed by Teegarden and Maurer*) and 
cooling again to 20°K, the second-type centers dis- 
appear and centers of the first type appear. Since the 
optical H band bleaches in the same temperature 
interval, this suggests that the centers of the second 
type are H centers. This identification is supported by 
the experiments of Compton and Klick® with polarized 
light, which indicate that the H centers have [110] 
symmetry. 

The influence of the annealing on the relative in- 
tensities of the two different spectra is summarized in 
Table III. Since we know! that the first-type centers 
are thermally stable up to 205°K, we may speculate 
that the first charge burst (42°K) is due to electrons 
released from some electron trap which annihilate 


TABLE III. Relative total intensities of the dispersion spectra 
of the two centers measured at 20°K after successive pulse an- 
nealing at the three different temperatures at which Teegarden 
and Maurer* observed charge bursts. No corrections for possible 











After After After After 

irradiation warming warming warming 

at 20°K to 42°K to 58°K to 68°K 
ist-type center 0.7 0.0 0.12 0.12 
2nd-type center 1.0 1.4 0.00 0.00 














* See reference 2, 
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preferentially the first-type centers. This process also 
appears to stimulate the transformation of first-type 
centers into second-type centers. 

We have initiated combined optical and magnetic 
resonance experiments. A full account of the present 
investigations will be published in a forthcoming paper. 

1T. G. Castner and W. Kinzig, J. Phys. Chem. Solids 3, No. 
3/4 (1957). 


2K. Teegarden and R. Maurer, Z. Physik 138, 284 (1954). 
3 W. D. Compton and C. C. Klick (to be published). 





Spontaneous Emission of Radiation 
from an Electron Spin System 


G. Feuer, J. P. Gorvon, E. Buenter, E. A. GERE, AND 
C. D. THuRMOND 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received November 4, 1957) 


T was pointed out by Combrisson, Honig, and 
Townes! that under certain conditions energy which 
has been stored in a spin system may be spontaneously 
and coherently radiated into a resonant cavity at the 
Larmor precession frequency of the spins. In this note 
we wish to report the direct observation of such an 
emission. 

If the magnetization which appears in a spin system 
in thermal! equilibrium in an applied dc magnetic field 
H, is inverted by a 180° rf pulse or an adiabatic fast 
passage, the energy W put into the system is 
W =gNu*H°/kT, where N is the total number of spins, 
u is the Bohr magneton, and g is the electronic g value. 
The condition for spontaneous reradiation of this 
energy is! 


N>kTV AH(H,?)w/ (4001? HAH? )w), 


where Q, and V, are the loaded Q and volume of the 
cavity, AH is the full width at half maximum of the 
spin resonance line, and (H,*), and (H,”), are the 
squares of the microwave fields averaged over the 
sample and cavity respectively. In previous experi- 
ments! phosphorus donors in silicon were used, but the 
above condition was not satisfied, and hence spon- 
taneous oscillations were not observed. 

In the present experiments, the spin resonance, which 
is inhomogeneously broadened by hyperfine interactions 
of the donor electrons with the Si® nuclei,” was narrowed 
from 2.7 oersteds in width to 0.22 oersted through the 
use of a crystal of isotopically purified silicon® [esti- 
mated final isotopic purity (99.88+0.08)% Si?*]. As a 
result the oscillation condition was easily satisfied. 

The sample used in this experiment had a volume of 
about 0.3 cm* and a phosphorus concentration of 
4X10'* atoms/cm‘, Its relaxation time at the operating 
temperature of 1.2°K was one minute; however, this 
can be greatly reduced by shining light on the sample‘ 
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Fic. 1. Adiabatic fast passage through one phosphorus hyper- 
fine line in silicon-28 at 1.2°K and ~9000 Mc/sec. In Fig. 1(a) 
the dc magnetic field was on for less than the relaxation time; the 
resulting small magnetization did not satisfy the oscillation 
condition. In Fig. 1(b) the oscillation condition was satisfied. 
Note that as a result of the emission the magnetization at the 
center of the line is destroyed. 


or otherwise injecting carriers into it. The cavity was 
resonant at ~9 kMc/sec, and its loaded Q at 1.2°K 
was ~20 000. 

In Fig. 1 we show the observed signals under adiabatic 
fast passage conditions. In Fig. 1(a) the oscillation 
condition is not satisfied. Going slowly from a magnetic 
field below resonance to one above, the magnetization 
of the sample is inverted and its energy increased. If 
we now slowly reduce the field to below resonance 
before the spins relax appreciably, we return the 
magnetization to its equilibrium value. In Fig. 1(b) 
the oscillation condition is satisfied. The trace shows 
that the magnetization near the center of the line is 
destroyed through reradiation which occurs during 
the first passage. 

This immediate emission may be avoided con- 
veniently either by decreasing Q; or by increasing AH 
during the first passage. We increased AH by intro- 
ducing a field inhomogeneity which was removed after 
the magnetization was turned over. Then we turned 
off the microwave signal generator and returned the 
magnetic field te resonance. Figure 2 shows the pulse 
of microwave power delivered by the spins to the cavity 
at this time. The maximum amplitude of the rf field 
in the cavity during the pulse was of order AH. This 
limit is imposed since the negative susceptibility of the 
sample decreases at greater field strengths. After the 
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Fic. 2. Power output delivered by the spin system with the 
microwave oscillator turned off. The area under the curve agrees 
with calculated energy stored previously in the spin system, 








LETTERS TO THE EDITOR 





TIME —e" 


Fic. 3. Same as Fig. 2 with a large magnetization. The spin 
system was equilibrated at 8000 oersteds before letting it oscillate 
at 3000 oersteds. 


spontaneous oscillation was over, the residual mag- 
netization could be detected by turning on the signal 
klystron and again observing a fast passage signal. It 
was found that the magnetization associated with the 
central portion of the line had inverted itself during 
the oscillation. The observed energy output obtained 
from the area under the curves of Figs. 2 and 3, and 
corrected for the cavity coupling (reflection coefficient 
=0.94), corresponded roughly to that given up by the 
spin system. By equilibrating the magnetization at a 
higher field, a larger output was obtained, as shown in 
Fig. 3. 

The traces of Figs. 2 and 3 show a superimposed 
amplitude modulation which gradually diminishes, and 
has a frequency of approximately the line width. The 
exact origin of this effect is not clear at present. It 
presumably arises from an interference between 
different spin packets within the line. 

We wish to thank Mr. M. Kowalchik for his assistance 
in preparing the sample. 

A guaemaain Honig, and Townes, Compt. rend. 242, 2451 
? Pletcher, Yager, Pearson, and Merritt, Phys. Rev. 95, 844 
OrWe are indebted to the Isotope Division, Oak Ridge, Tennes- 
see, for supplying us with 5 grams of an equal-mole mixture of Si 
and SiQ2 (99.98+-0.02% Si?*). This was purified by us by making 
use of an aluminum reduction step, followed by a solution- 
precipitation step with molten tin. This procedure permitted 90% 
of the silicon to be recovered as fusible crystallites. This material 


was subsequently zone refined and doped with phosphorus to the 


desired concentration. 
4G. Feher and R. C. Fletcher, Bull. Am. Phys. Soc., Ser. II 
1, 125 (1956). 





Electrical Resistivity of Separated 
Lithium Isotopes*} 
D. D. Snypert AND D. J. MonTGOMERY 


Michigan State University, East Lansing, Michigan 
(Received November 4, 1957) 


N the theory of electrical conduction in solids, the 
resistivity is a function of temperature and of 
atomic mass, and an involved functional of the atomic 
fields. The dependence of resistivity on temperature 
has been studied extensively by many investigators, 
but the dependence on atomic mass has been little 
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studied in the absence of the complicating effects of 
changing the atomic field. To examine the mass de- 
pendence, we have chosen the isotopes lithium-6 and 
lithium-7, in view of their high relative mass difference, 
their availability in practical quantities, and their 
simple atomic and crystal structure. 

Samples of separated isotopes were obtained from 
Oak Ridge National Laboratories. Wires of 1-mm 
diameter and 30-cm length were extruded through a 
steel die, and wrapped in a helical groove cut into a 
cylindrical Lucite support. Duplicate samples of the 
separated isotopes, together with natural lithium, were 
placed in a sample holder to be set in a cryostat. The 
resistance of the sample was measured with a precision 
Kelvin double bridge. The temperature was measured 
with a copper-constantan thermocouple from room 
temperature to 77°K. To determine the residual re- 
sistance at very low temperature, a reading was taken 
with the samples immersed in liquid helium at atmos- 
pheric pressure. The dimensions of the samples were 
not known well enough to permit an accurate deter- 
mination of absolute resistivities, and hence only 
resistivities at temperature T relative to those at room 
temperature 7») were studied. The ideal resistances, 
Ry\(T) and Ry;(T), were obtained by subtracting 
the resistances at 4.2°K from those at temperature T. 

To test the adequacy of the Bloch-Griineisen theory 
with respect to dependence of resistivity on atomic 
mass, we compare the experimental and the theoretical 
values of the ratio of the normalized ideal resistances 
for the two isotopes. By definition, we have 


Texp = CRuit(T)/Rui?(To) )/LRxi(T)/Rrit(To) J. 
The theoretical value for the ratio is very nearly 
Pheo=G(Orx;7/T)G (Oxit/T0)/G(Oxit/T)G(Oxi7/To), 


where G(z)=42‘/;(z), and Js is tabulated in standard 
references.! 

For natural lithium (92.5% Li’, 7.5% Li®), © lies in 
the range? 330°K to 360°K; accordingly, O1;7 may be 
taken in the range 325°K to 345°K. The reference 
temperature T is 295°K. The ratio of Debye tempera- 
tures is nearly the reciprocal of the square root of the 
isotopic masses, (6.017/7.018)-*= 1.080. 

Figure 1 shows the comparison of the excess over 
unity Of rineo and fx». The most reliable experimental 
values are those near 77°K, where equilibrium could be 
readily achieved. The observed effect is in the same 
direction but is less than half the amount predicted. 
It is concluded that the Bloch-Griineisen scheme is 
adequate for gross predictions as to the effect of 
isotopic mass on electrical conductivity, but that it is 
unable to explain the details of the behavior. A similar 
conclusion was reached by McCaldin*® in his work on 
the separated isotopes of iron. Before a more advanced 
theoretical analysis is undertaken, it appears desirable 
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Fic. 1. Percent excess over unity of ratio of normalized ideal 
resistances for lithium isotopes, as a function of temperature. The 
curves show the theoretical results for two values of parameter as 
indicated ; the circles show the experimental] results. 


to measure the absolute resistivity and to extend 
measurements of relative resistance to temperatures 
below 77°K. 

We are grateful to Dr. P. S. Baker of Oak Ridge 
National Laboratory for assistance and advice in pro- 
curing and preparing the separated isotopes, and to 
R. G. Leffler of Michigan State University for help in 
making the measurements. An All-University grant 
from Michigan State University supplied loan fees for 
the initial samples. 


* Based on a dissertation submitted by D. D. Snyder in partial 
fulfillment of the requirements for the degree of Doctor of Phi- 
losophy at Michigan State University. 

t This work was aided by support from the U. S. Atomic Energy 
Commission and the Office of Ordnance Research. 

t Present address: General Motors Research Staff, Detroit, 
Michigan. , 

1See, e.g., A. H. Wilson, Theory of Metals (Cambridge Uni- 
versity Press, London, 1953), second edition, Appendix AS. 

( a Nae Kelly and D. K. C. MacDonald, Can. J. Phys. 31, 147 
1953). 

3J. O. McCaldin, California Institute of Technology Report, 

NP-5175, April, 1954 (unpublished). 





Measurement of Beta-Ray Polarization 
of Au'*® by Double Coulomb Scattering 


H. J. Liexrn, S. CuperMAN, T. ROTHEM, AND A. DE-SHALIT 
Department of Physics, The Weizmann Institute of Science, 
Rehovoth, Israel 
(Received November 11, 1957) 


OMPLICATED instrumental effects have made ic 
difficult to perform accurate and reliable measure- 
ments of beta-ray polarization.! It is therefore of value 
to have corroborating results by as many different 
independent methods as possible. The case of Au’ is 
of particular interest since early results indicating little 
or no polarization?* are now believed to be in error. 
More recent experiments reported at the Rehovoth 
Conference** indicate full’® polarization and are con- 
sistent with the conclusions reached at the conference 
that all beta rays are fully polarized. 
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The results given here were presented at Rehovoth*® 
and support the accepted conclusion of full polarization. 
The method of double scattering previously described" 
is particularly suitable for comparing the degree of 
polarization of beta rays from different beta emitters. 
Because of the simplicity and the high degree of sym- 
metry of the apparatus there is less opportunity for 
systematic errors than in other more complicated 


TABLE I. Experimental left-right asymmetries. 








Second scatterer Sn foil, 1.3X10-%cm Au foil, 1.3 X10-4 cm 





Asymmetry observed 


with P® source (4.240.7)% (8.740.7)% 
Asymmetry observed 
with Au’ source (5.9+0.8)% (8.641.0)% 








methods. The beta rays are scattered first by a thick 
aluminum foil to change the longitudinal polarization 
to one with a substantial transverse component. The 
left-right asymmetry is then measured in a second 
scattering perpendicular to the plane of the first scat- 
tering. Foils of aluminum, tin, and gold were used for 
the second scatterer. Beta-ray energies were limited 
roughly to the region of 250 kev by a simple pulse- 
height discriminator. 

Measurements were made using sources of Au’®* and 
P®, the latter being known to have full polarization 
from previous results." The magnitudes and the 
Z-dependences of the asymmetries are consistent with 
what is expected from polarized beta rays. Although 
the absolute magnitude of the polarization can be 
calculated from these data only after complicated 
corrections for experimental effects, the relative values 
of the asymmetries should give a reliable result for the 
relative polarization. These indicate that the degree of 
polarization is the same in Au'®* and P®, Thus, if the 
previous result of full polarization is accepted for P®, 
the same is true for Au’. 

1 For a summary of the experimental situation, see Proceedings 
of the Rehovoth Conference on Nuclear Structure (North-Holland 
Publishing Company, Amsterdam, to be published). 

? Frauenfelder, Bobone, von Goeler, Levine, Lewis, Peacock, 
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‘Cavanagh, Turner, Coleman, Gard, and Ridley (to be 
published). 
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Direct Observation of Periodic Variation 
of Primary Cosmic-Ray Intensity* 
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Swarthmore, Pennsylvania 
(Received November 4, 1957) 


LTHOUGH the time variations of the cosmic-ray 
intensity have been investigated extensively, the 
observations of periodicities have generally been limited 
to measurements of secondary particles by ground- 
based instruments. Thus, Forbush? first noted the 
existence of an inverse relationship between cosmic-ray 
intensity and solar activity on the basis of continuous 
shielded ionization chamber records extending over 
almost two decades. 

Balloon-flight measurements of the total ionization 
at high altitudes by Neher and Stern*® appeared to 
provide an independent confirmation of this effect. 
Meyer and Simpson‘ detected similar changes with 
neutron intensity monitors carried aboard aircraft. 
However, Winckler and Anderson® have recently 
demonstrated that measurements of the type reported 
in the present note do not show an anticorrelation with 
the sunspot number indices. 

During the current period of maximum solar activity, 
decreases in the primary flux have been observed with 
balloon-borne instruments by Winckler® and by the 
present authors. It is the purpose of this brief note to 
report that an observation of a periodic variation has 
been made with balloon-borne instruments which 
directly detect the incident primary cosmic rays near 
the “top of the atmosphere”’. 

In an extensive series of balloon flights’ conducted 
during the period 1949-1952 when the general level of 
solar activity was decreasing toward the minimum, no 
temporal changes in the primary intensity, as measured 
with quadruple-coincidence counter trains containing 
7.5 cm of interposed Pb, were observed (except for 
certain increases* on rare instances associated with 
specific outstanding solar disturbances). Flights with 
identical apparatus set aloft as part of the International 
Geophysical Year program have now revealed a drastic 
change in this situation, and the previous day-to-day 
constancy (with the aforementioned rare exceptions) 
does not prevail at the present maximum phase of the 
solar cycle. 

During the interval from July 11 to October 29, 1957, 
a series of balloon flights has revealed that, in fact, the 
flux sometimes decreases to as much as 25% below the 
normal intensity established by the earlier experiments. 
Within the resolution of the apparatus, no changes in 
counting rate are detectable at altitudes below 60 000 
feet. At the highest altitudes attained, the intensity 
varies between the maximum (normal, as defined above) 
and minimum values, Preliminary analysis of the data 
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indicates the existence of a 27-day recurring period 
which has thus far been followed through four cycles. 
Presumably, this variation is associated with a solar 
phenomenon, characterized by this period, which intro- 
duces a modulating effect upon the primary cosmic-ray 
flux. A detailed discussion of these results will be 
published later. 

* Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission, and by the U. S. 
National Committee for the IGY through the National Science 


Foundation. Field operations sponsored by the National Geo- 
graphic Society. 


1 See review articles by H. Elliott, in Progress in Cosmic-Ray . 


Physics, edited by J. G. Wilson (North-Holland Publishing 
Company, Amsterdam, 1952), Vol. 1, and by V. Sarabhai and 
N. W. Nerurkar, in Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1956), Vol. 6, Ps 1. 
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Time Reversal, Charge Conjugation, 
Magnetic Pole Conjugation, 
and Parity 
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NTIL recently various theorems on the properties 

of elementary particles and of nuclei were based 
on parity arguments whose validity was questioned! 
only rarely. It is now known from the theoretical work 
of Lee and Yang? and from the experiments of Wu, 
Ambler, ef al.* and of others*® that the parity argu- 
ments are often not valid. Recently some of the proper- 
ties previously derived from parity arguments have 
been rederived from other symmetry properties such 
as time-reversal invariance,®’ invariance under the 
combined operation (TCP) of time reversal, charge 
conjugation, and parity,*-" etc. Landau,® for example, 
has shown from a time-reversal argument that particles 
cannot possess electric dipole moments. 


However, it should be emphasized that while such 3 


arguments are appealing from the point of view of 
symmetry, they are not necessarily valid. Ultimately 
the validity of all such symmetry arguments must 
rest upon experiment. For example, if magnetic mono- 
poles exist and if elementary particles are differently 
coupled to north and to south poles, the conclusions 
drawn from the normal symmetry arguments would 
be modified. Dirac” has shown that it is theoretically 
possible that such magnetic poles should exist and that 
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their possibility of existence might be related to the 
experimentally observed quantization of electric charge. 

In a theory which includes the effects of magnetic 
poles, the TCP theorem would be replaced by a TMCP 
theorem where T represents simple time reversal, M 
magnetic pole conjugation, C electric charge conju- 
gation, and P simple inversion of space coordinates. It 
is of course possible to express the theorem in various 
ways, such as 


(TM) (MC) (PM)=T' C’ P, 


where 7” indicates an extended time reversal whose 
definition includes magnetic pole conjugation as well, 
C’ represents conjugation of both electric and magnetic 
charges, and P’ represents a parity transformation 
which includes magnetic pole conjugation as well. This 
method of writing has the advantage that consistency 
with Maxwell’s equations requires that a simple parity 
transformation be accompanied by either magnetic 
pole conjugation or electric charge conjugation (but 
not both) since otherwise a magnetic field would be a 
mixture of a vector and a pseudovector depending on 
its mixed origin from magnetic and electric poles. On 
the other hand, this requirement would equally well 
be satisfied if the theorem were written as (TC) (MC) 
(PC). A still different but equivalent procedure leading 
toa TMCP or equivalent TC’ P theorem could be based 
on treating the magnetic charges in the fundamental 
equations as pseudoscalars with respect to both space 
and time reflections. 

Since the experimental observations of parity non- 
conservation, it has been generally assumed,*’ pending 
further experiments,’ that there should be invariance 
under the combination of P and C together in which 
case from the usual TCP theorem, invariance under T 
alone is inferred. On the other hand, with the possibility 
of magnetic poles, the above TMCP theorem would 
apply and invariance under P and C would imply 
invariance under T and M together and not each alone. 
If this were the case, the present proof* for the non- 
existence of electric dipole moments for particles would 
no longer apply; an electric dipole moment could be 
proportional to the product of a magnetic pole and a 
spin angular momentum in which case each would 
change sign under 7M, but their product and resulting 
electric field would not. A particle (such as all presently 
observed particles) whose magnetic monopole is zero 
could still possess an electric dipole moment by the 
above mechanism provided it were differently coupled 
to fields of north pole particles than to those of south 
poles. Such a coupling asymmetry, in addition to 
making possible the existence of an electric dipole 
moment, would also imply an added possible particle 
degeneracy since magnetic pole conjugation alone 
would provide a transformation to a particle of opposite 
magnetic pole coupling asymmetry and opposite electric 
dipole moment while the electric charge would be un- 
altered. 
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